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       𝑨𝟐 = {𝟏𝟏𝟏, 𝟐𝟏𝟑, 𝟑𝟏𝟐} 

       → 𝑷(𝑨𝟐) =
𝟑

𝟗
=

𝟏

𝟑
  

 

       𝑨𝟑 = {𝟏𝟏𝟏, 𝟑𝟐𝟏, 𝟐𝟑𝟏} 

       → 𝑷(𝑨𝟑) =
𝟑

𝟗
=

𝟏

𝟑
  

 

  𝑨𝟏 ∩ 𝑨𝟐 =  𝑨𝟏 ∩ 𝑨𝟑 = 𝑨𝟐 ∩ 𝑨𝟑 = {𝟏𝟏𝟏} 

  𝑷(𝑨𝟏 ∩ 𝑨𝟐) =  𝑷(𝑨𝟏 ∩ 𝑨𝟑) = 𝑷(𝑨𝟐 ∩ 𝑨𝟑) = 𝟏/𝟗   

Then :  

               𝑷(𝑨𝟏 ∩ 𝑨𝟐) =   𝑷(𝑨𝟏) ∗ 𝑷(𝑨𝟐) =
𝟏

𝟑
∗

𝟏

𝟑
=

𝟏

𝟗
   

And  

               𝑷(𝑨𝟏 ∩ 𝑨𝟑) =   𝑷(𝑨𝟏) ∗ 𝑷(𝑨𝟑) =
𝟏

𝟑
∗

𝟏

𝟑
=

𝟏

𝟗
   

And  

               𝑷(𝑨𝟐 ∩ 𝑨𝟑) =   𝑷(𝑨𝟐) ∗ 𝑷(𝑨𝟑) =
𝟏

𝟑
∗

𝟏

𝟑
=

𝟏

𝟗
   

∴  𝐴 , 𝐵   &   𝐶   are pairwise-independent.  

   𝑨𝟏 ∩ 𝑨𝟐 ∩ 𝑨𝟑 = {𝟏𝟏𝟏} 

 ∴  𝑷(𝑨𝟏 ∩ 𝑨𝟐 ∩ 𝑨𝟑) =  
𝒏(𝑨𝟏∩𝑨𝟐∩𝑨𝟑)

𝒏
 = 𝟏/𝟗   

And  

    →  𝑷(𝑨𝟏 ∩ 𝑨𝟐 ∩ 𝑨𝟑) = 𝑷(𝑨𝟏) ∗  𝑷(𝑨𝟐) ∗  𝑷(𝑨𝟑) 

    →              
𝟏

𝟗
                  =

𝟏

𝟑
    ∗    

𝟏

𝟑
    ∗     

𝟏

𝟑
   

   →              
𝟏

𝟗
                  ≠             

𝟏

𝟐𝟕
          

∴  𝐴 , 𝐵   &   𝐶   are not independent.  
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4-4 : Conditional probability and Bay's theorem      الاحتمال الشرطي ونظرية بيز

    Definition:            

 If  𝐴   &  𝐵   are two events of a probability space 𝑆 . then the conditional 

probability of event A on the occurrence ( حدوث) of the event B, denoted by 

𝑃(𝐴|𝐵) is: -  

  𝑃(𝐴|𝐵) =  
௉(஺∩஻)

௉(஻)
 ,    provided that   𝑃(𝐵) > 0 

  This symbol may be read   " probability of  𝐴  given  𝐵 "  

the conditional probability of 𝐵  given  𝐴   is given as:  

   𝑃(𝐵|𝐴) =  
௉(஺∩஻)

௉(஺)
 ,    provided that   𝑃(𝐴) > 0 

 

- Notes:  

- If  𝐴   &  𝐵   are dependent events, then:  

a- 𝑃(𝐴 ∩ 𝐵) =  𝑃(𝐴|𝐵) ∗  𝑃(𝐵) 

b- 𝑃(𝐴 ∩ 𝐵) =  𝑃(𝐵|𝐴) ∗  𝑃(𝐴) 

 

- If  𝐴   &  𝐵   are independent events, then:  

a- 𝑃(𝐴|𝐵) =  𝑃(𝐴)  

Where   𝑃(𝐴|𝐵) =  
௉(஺∩஻)

௉(஻)
=  

௉(஺)∗ ௉(஻)

௉(஻)
= 𝑃(𝐴)   , 𝑃(𝐵) > 0 

b- 𝑃(𝐵|𝐴) =  𝑃(𝐵) 

Where   𝑃(𝐵|𝐴) =  
௉(஺∩஻)

௉(஺)
=  

௉(஺)∗ ௉(஻)

௉(஺)
= 𝑃(𝐵)   , 𝑃(𝐴) > 0 

-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.- 

 

    𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) −  𝑃(𝐴 ∩ 𝐵)   for any two events: -  

For mutually exclusive  𝐴 ∩ 𝐵 =   ∅  ;    𝑃(𝐴 ∩ 𝐵) = 0  

       ∴  𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵)         ;  m.e. 
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For independent events 𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴) ∗ 𝑃(𝐵) 

       ∴  𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − [ 𝑃(𝐴) ∗ 𝑃(𝐵)]    

 

For conditional probability 

     ∴   𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − [ 𝑃(𝐴|𝐵) ∗ 𝑃(𝐵)]    

    Or  𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − [ 𝑃(𝐵|𝐴) ∗ 𝑃(𝐴)]    

 

Example: A box contains Red and White balls. Each ball is labeled either  X  or  

Z  . the composition of the box is show below:  

    Let us now assume that a ball is to be selected at 

random from this box; What is the probability of 

getting a Red ball if it was labeled  X .  

Sol/   A = a ball is labeled  X 

           B = a Red ball  

 ∴ 𝑃(𝐴) =
଼

ଵଵ
     ;    𝑃(𝐵) =

଺

ଵଵ
      ;    𝑃(𝐴 ∩ 𝐵) =

ହ

ଵଵ
  

 𝑃(𝐵|𝐴) =
௉(஺∩஻)

௉(஺)
=  

ହ/ଵଵ 

଼/ଵଵ
  =

ହ

଼
  

- If a ball is drawn and found it white, what is the probability that it was 

labeled  Z ?  𝑃(𝑍|𝑊) 

   𝑃(𝐴) =
଼

ଵଵ
     ;    𝑃(𝐵) =

଺

ଵଵ
      ;    𝑃(𝐴 ∩ 𝐵) =

ହ

ଵଵ
 ;    𝑃(𝐵 ∩ 𝑍) =

ଵ

ଵଵ
 

𝑃(𝑊) =
5

11
     ;      𝑃(𝑊 ∩ 𝐴) =

3

11
    ;    𝑃(𝑍) =

3

11
   ;     𝑃(𝑊 ∩ 𝑍) =

2

11
  

    𝑃(𝑍|𝑊) =
௉(௓∩ௐ)

௉(ௐ)
=  

ଶ/ଵଵ 

ହ/ଵଵ
  =

ଶ

ହ
  

- What is the probability that it is labeled  X if it was Red ?  

 𝑃(𝐴|𝐵) =
௉(஺∩஻)

௉(஻)
=  

ହ/ଵଵ 

଺/ଵଵ
  =

ହ

଺
  

 

 R W  

X 5 3 8 

Z 1 2 3 

 6 5 11 
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- What is the probability that it is labeled  X   if it was White ?  

      𝑃(𝐴|𝑊) =
௉(஺∩ௐ)

௉(ௐ)
=  

ଷ/ଵଵ 

ହ/ଵଵ
  =

ଷ

ହ
  

 

4-4-1 : Three Conditional events or more: 

    If we have 3 events  A,B and C ; then : 

  𝑃(𝐴 ∩ 𝐵 ∩ 𝐶) = 𝑃(𝐴) ∗ 𝑃(𝐵|𝐴) ∗  𝑃(𝐶|𝐴 ∩ 𝐵) 

  ∴   𝑃(𝐴 ∩ 𝐵) =  𝑃(𝐴) ∗ 𝑃(𝐵|𝐴)   

Where  

       𝑃(𝐵|𝐴) =
௉(஺∩஻)

௉(஺)
  

   And  

          𝑃(𝐴 ∩ 𝐵 ∩ 𝐶) = 𝑃(𝐴 ∩ 𝐵) ∗  𝑃(𝐶|𝐴 ∩ 𝐵) 

  ∴  𝑃(𝐶|𝐴 ∩ 𝐵) =  
௉(஺∩஻∩஼)

௉(஺∩஻)
 

In general; If we have  𝑛  events then: -  

  𝑃(𝐴ଵ ∩ 𝐴ଶ ∩ 𝐴ଷ ∩ … ∩ 𝐴௡) = 𝑃(𝐴ଵ) ∗  𝑃(𝐴ଶ|𝐴ଵ) ∗   𝑃(𝐴ଷ|𝐴ଵ ∩ 𝐴ଶ) ∗ … ∗

                                                          𝑃(𝐴௡|𝐴ଵ ∩ 𝐴ଶ ∩ 𝐴ଷ ∩ … ∩ 𝐴௡ିଵ)  

         

Example: Four cards are to be drawn successively (على التوالي) at random and 

without replacement from an ordinary deck of playing cards; What is the 

probability of receiving a spade , a heart , a diamond , and a club.  

Sol/  without replacement     (العدد يتناقص) السحب بدون ارجاع 

        Let    Spade   ,     Heart   ,    diamond    ,     Club   

                      A                  B                    C                    D 

  𝑃(𝐴 ∩ 𝐵 ∩ 𝐶 ∩ 𝐷) = 𝑃(𝐴) ∗ 𝑃(𝐵|𝐴) ∗  𝑃(𝐶|𝐴 ∩ 𝐵)  ∗  𝑃(𝐷|𝐴 ∩ 𝐵 ∩ 𝐶) 

                                      =
஼భ

భయ

஼భ
ఱమ ∗  

஼భ
భయ

஼భ
ఱభ ∗  

஼భ
భయ

஼భ
ఱబ ∗  

஼భ
భయ

஼భ
రవ   
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                                      =
ଵଷ

ହଶ
∗  

ଵଷ

ହଵ
∗  

ଵଷ

ହ଴
∗  

ଵଷ

ସଽ
 =  

ଶଵଽ଻

ହଵଽ଼଴଴
 

 

  الأوراقاما اذا كانت جميع ، الأوراق أنواعنلاحظ ان السحب كان من كل نوع من في هذا السؤال    -
  سيكون الحل :   Spadeاوراق) من نوع واحد، على سبيل المثال من النوع   4المسحوبة هي ( 

𝑃(𝐴ଵ ∩ 𝐴ଶ ∩ 𝐴ଷ ∩ 𝐴ସ)

=  𝑃(𝐴ଵ) ∗  𝑃(𝐴ଶ|𝐴ଵ) ∗ 𝑃(𝐴ଷ|𝐴ଵ ∩ 𝐴ଶ) ∗ 𝑃(𝐴ସ|𝐴ଵ ∩ 𝐴ଶ ∩ 𝐴ଷ) 

                                      =
஼భ

భయ

஼భ
ఱమ ∗  

஼భ
భమ

஼భ
ఱభ ∗  

஼భ
భభ

஼భ
ఱబ ∗  

஼భ
భబ

஼భ
రవ   

                                      =
ଵଷ

ହଶ
∗  

ଵଶ

ହଵ
∗  

ଵଵ

ହ଴
∗  

ଵ଴

ସଽ
  

 

Example: Let  A  &  B  be events with  𝑃(𝐴) =
ଵ

ଶ
    ;   𝑃(𝐵) =

ଵ

ଷ
  &  𝑃(𝐴 ∩ 𝐵) =

ଵ

ସ
 

Find   𝑃(𝐴|𝐵)  ;  𝑃(𝐵|𝐴)  ; 𝑃(𝐴 ∪ 𝐵) ;   𝑃(𝐴௖|𝐵௖) ;  𝑃(𝐵௖|𝐴௖)  

Sol/ 

-    𝑃(𝐴|𝐵) =  
௉(஺∩஻)

௉(஻)
=  

ଵ/ସ 

ଵ/ଷ
  =

ଷ

ସ
 

-    𝑃(𝐵|𝐴) =  
௉(஺∩஻)

௉(஺)
=  

ଵ/ସ 

ଵ/ଶ
  =

ଶ

ସ
 

-    𝑃(𝐴 ∪ 𝐵) =  𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) =
ଵ

ଶ
+

ଵ

ଷ
−

ଵ

ସ
=

଻

ଵଶ
 

-    𝑃(𝐴௖|𝐵௖) =  
௉(஺೎∩஻೎)

௉(஻೎)
 

-   𝑃(𝐵௖) = 1 − 𝑃(𝐵) = 1 −
ଵ

ଷ
=

ଶ

ଷ
 

  𝑃(𝐴௖ ∩ 𝐵௖) by De Morgan's (𝐴௖ ∩ 𝐵௖) =  (𝐴 ∪ 𝐵)௖  

  ∴  𝑃(𝐴௖ ∩ 𝐵௖) = 𝑃(𝐴 ∪ 𝐵)௖ = 1 − 𝑃(𝐴 ∪ 𝐵) = 1 −
଻

ଵଶ
=

ହ

ଵଶ
 

  ∴   𝑃(𝐴௖|𝐵௖) =  
ହ/ଵଶ 

ଶ/ଷ
  =

ହ

଼
          

  -    𝑃(𝐵௖|𝐴௖) =  
௉(஺೎∩஻೎)

௉(஺೎)
=  

௉(஺೎∩஻೎)

ଵି௉(஺)
   =

ହ/ଵଶ

ଵ/ଶ
=

ହ

଺
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4-4-2 :   Baye's Low    

      General theorem for conditional probability :-  

Suppose that   𝐴ଵ, 𝐴ଶ, 𝐴ଷ, … , 𝐴௡  are mutually exclusive events. Such that 

 𝐴ଵ ∪ 𝐴ଶ ∪ 𝐴ଷ ∪ … ∪ 𝐴௡ = 𝑆  and  𝑃(𝐴ଵ) > 0 where   𝑖 = 1,2,3, … , 𝑛  then for 

any event 𝐵.  

      𝑃(𝐵) =  𝑃(𝐵|𝐴ଵ) 𝑃(𝐴ଵ) +  𝑃(𝐵|𝐴ଶ) 𝑃(𝐴ଶ) + ⋯ + 𝑃(𝐵|𝐴௡) 𝑃(𝐴௡) 

Proof/ 

     𝐵 = 𝐵 ∩ 𝑆 

  𝐴ଵ, 𝐴ଶ, 𝐴ଷ, … , 𝐴௡  partitions of the 𝑆 then:-  

1- 𝐴୧ ∩ 𝐴୨ =  ∅  mutually exclusive 

2- ⋃ 𝐴௜
௡
௜ୀଵ =   𝑆    

 

 ∴ 𝐵 = 𝐵 ∩ (⋃ 𝐴௜
௡
௜ୀଵ ) = 𝐵 ∩ [𝐴ଵ ∪ 𝐴ଶ ∪ 𝐴ଷ ∪ … ∪ 𝐴௡] 

                                         = [(𝐵 ∩ 𝐴ଵ) ∪ (𝐵 ∩ 𝐴ଶ) ∪ (𝐵 ∩ 𝐴ଷ) ∪ … ∪ (𝐵 ∩ 𝐴௡)] 

     ⟹ 𝑃(𝐵) = 𝑃[(𝐵 ∩ 𝐴ଵ) ∪ (𝐵 ∩ 𝐴ଶ) ∪ (𝐵 ∩ 𝐴ଷ) ∪ … ∪ (𝐵 ∩ 𝐴௡)] 

                       = 𝑃(𝐵 ∩ 𝐴ଵ) + 𝑃(𝐵 ∩ 𝐴ଶ) + 𝑃(𝐵 ∩ 𝐴ଷ) + ⋯ + 𝑃(𝐵 ∩ 𝐴௡) 

 ∴ 𝑃(𝐵|𝐴) =  
௉(஺∩஻)

௉(஺)
  

  ⟹ 𝑃(𝐵 ∩ 𝐴ଵ) =  𝑃(𝐵|𝐴ଵ) 𝑃(𝐴ଵ)  ;   𝑃(𝐵 ∩ 𝐴ଶ) =  𝑃(𝐵|𝐴ଶ) 𝑃(𝐴ଶ) … 

     ⟹ 𝑃(𝐵) =  𝑃(𝐵|𝐴ଵ) 𝑃(𝐴ଵ) +  𝑃(𝐵|𝐴ଶ) 𝑃(𝐴ଶ) + ⋯ + 𝑃(𝐵|𝐴௡) 𝑃(𝐴௡) 

   ∴  𝑃(𝐵) =  ∑ 𝑃(𝐵|𝐴௜) 𝑃(𝐴௜)௡
௜ୀଵ  

   ∴  𝑃(𝐴) =  ∑ 𝑃(𝐴|𝐵௜) 𝑃(𝐵௜)௡
௜ୀଵ  
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4-4-3 :   Baye's Theorem    

      Let the events  𝐴ଵ, 𝐴ଶ, 𝐴ଷ, … , 𝐴௞  for a partition of the sample space 𝑆 such that  

𝑃(𝐴௜) > 0  ,  for  𝑖 = 1,2,3, … , 𝑘 and let  𝐵  be any event in  𝑆  such that 𝑃(𝐵) > 0   

     

      𝑃(𝐴௜|𝐵) =  
௉(஺೔∩஻)

௉(஻)
  ; 𝑃(𝐵) > 0 

  ∴ from  4-4-2     ⟹  𝑃(𝐵) =  ∑ 𝑃(𝐵|𝐴௜) 𝑃(𝐴௜)௡
௜ୀଵ  

 

      ∴ 𝑃(𝐴௜|𝐵) =  
௉(஺೔∩஻)

∑ ௉൫𝐵ห𝐴௜൯ ௉(஺೔)೙
೔సభ

 =  
௉൫𝐵ห𝐴௜൯ ௉(஺೔)

∑ ௉൫𝐵ห𝐴௜൯ ௉(஺೔)೙
೔సభ

    

 

Example: consider two urns ; urnI contains 5 white and 7 red balls , urnII contains 

6 white and 4 red balls; one of the urns is selected at random and a ball is drawn 

from it : 

Find the probability that the ball drawn will be white ?  

Sol/    𝐴ଵ = urnI  is chosen 

            𝐴ଶ = urnII  is chosen 

             𝐵 =  white ball is drawn 

        

 

 

 

  𝑃(𝐵) =  𝑃(𝐵|𝐴ଵ) 𝑃(𝐴ଵ) +  𝑃(𝐵|𝐴ଶ) 𝑃(𝐴ଶ) 

𝑃(𝐵|𝐴ଵ) =  
𝑃(𝐵 ∩ 𝐴ଵ)

𝑃(𝐴ଵ)
=  

𝐶1
5

𝐶1
12

=
5

𝟏𝟐
 

𝑃(𝐵|𝐴ଶ) =  
𝑃(𝐵 ∩ 𝐴ଶ)

𝑃(𝐴ଶ)
=  

𝐶1
6

𝐶1
10

=
6

𝟏𝟎
 

Start  

I 

II 

W 

R 

W 

R 

7 
0.5 




