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Chapter Four  

_ Axiomatic Approach of Probability _ 

4.1_ Probability Defined on Event: -    

      In this chapter, we develop a mathematical model of an experiment which 

is defined mathematically by three things.  

1_ Specifying the sample space  𝑆   on which probability statements are made; 

  الاحتمالية؛العينة التي يتم فيها وضع بيانات  فضاء تحديد 

2_ defining the events of interest; and      

 و  الأهمية؛تحديد الأحداث ذات 

3_ defining a numerical measure for probability statements, which is assigned 

to the events. 

 والذي يتم تعيينه للأحداث  الاحتمالية،تحديد مقياس رقمي للبيانات 

    To each event   𝐴  defined on a sample space  𝑆  we shall assign a non-

negative real number which is called the probability of  𝐴    , denoted by  𝑃(𝐴) .  

 

4.1_ Axioms of Probability: الاحتمال      ت بديهيا    

     Let  𝑆  be sample space, let  𝜎  be the class of events, and let   𝑃  be a real 

value function defined on  𝜎  .  

   Then  𝑃  is called a probability function, and 𝑃(𝐴) is called probability of the 

event 𝐴  if the following axioms hold  

  1_ For every event 𝐴 ,  𝑃(𝐴) ≥ 0     ;     0 ≤ 𝑃(𝐴) ≤ 1 

  2_ 𝑃(𝑆) = 1     ;    𝑃(𝑆) =  
௛

௡
=  

௡(ௌ)

௡(ௌ)
= 1   

  3_ If   𝐴    𝑎𝑛𝑑   𝐵   are mutually exclusive events, then:  

          𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵)    
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  4_ If    𝐴ଵ , 𝐴ଶ , 𝐴ଷ , … , 𝐴௡   is a sequence of mutually exclusive events, then:  

       𝑃(𝐴ଵ ∪ 𝐴ଶ ∪  𝐴ଷ ∪ … ∪  𝐴௡)  = 𝑃(⋃ 𝐴௜ ) =  ∑ 𝑃(𝐴௜)௡
௜ୀଵ௜∈ூ   

                  =         𝑃(𝐴ଵ ) + 𝑃(𝐴ଶ ) + 𝑃( 𝐴ଷ ) + ⋯ +   P(𝐴௡) 

 

 

 

 

 

 

  5_ If   𝐴  𝑎𝑛𝑑   𝐵   are not mutually exclusive events, then:  

               𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵)     

 

 

 

 

 

 

Theorem (1) : 

            𝑃(∅) = 0    for any sample space.  

Proof:  

             Let 𝐴 be any subset , then 𝐴 and  ∅  are disjoint , and  

  𝐴 = 𝐴 ∪ ∅     →     𝑃(𝐴) = 𝑃(𝐴 ∪ ∅)   

Since 𝐴 and  ∅   are m.e. events by axiom (3)  

→  𝑃(𝐴 ∪ ∅)  = 𝑃(𝐴) + 𝑃(∅) 

→  𝑃(𝐴)  = 𝑃(𝐴) + 𝑃(∅)     

→  𝑃(∅)  = 0     

 

𝐴ଵ 

1 
𝐴ଶ  𝐴ଷ  𝐴ସ  

  𝐴௡ 

1 
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Or  

     𝑃(∅) =
௡(∅)

௡(ௌ)
=  

଴

௡
= 0  

 

Theorem (2) : 

  For any event   𝐴 ⊂ 𝑆    ,    𝑃(𝐴௖) = 1 − 𝑃(𝐴) 

Proof 

         Let 𝑆 = 𝐴 ∪ 𝐴௖     →    𝑃(𝑆) = 𝑃(𝐴 ∪ 𝐴௖)  

    Since  𝐴  &  𝐴௖ are m.e. events, then: 

     𝑃(𝐴 ∪ 𝐴௖) = 𝑃(𝐴) + 𝑃(𝐴௖) 

    ∴  𝑃(𝑆) =   1  

    ∴    1 = 𝑃(𝐴) + 𝑃(𝐴௖) 

    ∴    𝑃(𝐴) = 1 − 𝑃(𝐴௖) 

Or  

         𝑃(𝐴௖) = 1 − 𝑃(𝐴) 

∴       𝐴 ∩  𝐴௖ =   ∅ 

& 

         𝑃(𝐴 ∩  𝐴௖) =   𝑃(∅) = 0  

 

Theorem (3) : 

                         0 ≤ 𝑃(𝐴)  ≤ 1  

Proof 

            ∵   𝑃(∅) = 0 

            &  𝑃(𝑆) = 1   ,      𝑃(∅)  ≤ 𝑃(𝐴)  ≤ 𝑃(𝑆)   

            ∴      0 ≤ 𝑃(𝐴)  ≤ 1   

A 

𝐴௖
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Theorem (4) : 

        If                 𝐴 ⊂ 𝐵   ,     𝑡ℎ𝑒𝑛     𝑃(𝐴)  ≤ 𝑃(𝐵)   

Proof 

          We have     𝐵 = 𝐴 ∪ (𝐵 ∩ 𝐴௖) 

        ∴    𝑃(𝐵) = 𝑃[𝐴 ∪ (𝐵 ∩ 𝐴௖)] 

       →    𝑃(𝐵) = 𝑃(𝐴) + 𝑃(𝐵 ∩ 𝐴௖)] 

 

          ∴      𝑃(𝐵) ≥ 𝑃(𝐴) 

 

 

 

Theorem (5) : 

     For any two events 𝐴 𝑎𝑛𝑑 𝐵  

  𝑃(𝐴/𝐵)  = 𝑃(𝐴) − 𝑃(𝐴 ∩ 𝐵) 

Proof 

    Let  𝐴 = (𝐴/𝐵) ∪ (𝐴 ∩ 𝐵)  

   → 𝑃(𝐴) = 𝑃[(𝐴/𝐵) ∪ (𝐴 ∩ 𝐵)] 

 

                   = 𝑃(𝐴/𝐵) + 𝑃(𝐴 ∩ 𝐵)  

   → 𝑃(𝐴/𝐵) = 𝑃(𝐴) − 𝑃(𝐴 ∩ 𝐵) 

 

  بالشكل التالي    𝐴/𝐵ويمكن كتابة  

   𝐴/𝐵 =  𝐴 ∩ 𝐵௖   

  بالشكل التالي    𝐵/𝐴وكذلك يمكن كتابة   

  𝐵/𝐴 =  𝐵 ∩ 𝐴௖  

m.e. 

 كمية موجبة

A 

m.e

. 

(𝐴 ∩ 𝐵)

(𝐴/𝐵)
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  &  𝑃(𝐵/𝐴)  = 𝑃(𝐵) − 𝑃(𝐵 ∩ 𝐴) 

Proof 

          Let  𝐵 = (𝐵/𝐴) ∪ (𝐵 ∩ 𝐴)  

   → 𝑃(𝐵) = 𝑃[(𝐵/𝐴) ∪ (𝐵 ∩ 𝐴)] 

 

                   = 𝑃(𝐵/𝐴) + 𝑃(𝐵 ∩ 𝐴)  

   ∴  𝑃(𝐵/𝐴) = 𝑃(𝐵) − 𝑃(𝐵 ∩ 𝐴) 

 

 

Theorem (6) : 

     For any two events 𝐴 𝑎𝑛𝑑 𝐵  

  𝑃(𝐴 ∪ 𝐵)  = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) 

Proof 

          Let  𝐴 ∪ 𝐵 = 𝐴 ∪ (𝐵/𝐴)  

   → 𝑃(𝐴 ∪ 𝐵) = 𝑃[(𝐴) ∪ (𝐵/𝐴)] 

 

                   = 𝑃(𝐴) + 𝑃(𝐵/𝐴)  

∵  𝑃(𝐵/𝐴) = 𝑃(𝐵) − 𝑃(𝐵 ∩ 𝐴) 

∴  𝑃(𝐴 ∪ 𝐵)  = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) 

 

Proof with another way:  

  (𝐴 ∪ 𝐵) = (𝐴/𝐵) ∪ (𝐴 ∩ 𝐵) ∪ (𝐵/𝐴)   

 

  ∴ 𝑃(𝐴 ∪ 𝐵) = 𝑃[(𝐴/𝐵) ∪ (𝐴 ∩ 𝐵) ∪ (𝐵/𝐴)]   

                         = 𝑃(𝐴/𝐵)  + 𝑃(𝐴 ∩ 𝐵) + 𝑃(𝐵/𝐴)   

m.e

. 

(𝐵 ∩ 𝐴)

(𝐵/𝐴)

(𝐴 ∩ 𝐵)

(𝐴/𝐵) (𝐵/𝐴)
m.e

. 

m.e

. 
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∵  𝑃(𝐴/𝐵) = 𝑃(𝐴) − 𝑃(𝐴 ∩ 𝐵) 

& 𝑃(𝐵/𝐴) = 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) 

∴ 𝑃(𝐴 ∪ 𝐵)  = 𝑃(𝐴) − 𝑃(𝐴 ∩ 𝐵) + 𝑃(𝐴 ∩ 𝐵) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) 

∴ 𝑃(𝐴 ∪ 𝐵)  = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) 

Proof again: -  

  (𝐴 ∪ 𝐵) = (𝐴 ∩ 𝐵௖)  ∪ (𝐴 ∩ 𝐵) ∪ (𝐵 ∩ 𝐴௖)   

 

∴ 𝑃(𝐴 ∪ 𝐵) = 𝑃[(𝐴 ∩ 𝐵௖) ∪ (𝐴 ∩ 𝐵) ∪ (𝐵 ∩ 𝐴௖)]   

                       = 𝑃(𝐴 ∩ 𝐵௖) + 𝑃(𝐴 ∩ 𝐵) + 𝑃(𝐵 ∩ 𝐴௖) 

∵   (𝐴/𝐵)  =  (𝐴 ∩ 𝐵௖)  

∴  𝑃(𝐴 ∩ 𝐵௖) = 𝑃(𝐴) − 𝑃(𝐴 ∩ 𝐵) 

& 𝑃(𝐵 ∩ 𝐴௖) = 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) 

∴ 𝑃(𝐴 ∪ 𝐵)  = 𝑃(𝐴) − 𝑃(𝐴 ∩ 𝐵) + 𝑃(𝐴 ∩ 𝐵) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) 

∴ 𝑃(𝐴 ∪ 𝐵)  = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) 

 

 

 

 

 

 

 

 

 

  

 

m.e

. 

(𝐴 ∩ 𝐵)

(𝐴 ∩ 𝐵௖) (𝐵 ∩ 𝐴௖)
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Corollary: -  

        If   𝐴  , 𝐵  &  𝐶  are any three events; then: 

𝑷(𝑨 ∪ 𝑩 ∪ 𝑪)  = 𝑷(𝑨) + 𝑷(𝑩) + 𝑷(𝑪) − 𝑷(𝑨 ∩ 𝑩) − 𝑷(𝑨 ∩ 𝑪) − 𝑷(𝑩 ∩ 𝑪) + 𝑷(𝑨 ∩ 𝑩 ∩ 𝑪) 

Proof: 

          𝑷(𝑨 ∪ 𝑩 ∪ 𝑪) =  𝑷[𝑨 ∪ (𝑩 ∪ 𝑪)]  

 

    ∴  𝑷[𝑨 ∪ (𝑩 ∪ 𝑪)] = 𝑷(𝑨) + 𝑷(𝑩 ∪ 𝑪) −  𝑷[𝑨 ∩ (𝑩 ∪ 𝑪)] 

 

And we have 

                 𝑨 ∩ (𝑩 ∪ 𝑪) = (𝑨 ∩ 𝑩) ∪ (𝑨 ∩ 𝑪) 

 

    ∴  𝑷[𝑨 ∩ (𝑩 ∪ 𝑪)] =  𝑷[(𝑨 ∩ 𝑩) ∪ (𝑨 ∩ 𝑪)] 

                                   =  𝑷(𝑨 ∩ 𝑩) + 𝑷(𝑨 ∩ 𝑪) − 𝑷[(𝑨 ∩ 𝑩) ∩ (𝑨 ∩ 𝑪)] 

 

And   𝑷(𝑩 ∪ 𝑪) = 𝑷(𝑩) + 𝑷(𝑪) − 𝑷(𝑩 ∩ 𝑪) 
 

∴  𝑷(𝑨 ∪ 𝑩 ∪ 𝑪) =  𝑷(𝑨) + 𝑷(𝑩) + 𝑷(𝑪) − 𝑷(𝑩 ∩ 𝑪) − [𝑷(𝑨 ∩ 𝑩) + 𝑷(𝑨 ∩ 𝑪) − 𝑷(𝑨 ∩ 𝑩 ∩ 𝑪)] 

∴ 𝑷(𝑨 ∪ 𝑩 ∪ 𝑪)  = 𝑷(𝑨) + 𝑷(𝑩) + 𝑷(𝑪) − 𝑷(𝑨 ∩ 𝑩) − 𝑷(𝑨 ∩ 𝑪) − 𝑷(𝑩 ∩ 𝑪) + 𝑷(𝑨 ∩ 𝑩 ∩ 𝑪) 

 

4_2_1_ Examples of probability laws: 

EX/  

     Two coins are tossed, what is the probability that at least one head appears? 

SOL/ 

          𝑺 = {𝑯𝑯, 𝑯𝑻, 𝑻𝑯, 𝑻𝑻} 

          𝑨 = {𝒂𝒕 𝒍𝒆𝒂𝒔𝒕 𝒐𝒏𝒆 𝒉𝒆𝒂𝒅 𝒂𝒑𝒑𝒆𝒂𝒓𝒔} = {𝑯𝑯, 𝑯𝑻, 𝑻𝑯} = 𝟑  

    
𝒉

𝒏

𝒏(𝑨)

𝒏

𝟑

𝟒

𝑪𝟏
𝟑

𝑪𝟏
𝟒

    𝑩 = {𝒆𝒙𝒂𝒄𝒕𝒍𝒚 𝒐𝒏𝒆 𝒉𝒆𝒂𝒅 𝒂𝒑𝒑𝒆𝒂𝒓} = {𝑯𝑻, 𝑻𝑯} = 𝟐  

𝑨 ∩ 𝑩 ∩ 𝑪




