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As is true for ordinary derivatives, it is possible to take second, third, and
higher-order partial derivatives of a function of several variables, provided
such derivatives exist. Higher-order derivatives are denoted by the order in
which the differentiation occurs. For instant, the function z = f(x,y) has
the following second partial derivatives.
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The third and fourth cases are called mixed partial derivatives.
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Example: If f(x,y) = x® + x%y® — 2y?, find £,(2,1) and £,(2,1).
Solution:
Holding y constant and differentiate with respect to x, we get

];(x;Y)== 3x2-+-2xy3
and so
£,(21)=3.2)+2.(2).13=12+4 =16

Holding x constant and differentiate with respect to y, we get

fy(x' y) = 3x2y2 — 4y
£,(21)=3.02%).12-4.(1)=12-4=38

Example: If f(x,y) =4 —x? —2y?, find f,.(1,1) and £,(1,1).
Solution: we have

f;c(x; Y) = —2x ) fy(x;Y) = _4y

AD)=-2.(1)=-2 , £,(11) = —4.(1) = —4

: — sin (2= or or
Example: If f(x,y) = sin (1+y), calculate P and 3"
Solution:

() (L) ()

1 X
= —— COoS (—)
1+y 1+y

g—cos( X ) 1+y):0—-x(1))  —x cos( X )
dy 1+y (1+y)? (1+y)? 1+y

61



Example: Find Z—i and Z—; if z is defined implicitly as a function of x

and y by the equation x3 +y3 +2z3 + 6xyz =1
Solution:

To find Z—; we differentiate implicitly with respect to x

3x2+ 0+ 322%+ (6xy%+ 6yz> =0
d0x d0x

Solving this equation for Z—i , we obtain
0z
3x% + (3z% + 6xy)a + 6yz = 0
(3z% + 6xy) 9z _ —3x?% — 6yz
0x

0z —3x?—6yz —x*—2yz
dx  3zZ+6xy 2+ 2xy

Similarly, implicit differentiation with respect to y gives

0z —y* —2xz
dy  z2+2xy

Example: Find f,, f, and f, if f(x,y,z) = e Inz
Solution:
Holding y and z constant and differentiating with respect to x , we have

fr =ye?Inz
Similarly,

fy =xe?¥1Inz and fr=—
Example: Find the second partial derivatives of
foy) =x* +x%y° — 2y*

Solution:

fr = 3x?% + 2xy3

fy = 3x%y* — 4y

fex = 6x + 2y°

fyy = 6x%y — 4

fry = 6xy?

fyx = 6xy2
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Example: Calculate fi,,, if f(x,y,z) =sin(3x + yz)

Solution:
fr = 3cos(3x + yz)

frx = —9sin(3x + yz)
faxy = =9z cos(3x + yz)
frxyz = —9 2 (—sin(3x + yz)) -y + cos(3x + yz) - (—9)
=9 zy sin(3x + yz) — 9 cos(3x + yz)
Example: Find f,(1,0) and f£,(1,0) if f(x,y,z) = xe™

Solution:
y) =x (Y -y)+e¥- (1) =xye™ + eV

fy(x'}’) = xZexy
£(1,0)=1-(0)-e'©® 410 =0 4+e2=0+1=1
f(1,0) = 12-e7@ =0 =1

Example: For f(x,y) = xe*’¥, find fx and f; , evaluate each at the
point (1,1In 2)
Solution:
fe(r,y) = x (e¥°Y - 2xy) + ¥V - (1) = 2x%ye*’Y + ¥V

The partial derivative of f with respectto x at (1,In2) is
f.(1,In2) =2-(12) - (In2) - e¥’n2 4 g1*In2
=2In2-e"2 +el"2=2In2-(2)+2=4In2 + 2.
fy(ey) = x e¥ (x?) = x3e*Y
The partial derivative of f with respecttoyat (1,ln2) is
£,(1,In2) =13-et'M2 = eln2 =2
Example: Find the second partial derivatives of
f(x,y) = 3xy* — 2y + 5x*y?* , and determine the value of f,,(—1,2)

Solution:
f(x,y) = 3y? + 10xy?
fxx(x» Y) = 10y2

fay(x,y) = 6y + 20xy
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fy(x,y) = 6xy — 2 + 10x%y
fyy(x,y) = 6x + 10x?
fyx(x,y) = 6y + 20xy
At (—1,2) the value of f,, is
fiy(=1,2) = 6(2) + 20(—1)(2) = 12 — 40 = —28

Example: Show that f,, = f,, and f,,, = [,z = fozx TOr the function
givenby f(x,y,z) =ye*+xlnz.

Solution:
First partials: fr(x,y,2) =ye* +1nz
X
fz(x: Y, Z) = E
Second partials (note that the first two are equal):
1
fxz(x: Y, Z) = ;
1
fzx (X, Y, Z) = ;
—X
fZZ (X, Y, Z) = Z_Z
Third partials (note that all three are equal):
fxzz(x» Y, Z) = Z_Z
fzxz (X, y, Z) = Z_Z
-1
fzzx (X, Y, Z) = Z_2

fy s fes < f(ry) =sinTH(2x + 3y)  cal< 1) e
3 2

fy = J1-(2x+3y)? ¢ kS J1-(2x+3y)? ol

floy) =In(1+xy?) QA £(1,-1) 5 fr(1,—1) 2 :Jk

_ Y T G O T | .
f = l+xy? ' fe(L,=1) = 1+1x(-1)2  1+1 2 idad
2xy 2(1H)(-1) -2
fy = 2 ’ fy(l:_l) = > = =—-1
1+xy 1+1x(-1) 1+1
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