flx,y) = x% +xy? Al Lol 4550 (e Adial) clidad) J< as 1 b

fxx ’ fyy ’ fxy ’ fyx J\A";\ “—’)M‘ dﬁl‘
fx=2x+y2 , fxy:2y
fy = 2xy

) foax =2
o fyx =2y ) fyy = 2x

flx,y) =3x% +y?  alall a4, e L5iall claid) U< as 1 Jba

fxx ’ fyy ) fxy ) fyx Jté";\ ‘—’}M‘ :dﬂ‘
fe = 6x ’ fex =6 ) fxy=0
fy=2y , fyy=2 ) fyx =0

f(x,y) =In(3x — 5y)  allall Al a5l e il clidd) JS a1 Jla

:Jadl

3 _(3x—5y)-0-3(=5) 15

fe = 3x -5y = (3x — 5y)2 ~ (3x — 5y)2

C(Bx-5y):0-33) -9

o (Bx-5y)2 (3x—5y)?
: C(Bx—5y)-0—(-5)3) 15

Jy = 3x -5y Y (3x — 5y)2 ~ (3x — 5y)?2
 (3x—5y)-0—(=5)(=5)  —25

vy = (3x — 5y)? ~ Bx - 5y)?

Al Al A, e Al ciliaall JS aa 1l
f(x,y) =In(2x + 2y) + tan(2x — 2y)

:dal

1
= 2sec?(2x — = 2 —
fx Xt 2y + 2sec*(2x — 2y) Xty + 2sec“(2x — 2y)

fay = (x +(yx) :I_Oy)_zl(l) + 2(2) sec(2x — 2y) sec(2x — 2y) tan(2x — 2y) - (—2)

= Gy 8sec?(2x — 2y) tan(2x — 2y)
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PRCESIRES (6

+ 2(2) sec(2x — 2y) sec(2x — 2y) tan(2x — 2y) - (2)

(x +y)?

fox = m + 8sec?(2x — 2y) tan(2x — 2y)

et 2sec’(2x - 2y) = —— — 2sec?(2x — 2)
fy_2x+2y sec”(2x — 2y =iy sec”(2x — 2y
fyx = (ety)-0 _21(1) —2(2) sec(2x — 2y) sec(2x — 2y) tan(2x — 2y) - (2)

(x +y)

fyx = m — 8sec?(2x — 2y) tan(2x — 2y)
fyy = b +(yx) -.I-Oy)_z 1) — 2(2) sec(2x — 2y) sec(2x — 2y) tan(2x — 2y) - (—2)
fyy = m + 8sec?(2x — 2y) tan(2x — 2y)

O o f(x,y) =cos(2x)e™® <l ba
0*f O _

f;cx+fyy:0 or @+ay2—0
:dal
0 K
% = —2sin(2x) e™% ) a—x]; = —4cos(2x) e %
o = —2cos(2x) e % i = 4 cos(2x) e
dy ’ dy?
0% 0°
a—x]; + a—y]zc = —4cos(2x)e ™ +4cos(2x)e ™ =0
0 i d i 5
fg;w 5 LD Fry) =In(? +y? +1) oS8 : ks
ofxy) _  2x ofxy) _ 2y
ax  xZ4y?+1 ’ dy  xZ+y?+1
10l f(x,y,2) = xcosy +zsiny —dimadla 1R 5 R ol :Jlia
fx =cosy , fy=-—xsiny+zcosy , f,=siny

Example: For the function f(x,y,z) = xyi + In(yz), find all of the first-

and second-order derivatives and verify that

fxy = fyx » Jfxz = fax and fyz = fzy
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Example: Find expressions for all first- and second-order partial

derivatives of the following functions. In each cases verify that

d%f B d%f
dxdy Oyox

fOy)=xy , floy)=ey , flry)=x*+2x+y

1 3

fy 5 fr = f(x,y) =xcos(xy)e™ +siny
fy 5 fr ».f(xy) =ycos(xy)e* +sinx
fy 5 fi »-f(xy)=((x—-y)sin(x+y)

fy s fu = f(xy) =ycos®(x?)

culS )

il )

culS )

il )

1l
:Jla
1l

:Jla

f(x,y) = sin(xy?) + In (g) AUl D ) e Al il JS s s Jlia

fax fyy ’ fxy ’ fyx
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Double integral Ul Jalsal)

clS 13l L oprie & Adpeall Jlsall Jadty JalSHl) gl aal g8 (e liadd) Jalsall of) LD Jalsal
OB xy (giall (e R dilaial b ddjee A £, )

|| rey axdy

R
R kil i f(x,y) Alall ) Lol o

S sl aies dlacgiall 3Shall alaly Zobaad) dalis alay) 3 LW OIS Loeal (1S
LA pualsey dulSually 4 guall
Y iy X aiall Lally alelSsy sl dalall V) fas ff f(x, ) dady S JelSal Gl

Y Ll alals (g Al JalSil) Ao aas 25 Bl

aaiall daealy alalSsy Al Jalsalls fas | fR £, y) dydox JSall 1agy Sl Jalsall oIS 13 L
20 Al alelSs (35 alal) JalSal) e aa 5 Tl x sy y

Inner Integration Inner Integration

Outer Integration Outer Integration
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t V) JelSill ] L 0SSy <1,0 S0 < 1 Ak« f(x,y) =1 —x% —y? oS Jla
11

jj(l—xz—yz)dxdy
00 j
by ey X el Ll JalS5 e ¢ AR Jalsally Yol Tl : Jal
3

1 1
13 2
j(l—xZ—yZ)dx=[x—%—y2xL= [1—?—}’2(1)]—[0] = -y
0

Y siall il alelSig i) il 336 ¢ alal) Jalsall (g Y1

1 1
2 2y y3 2 1 1
_— 2 = | — — =] -] — ——
j<3 y>dy [3 3]0 37317 100=3
0

fol f;z dy dx i Y1 JalSill dagd an 1l
[dy = [yl = x —x? py iall dally Qa5 (5l ¢ alal) Jalsal £ Jal)
P Al JalSs (5] ¢ alall Jalsal
1 x? x3
st

1 x
: dd—1
0 x2

Example: Evaluate the double integral f_zl
Inner Integration:
x2+42

x dy = x[y];i?fz =x((x?2+2)— (2x*+2)) = x(x®> + 2 —2x? - 2)

3l

fx2+2
2x242

x dy dx

2x242

= x(—x?%) = —x3
ion: — (2 xdr= |2 = (B0 411
Outer Integration: — [~ x*dx = [4]_1— (4 ” )— 4+-=—
2 x%+2
f f v d _—15
o X ayax = 4
-1 2x2+2
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Example: Evaluate the double integral [ focose psin® dpde

Inner Integration:
cos 0

p? cos? cos’0 0\ 1
j psin® dp=sin9[—] =sin9< ——>=—sin9c0526
0

2 2 2 2
0

Outer Integration:
T

1( 1[cos30]" 1
—.[ sin® cos?0dd = — = = ——(cos3(m) — cos®(0))
2 21 3 0 6

0
1

1
= (D=1 =—=(-1-1) =7

T cos O

1
ff psin® dpd6=§
0 0

Example: Evaluate the double integral f; ) 15(x + 2y)dx dy
Inner Integration:

N =

5

X2 > (52 12 25 1

j(x+2y)dx= —+2yx| =(=+10y|—|=+2y|=—+10y—-—2y =12 + 8y
2 L 2 2 2 2

1

Outer Integration:

3 3
2
f(12 + 8y)dy = [12y + 8%] = [12y + 4y?]3 = (36 + 36) — (24 + 16) = 32
5 2

35
:.Jj(x+2y)dx dy = 32
21

3
Example: Evaluate the double integral fol fxxz (x% +y?) dydx

Inner Integration:
3

y 37%° 343 243 9 6
y (x*) (x?) x x
2 2y dv = | x2 — 2,.3 _ 292 4~ ) = x5 4 — — xt ——
[(x +y)y—lxy+3 —(xx+ 3) <xx 3 X 7 % 3
X

xZ

Outer Integration:

3 3 6 30 5 21 21
0
1 x3
J J(x2 + y?2) dy dx -
21
0 x2
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2
Example: Evaluate the double integral fos fox (x3 + xy?) dy dx
Inner mtegratlon
3 x
x3y + xy—

3 0

= (x3(x?) +x(xz)3 -(0+0)=x° +x_7
3

f(x +xy?) dy = 3

Outer mtegratlon

5 5 5 : :
x’ ; x’ x© x8
5 R— = R = |—
f(x +3>dx jx dx+J3dx [6] +[3(8)]
0 0 0 0 0

56 58 56 58  4(5°)+5% 406250
6 3(8) 6 24 24 24
5 x2
fj (3 + xy?) dy dx = 406250
24
00

Example: Evaluate the double integral () 02 rsin 6 dr d@
Inner integration

2'6d 1az'ez 2" in6) = (Ceino) = 25in6
jrSln r = ?Sln 0— 75111 —_ 7511’1 = Sin

0
Outer integration
T

2 jsinede = 2[—cos0]™, = —2(cos(m) — cos(—m)) = —2(—1 — (—1)) =0

m™ 2
ffrsinedrdezo

-1 0
Example: Evaluate the double integral fOIM f;n3 e**Y dy dx

Inner integration
In3

f eX+y dy — [ex+y]%)n3 — ex+ln3 _ ex+0 — e¥. e1n3 — ¥ = 3eX — ¥ = 2e¥
0

Outer integration
In4

zf e¥dx = 2[e*]P* = 2(eM* —e’) =204 -1) =2(3) =6

1n41n3
j f etV dydx =6
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Example: Evaluate the double integral [” [7 x./yZ — x2 dxdy
Inner integration

y y

j x\Jy? —x2dx = j x(y? —xz)%dx = _izf —2 x(y? —xz)%dx
0

y

[ 3
= _12 v _:-;XZ)2 = _31 [(y2 - xz)%]z = ;(((yz = yzﬁ) - ((y2 — 0)%))

2 0

-5 m)—(@ﬂﬁ>)=§y3

Outer integration

15 5
YW—[] =—@hﬁr~%mqjlzg

5

ff mdxdy——

Example: Evaluate the double integral f_zz f_:/:__i;y dydx
Inner integration

4-x v Vi
)
f ydy = [7] =51
—Va—x? —Va-x?

=2 (V=) - (~V1=22) ) =5 (¢~ )~ (a-x1) =0
Outer integration

e 0dx=0f_2 dx =0

2

f j ydydx =0

—2 _\4—x2
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