Properties of least squares estimators

1- pis an unbiased estimate of .
the proof:
B=(X"X)*X"y
=(X'X)'X(XB+e€)
= (X' X)X XB+(X'X)*X'e
E(B)=E(B)+(X'X) X "E(e)
E(B)=p

2- The variance and covariance matrix of g is v (4) and is equal to:

V(B) = 62(X'X)"* = 62%C

Whereas
I Coo C01 o COm W
C10 c11 Clm
C= Czo C 21 sz
_CmO Coi - Cim J(m+l)(m+1)

The variance of the estimated vector of parameters can be demonstrated as
follows:

V(B =E|(B-E(B) (B-E(B)]
We have:
B=(X"X)"X"y

and

E(B)=(X"X)"XE(y)



So that:

V(A =E[(B-E(B)) (B-E(B)]
—E((XX) Xy = (XX TXCE(Y)) (X X)Xy = (X X) T XE(Y))!

Extracting (X 'X)™" X" as a common factor for each arc we get:

=E((X" X)X (y=E(y)) (X" X)X (y-E(y))'
Since e=(y-Y)is the same as e =(y—-E(y)), then:

Since e=(y-Y) and e=(y-E(y)), are the same, then:

=E((X'X)"X"e) ((X'X)"X"e)’

Taking the transpose of the second parenthesis, we get:
=E((X'X)"X"e) ((e'X(X"X)™)

By introducing the expectation after multiplying the parentheses, we get:
=(X"X) "X E(ee)X (X' X))

We have E(ee')=c’, SO we get

=2 (X' X)X "X (X' X))
We have (X'X)*'X'X=1, SO we get:

V(p) =62

3- Estimating population variance
Proof:
as:

SSe =e’e
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And we have e=(y-Xp), Thus:

SSe=(y—-XB)(y—-Xp)
Taking the transpose of the first parenthesis, we get:

SSe=(y-pB'X)Ny-Xp)
=(y'y-g'X'y-y'Xp+p'X"'X)

We have g'X'y=y'X A, Thus:
SSe=(y'y-28'X'y+p'X"'Xp)

We have X' X£=X"Y Thys:
SSe=(y'y-28'X"'y+p'X"y)

Subtracting the second term from the third term we get:
SSe=y'y —B'X'y

Where SSe is the sum of squares of error.

The degrees of freedom for the sum of squares of error are (n-m-1), where m
Is the number of independent variables in the model, and one is the parameter
B

The mean square error is equal to:

Sse _y'y-B'X'y
n-m-1 n-m-1

Mse = 62 =
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Example: Using the data below, which consists of two independent variables
and a dependent variable, find the following:

1- Equation of the regression line for the data below.
2- Find the variance of the estimated parameters Vv (3) .

2

e

the solution:
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1- Estimate the parameters of the regres:

formula:
=)7Ky

The two independent variables are arranged in a matrix as follows:

P N © b~ O W
N OO N 00 o1 O

(N = S S N
0 © N g N

We first find the matrix (X 'X) and vector X'y as follows:

n zxu ZXiZ z}’i
X'X) = qu in21 ZXuXiz X'y = zxiﬂ’i
_ZXiz inzxm ZXLZZ ] _zxiz}’i_

We find the product of multiplying the variables together as follows:
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