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Estimation of regression parameters
Least Squares Method
The simple linear regression model is represented by the following equation:
Yi = Po+ P1xi1 te,i=12,...,n

One of its uses is to predict future values of the variable y based on X, so the
parameters of this model must be estimated £, £;.

The least squares method is one of the most widely used methods for estimating
model parameters when model assumptions are available.

The basis of this method is to make the sum of squared errors as small as possible.
Based on the above model:

Vi = Bo + Bixip + e
So

e; = Yi — Bo — P1Xi1
By finding the sum of squares of the errors (or residuals), let Q be:

Q=Ye! =X~ Bo— Pixn)*
Taking the partial derivative of the above equation with respect to (84, 5,), we get:

2 2% = Bo — Buxin)

50 9Bo
9B, —2X(Vi — Bo — B1xi1)xix
Where (B4, B,) are the estimated parameters.
By setting both equations equal to zero, we get:
NG+ B Xiu=2Y, SV
B X+ B XE= Xy, )

The above two equations are called the normal equations.

Through equation (1):

nBo +/?1in1 =Z3’i

We get:
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nIBAo:ZYi _Blzxil
N . X.
ﬁo:znyl _ﬁl Zn =

ﬂAo = V_le_
We substitute /3, in equation (2) to get the value of 3, as follows:

. n X ,\
(Znyl -5 Zn Il)zxi1+ﬁlzxizlzzxilyi

. D-BO X,
CIIEXDATES s s,

QYD X )= AX ) 0B X =nY Xy,
By transferring the terms containing the estimated parameter f,, we get:

ﬁl[nzx ii_(zx il)zjznzx iYi _(ZYi)(ZX i1)

B . nZXMYi _(Zyi)(zxil)
e nzxizl_(zxil)z

Dividing by n for the numerator and denominator, we get:

Qv X )
:inlyi - N

A sy ZXu) Sk

il n
were.

ey (XY
SXX_ZXil N
—Y X2 -nX?
:Z(Xi_x_)2
ZZ(xi_X_)xi

and



. X
SXy :zxilyi_(zy|)r(]z |l)

=Y X,y -nXy
=> (X, =X)y,
=2y =X,

=Y (X, =Xy, -¥)

Properties of the regression line equation
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1- The sum of the observed values equals the sum of the predicted values.

Proof:
Y = A0+ﬂ/\1xil
y’\l :()T_ﬂlx_)+ﬂlxul
Yi :V_ﬂ1><_+ﬂlxul

Taking the sum of both sides:

2V =0T+ A2 (%, X)
Since: Y.(x; — X) = 0, So:

We have > (x, -X)=0 so:

Zyi:ny
DY /ﬂ//n/

-'-ZJ”/FZ%
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2-The sum of random errors equals zero, i.e.:

e =0

Proof:
We have
e, =Y, VY,

Taking the sum of both sides, we get:

zei ZZ(Yi -¥i)
zei =Zyi _ZYi

We have ) y; =2y, So:

e =0
3— The sum of the errors (or residuals) weighted by the corresponding Xi values

equals zero. That is:

deX, =0

Proof:

zeixi :in(yi _Yi)

Since

Yi :ﬁo-l_ﬁlxil
So
Zeixi =in(yi _(ﬁo—}_ﬁlxil ))
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2 e;X; = Exi(yi — (7 = BX) + Brxi))

After simplifying and factoring the estimated parameter g, we get:

DX =X (Y ~ (T = AX + X))
=2 X (Y, = (7 + Ax;, X))
= X (Y —Y)=Bx;, X))

After inserting in on the bracket, we get:

zeixi :zxi(yi _Y)_Blzxi(xil_x_))
Since

Sy =2, (Vi =X,
Sx =2 (X, =X)X,
We get

e X, =Sy, —BSxx
Since

~ S
f=2
' SXX

So
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4- Weighing the errors with the corresponding y; values produce the sum of the

squares of the errors.

Proof:

doyvie =2y (v —Yy)

Y5 = fo+ B,

LY =2y (Y (B + X))
2 By=Y - BX

-‘-zyiei :zyi (yi _(()T—/élx_)"'ﬁlxi)
Zyiei :Zyi(yi _(Y_B1X_+B1Xi)

Taking a common factor of g,and opening the parentheses we get:

Yvie =2y (Y =V + A —X))

Syvie =2y (Y, -V - Ax, X))

Yvie =2y (v - =Bl =X))
Multiplying }; y; by the brackets, we get:

YV =2y (i =) -BY (x =X)
S, =2y )

Sy =2Yi (X =X)

2> y.8 =S, — Sy,

..8Se =S, —fS,,

Thus, the sum of squares of errors (residuals) is:

SSe =Residual sum of squares
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