A, = {111,213,312}

31
= P(Az) =5 =3

A; = {111,321,231}

31
= P(A3) =5 =3

Al ﬂA2= AlnAg =A2 ﬂA3={111}
Then :

1.1 1
P(A1NA;) = P(A)) *P(Ay) =5+ =7
And
1.1 1
P(A; N A43) = P(A1)*P(A3)=§*§=;
And
1.1
P(A20A3)= P(AZ)*P(A3)=§*§=_

~ A,B & C are pairwise-independent.
A1 N Az N A3 = {111}

n(A1NAzNA3z)

o P(AlnAz ﬂA3)= :1/9

And
- P(A;NA; NA3) = P(Ay) x P(A;) * P(A3)

1 1 1 1
- — == % = x =

9 3 3 3
N 1 + 1

9 27

~ A,B & C arenotindependent.
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4-4 : Conditional probability and Bay's theorem w4 ks o pall Jlaiad)
Definition:

If A & B aretwo events of a probability space S . then the conditional
probability of event A on the occurrence (<) of the event B, denoted by
P(A|B) is: -
P(ANB)
P(B)

P(A|B) = , provided that P(B) > 0

This symbol may be read " probability of A given B "

the conditional probability of B given A is given as:

, provided that P(4) > 0

- Notes:

- If A & B aredependent events, then:
a- P(AnB) = P(A|B) = P(B)
b- P(ANB) = P(B|A) * P(A)

- If A & B areindependent events, then:
a- P(A|B) = P(4)

P(ANB) _ P(A)*P(B)

Where P(A|B) = ) P E

=P(A) , P(B)>0

b- P(B|A) = P(B)

P(ANB) _ P(A)*P(B)

Where P(B|A) = D D

= P(B) , P(A) >0

P(AUB) =P(A) + P(B) — P(An B) forany two events: -
For mutually exclusive ANB = @ ; P(ANB)=0
~ P(AUB) = P(A) + P(B) ; m.e.
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For independent events P(A N B) = P(A) * P(B)
~ P(AUB) = P(A) + P(B) — [P(A) * P(B)]

For conditional probability
~ P(AUB) =P(A)+ P(B)—[P(A|B) = P(B)]
Or P(AUB) = P(A) + P(B) — [ P(B|A) * P(A)]

Example: A box contains Red and White balls. Each ball is labeled either X or
Z .the composition of the box is show below:

Let us now assume that a ball is to be selected at

random from this box; What is the probability of R W
getting a Red ball if it was labeled X. X| 538
Sol/ A =aballis labeled X Z|1]2]53
6 5 |11
B = a Red ball

“P(A)== ; P(B)=< ; P(ANB)=-
h 11 11 11

_P(AnB) _ 5/11 _5
P(B|A) = P(4)  8/11 8

- If a ball is drawn and found it white, what is the probability that it was
labeled Z? P(Z|W)

8 6 5 1
PA)=— ; PB)=, ; PANB)=—; P(BNZ)=—
P(W) = > P(WNA) = 5 P(Z) = 5 PWNZ) = 2
1 11 11 11
_P@nw) _ 2/11 _ 2
P@zIw) = P(W) ~ 5/11 5

- What is the probability that it is labeled X if it was Red ?

P(ANB) _ 5/11 _ 5

P(A|B) = P(B)  6/11 6
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- What is the probability that it is labeled X if it was White ?

P(AnW) _ 3/11 _ 3

P(AIW) = P(W) 5/11 5

4-4-1 : Three Conditional events or more:

If we have 3 events A,Band C; then:
P(ANnBNC)=P(A)+«P(B|A)* P(CIANnB)
~ P(ANnB) = P(A) = P(B|A)

Where

P(ANB)

P(B|A) = P

And
P(ANBNC)=P(ANnB)* P(CIANB)

P(ANBNC)

+ P(CIANB) = ===

In general; If we have n events then: -

P(Al1A{NA,NAs;N...NA,_;)

Example: Four cards are to be drawn successively (s =) at random and
without replacement from an ordinary deck of playing cards; What is the
probability of receiving a spade , a heart, a diamond , and a club.

Sol/ without replacement (u=8lii 2a2ll) gla )l G52 s
Let Spade , Heart , diamond , Club
A B C D
PANnBNCnND)=P(A)*P(B|A)* P(CIJAnB) x P(D[JAnNBNC)

_c? . ci3 . ci3 i3
c;? ¢t ¢ ¢
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13 13 13 13 2197
= — % — % — %k —

" 52 51 50 49 519800

BV aen <l 130 el ¢l sV o150 (e 95 JS e S canad) () Taa B0 Jlpadl 13 b -
: dall o sShw Spade g ) (e Ul i e canl s g 58 Ga (B1s) 4) (o R sadl
P(A,NA,NA;NA,)
= P(Aq) * P(A2|A;) * P(A3|A; N Ay) * P(A4lA; NA; N A3)
. C113 C112 C111 C110
TcPr 51 R0 ¢

13 12 11 10
= — % — % — % —
52 51 50 49

Example: Let A & B be events with P(4A) == ; P(B) =§ & P(ANB) = z

Find P(A|B) ; P(B|A) ;P(AUB); P(A°|B€); P(B¢|A°) '

N

Sol/
_ P@AnB) _ 1/4 _ 3
- P(4lB) = P(B)  1/3 4
_ P@AnB) _ 1/4 _ 2
- P(BlA) = P(A)  1/2 4
- P(AUB) = P(A)+P(B)—P(ANB) :%+§_%=1_72
_ CIDCY P(A°NB°)
P(A°|BS) = =
- P(B)=1-P(B)=1--=1
P(A¢ n B€) by De Morgan's (A° N B¢) = (AU B)¢
« P(A°NB®)=P(AUB)=1-P(AUB) = 1—%=1_52
clpcy _ 5/12 5
P(A°|BS) = = =1
) ci ey _ P(A°NBY)  P(A°nB¢) _ 5/12 _5
P(BEIAY) = P(4%)  1-P(4)  1/2 6
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4-4-2: Baye's Low
General theorem for conditional probability :-

Suppose that A,, 4,, A, ..., A, are mutually exclusive events. Such that

AjUA,UA3;U...UA, =S and P(A;) > 0 where i =1,2,3,..,n then for
any event B.

P(B) = P(B|A;) P(41) + P(B|A;) P(Az) + -+ P(B|A4,) P(A,)
Proof/
B=BnNnS

Aq,A,, As, ..., A, partitions of the S then:-

1- A; n 4A; = @ mutually exclusive
2- UL 4, =S

~B=Bn(UL,4)=BnN[A; UA, UA3; U ..UA,]
=[(BNA))U(BNA,)U(BNA)U..U(BNA,]
= P(B)=P[(BNA;))U(BNA,)U(BNA3)U..U(BNA,]
=P(BNA;))+P(BNA,)+P(BNAy)+--+P(BnNA,)

P(ANB)
P(4)

= P(BNA,;) = P(B|A;) P(A,) ; P(BNnA,) = P(B|A,) P(A,) ..
= P(B) = P(B|Ay) P(A;) + P(B|A;) P(A2) + -+ P(Bl4,) P(4y)
= P(B) = Xi-1 P(B|A) P(4)

~ P(A) = Xi=1 P(A|By) P(By)
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4-4-3: Baye's Theorem

Let the events Ay, A,, 45, ..., A} for a partition of the sample space S such that
P(A;) >0, for i =1,2,3,...,kand let B be any eventin S suchthat P(B) > 0

P(A;NB)
P(B)

~from 4-4-2 = P(B) = Y-, P(B|A;) P(4;)

P(A;|B) =

;P(B) >0

P(4;NB) _ pP(BJA) Py
>, P(BlAy)Pa) — I, P(BJA;) Pay

~ P(4;|B) =

Example: consider two urns ; urnl contains 5 white and 7 red balls, urnll contains
6 white and 4 red balls; one of the urns is selected at random and a ball is drawn
from it:

Find the probability that the ball drawn will be white ?

Sol/ A; =urnl is chosen W

o)
A, = urnll is chosen 4
B = white ball is drawn Pﬂ/v I R
\()-5"
4,

Start
W

7

©
o
DN

P(B) = P(B|A;) P(A1) + P(B|A;) P(42)

P(BNA;) C? 5

PBIA) = —pay = cZ 1z

P(BnA;) (5 _ 6

P(BIA) = —py = cl0 "~ 10
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