Chapter Four
_Axiomatic Approach of Probability _
4.1_Probability Defined on Event: -

In this chapter, we develop a mathematical model of an experiment which
is defined mathematically by three things.

1_Specifying the sample space S on which probability statements are made;
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2_defining the events of interest; and
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3_defining a numerical measure for probability statements, which is assigned
to the events.
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To each event A defined on a sample space S we shall assign a non-
negative real number which is called the probability of A , denoted by P(A).

4.1_Axioms of Probability: Jlis Y/ Silgmy

Let S be sample space, let o be the class of events, and let P be areal
value function defined on o .

Then P is called a probability function, and P(A) is called probability of the
event A if the following axioms hold

1_ForeveryeventA, P(A)=0 ; 0<PA)<1 S

h ()
2.P(S)=1 ; P = =_o=1

3_If A and B are mutually exclusive events, then:

P(AUB) = P(A) + P(B)




4_If Ay, A,, Az, ..., A, isasequence of mutually exclusive events, then:
P(A; UA; U A3 U ..U Ay) =P(Ui4p) = Xin P(AY)
= P(A)+P(A,))+P(A3;)+-+ P(4,) S

5_If A and B are not mutually exclusive events, then:

P(AUB) = P(A) + P(B) — P(AN B) S

Theorem (1) :
P(@) = 0 forany sample space.

Proof:

Let A be any subset, then A and @ are disjoint, and
A=AUQP - PMA=P(AU0D)
Since A and @ are m.e. events by axiom (3)
- P(AU®) =P(A) + P(9)
> P(A) = P(A) + P(D)
- P(@) =0



Or
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Theorem (2) :
Foranyevent AcS , P(A°)=1-P(4)
Proof
LetS=AUA° - P(S)=P(AUA°
Since A & A€ are m.e. events, then:
P(AU A°) = P(A) + P(A°)
~PS)=1
1=P(A) + P(A°)
P(A) =1—-P(A°
Or
P(A°)=1-P(A)
ANnA= ¢

P(A N A= P(@) =0

Theorem (3) :
0 <P <1
Proof
- P(@)=0
& P(S)=1, P@®@) <P(A) <P(S)
0 <P <1




Theorem (4) :
If AcB , then P(A) <P(B) S

Proof m.e.
Wehave B =A U (BnNA°
~ P(B) =P[A U(BnNAY]
— P(B)=P(A)+ P(BnA9]
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P(B) = P(4)

Theorem (5) :

For any two events A and B

P(A/B) =P(A)—P(ANB)
(ANB)
Proof

Let A= (A/B)U (ANB)

— P(A) =P[(A/B) U (AN B)]

Lo

= P(A/B) + P(AN B) (A/B)

- P(A/B) = P(A) — P(AN B)
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A/B = An B¢
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& P(B/A) = P(B) — P(Bn A)

Proof
Let B=(B/A)U(BNA)
~ P(B) = P[(B/A) U (B N A)]

Lome J

= P(B/A) + P(B N A)

(BN A)

(B/A)

« P(BJ/A) = P(B) — P(B N A)

Theorem (6) :

For any two events A and B

P(AUB) =P(A)+P(B)—P(ANB)
Proof
Let AUB =AU (B/A)
— P(AUB) = P[(A) U (B/A)]

L m.eiT (A/B) (B/A)
= P(A) + P(B/A)

w P(BJA) = P(B) — P(B N A)
« P(AUB) =P(A)+ P(B)—P(ANB)

Proof with another way:
(AuB)=(A/B) U(ANB)U (B/A)
[
~ P(AUB)=P[(A/B) U(ANB)U (B/A)]
=P(A/B) + P(ANB) + P(B/A)
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= P(A/B) = P(A) — P(ANB)
& P(B/A) = P(B) — P(AN B)
~P(AUB) =P(A)—P(ApIB) + P(AXB) + P(B) — P(ANB)
~P(AUB) =P(A)+P(B)—P(ANB)
Proof again: -
(AUB)=(ANB) U(ANB)U (BN A°
~P(AUB) =P[(ANB)U(ANB)U (B nNA°]
=P(ANBS)+P(ANB) + P(Bn A°)
v (A/B) = (AN B°)
~ P(ANB®) =P(A) —P(ANB)
&P(BNA°) =P(B) —P(ANB)
~P(AUB) =P(A)—P(AAB) + P(A®B) + P(B) — P(AN B)
~P(AUB) =P(A) +P(B)—P(ANB)

(An B¢

(AN B)

a

(B N A°)




Corollary: -

If A, B & C are any three events; then:
P(AUBUC) =P(A)+P(B)+P(C)—P(ANB)—P(ANC)—P(BNC)+P(ANBNC)
Proof: S
P(AUBUC) = P[AU (BUO0)]

~ P[AU(BUC)]=P(A)+P(BUC)— P[An(BUO)]

And we have

An(BUuC)=(ANB)u(Ano0) ANnBnNnC

~ P[ANn(BUC)]= P[(ANB)U (AN 0)]
= P(ANB)+P(ANC)—P[(ANB)N (AN 0)]

And P(BUC) = P(B) +P(C)—P(BNC)

~ P(AuBUC)= P(A)+P(B)+P(C)—P(BNC)—[P(ANB)+P(ANC)—P(ANBNC()]
~P(AUBUC) =P(A)+P(B)+P(C)—P(ANB)—P(ANC)—P(BNC)+P(ANnBNC)

4_2_1_Examples of probability laws:
EX/
Two coins are tossed, what is the probability that at least one head appears?
SOL/
S ={HH,HT,TH,TT}
A = {at least one head appears} = {HH,HT,TH} = 3
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“PA)=D=""=5 or g

B = {exactly one head appear} = {HT,TH} = 2
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