Limits and Theory of Derivative
The Limits

Definition: If f be a function defined at each point of some interval

containing a, except possibly at itself. Then a number L is the limit of
f(x) as x approaches a (or is the limit of f at a) it for every number

€ > 0 there is a number § > 0 such that If

O0<|x—a|<dthen|f(x)—L|<e¢
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If L is the limit of f(x) as x approaches a, then we write

limf(x) =1L

xX—a

If such an L can be found, then we say that the limit of f at a is exists, or
that f has a limit at a, or that lim,_, f(x) exists. (The limit of the

function f at a unique)
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One sided limat

If the values of f(x) can be made as close as we like to L by taking

values of x sufficiently close to a (but greater than a), then we write

lim f(x) =1L

xX—a

Similarly, If the values of f(x) can be made as close as we like to L by

taking values of x sufficiently close to a (but less than a), then we write

tim ) = 1

Note: we say that the functions have limits

lim f(x) = L,if and only if lim f(x) = L = lim f(x)

Theorem (Limit Law):

If L, M, ¢, and k are real numbers and
lim f(x) = L and lim g(x) = M, then

XI—C I—cC

. Sum Rule: lim(fx) + gx) =L+ M

X—=C

. Difference Rule: lim(f(x) — gx)) =L — M

I—

. Constant Multiple Rule: lim(k- f(x)) = k- L

I—

. Product Rule: lim(f(x)-gx)) = L-M

I—

. Quotient Rule: lim 148 = % M#=0

i—c 8(X)

. Power Rule: lim [ f(x)]" = L", n a positive integer

I—C

. Root Rule: imVfx) = VL = LY na positive integer

r—s
2




Examples: -

a) Evaluate the limitations for the following functions:
1) lim,o(x* +3x—1)=(0°+3(0)-1)=-1

3—2x2—3x+4) _(-1)3-2(-1)2-3(-1)+4 _ —1-2+3+4 _
x2-5x-5 7 (-1)2-5(-1)—5 ~ 1+45-5

3) )gg_nz(\/4x2 —3)=.,/4(-2)-3=+13

4) limz(|x|+3)=|—2|+3=2+3=5
X——

2) lim,_,_4(~ 4

b) Evaluate the following limits:

.1
1) lim—
x—-1 x—1

We cannot substitute x = 1, because it makes the denominator zero. So,
we are to test the limits from the two sided of this function.
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1
= 400

= lim = —o00, lim =
x-1-x — 1 x-1tx — 1

This function is one-sided limits, but no limits of this function,

because the value of f(x) do not approach a single number as x — 1.
(B s Cad AA) pidlise (yigal) e il Y Glli s dea (e ke Sl A o3
i.elim = —oo # lim = o

x-1"x — 1 x—>1+x—1_
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2) llmx_,l(x +x— 2)

We cannot substitute x = 1 because it makes the denominator zero. We test the
numerator to see if it, too, is zero at x = 1. It is, so it has a factor of (x — 1) in
common with the denominator. Canceling this common factor gives a simpler

fraction with the same values as the original for x # 1.

= lim, (x - 2) =lim,_4 (W) = lim ((x+2)) =% _ 3

—-X x(x—1) x—1 X 1

|x]

3) lim,_, —)

We cannot substitute x = 0 because it makes the denominator zero. So,
we are to test the limits from the two sided of this function, by the

definition of |x|, we have

lim,_o- (li—l) = lim,_,o- (_Tx) = —1,lim,_y+ (%) = lim,_ o+ (—) =1
This function is one-sided limits, but no limits of this function, because
the value of f(x) do not approach a single number as x — 0.1.e.
s U xy
fp () =-1= lim () =1
: 1
4) lim,,_5 ((x+3)2) =t

We can verify our solution is correct or not, we are to take the limits for

both sided at x = 3. We are going to solve it as the above example, so we

cannot substitute x = 3 because it makes the denominator zero. So, we

are to test the limits from the two sided of this function.

xiilq;+ ((x-l—;?))z) llm (ﬁ) +o0

Since the limits of both sided are equal, so the function has limit at x = 4.

xalnéz+ (ﬁ) +oo = llm (ﬁ)




We  know that lim, , f(x) =0,

thus both one sided limit exists, and they

no two-sided limit at 0 (has no limit).

5) Find the limit for the function f(x) = {

0,ifx<0
1,if x>0

because lim,_ ,- 0 =0.

Similarly,lim,_,+ f(x) = 1, because lim,_y+ 1 = 1.

Since the limits of both sided are equal, so the function has limit at x = 0,

are unequal. Therefore, f has




The Theory of Derivative

Definition: Suppose that x, is a number in the domain of the function

f.If

Jim Lo T 1) — f(x0)
im

h—0 h

Then the value of this limit is called the derivative of f at x = x;, and

is denoted by (f(x), 7y, %, D,y).

le.,
o« . J(xo+h)— f(xo)
o = fim =
This called (The Mathematical Definition for Derivative)

Note: we can replace h by Ax, [Ax = (x¢ + h) — x,]
¥
y =fx)
Q(xy + h, flxg + h))

flxg + h) — flxg)

P(xg. flxp))

g

Definition: The slope (/=) of the y = f(x) at the point p(x,, f(xy)) is

the number

o = pi o T W = 1)

The tangent line (<) £3) to the curve at p is the line through p with
this slope. The equation of the tangent line is: y — f(xo) = f(xo)(x — xp).




Examples:
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f(xo+h)—f(xp)
h

f (x) = limy_o
HPATIRREN:
sl (8 f(x) a3 (a
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1) Find the derivative for the following function by using the
definition of derivative.
a)f(x)=7-2x

fx+h)—f(x)

f(.X') = limh—)O h

= f(x) =7—-2x
fx+h)=7-2(x+h)

7-2(x+h)—(7-2x)
h
7—2x—-2h—-7+2x
h

f(X) = limp,_¢

== llmh_)o

—2h

= limh_)o T = -2

1

b)f(x) = -

1

= fx) =1

X

1
fleth) =5
1 1

x+h x
h

f(x) = limp0




HOMEWORK

Q) By using the definition of the derivative find to Z—i’ = f (x)

1) 3x3, 2) x* +1, 3) x°,
4) : 5) xiz, 6) Vx + 1.

x+1°




Example: (Slop of Curve & Tangent Line)

1)
a) Find the slope of the curve (y = i) at any point x = a # 0.

What is the slope at the point (x = —1)?

b) Where does the slope equal (_Tl) ?

) 1
c¢) What happens to the tangent at the point (a, ;) as a change?

Solution:
a) Here f(x) = i , the slope at (q, i) is

f (a) = limp f—(a+h})l_f(a)

1 1 a—(a+h)

= f(.X) == limhﬁo@ = limhaOCl(aT-l-h)

a—a—h -1 _ 1

= lim — = [lim —_—
h=0 4 h.(a+h) h=0 4 (a+h) ~ a2

The slope at the point (x = —1) is f(—1) = (__11)2 = —1 . See the graph

below




b) The slope of y =§ at the point where (x =ais ;—21). It will be (_Tl)

provided that (;—; = _Tl). This equation is equivalent to a? = 4, so a = +2.

The curve has slope (_Tl) at the two points (2,%) and (—2,_71). See the

graph below

slope 1s — —
r

/
slope is — =




2) Find the slope of the graph of y = x* + 1, at the point (2,5) and
Jind the equation of the tangent line at this point.

Solution

, ) L
flx) = limh—mw — lim. - (GG

h—0 h

x?+2xh+h?+1-x%-1 .

= limy_,o - = limy_,o

h(2x+h)
- =

2x

z

~fx) =4
The tangent line is the line through the point (2, 5) with slope 4.
y—5=4(x—-2) > y=4x—-3.
3) The function f(x) = |x| has a corner at x = 0, prove that fis not
differentiable at x = 0.

Solution

f(o) = limy,_ f—(0+h,z_f(0) = limy_, I%I,

_{ 1, if h>0
-1, if h<0’

So that limy,_o- (1) = =1, limy,_o+ (52) = 1.

Thus, f(0) = Lim % does not exists.
4)
a) Find by definition of the derivative of
f(x) =+/x,forx>0
b) Find the tangent line to the curve y = J/x at x = 4

Solution:

Vx+h—vVx 2 Vx+h+yVx
h Vx+h+yVx

a) f(x) = limhaow = limp,_¢

x+h—x

f(x) = limy, )~ iMoo

h . 1
i) o0 ()

7 . 1
s fx) = llmh—mﬁ

Theslopatx=4=>f(x)=m=ﬁ




b) The tangent line is the line through (x = 4,y = v/4 = 2),then the point is
(4,2) with slop %,

y—NM
m =
x—x1

x_4+x

1 X
—y=2+4-(x—4) =2+-—1=1+=
y=2+3(x-H =247 1T

Notation of Differentiation

. dy df d
o) =y =27 =22 = f() = D(NE = Dof ®

Z—z = the derivative of y with respect to x

»y = prime notation
»To indicate the value of a derivative at a specified number

x:a:...

R d d d
f(la) = d_;): lx=a = d_i lx=a = af(x)lx:a

For example,y = f(x) = %
When x = 4

N 1
fO) =5%lx=a =35




Techniques of Differentiation
(Rules of Derivative)

Theorem: If f and g are two differentiations, and c is any constant,

then
1) =0
2) ~x=1
3) " =n.x"1
D e f@® = e f®)
5) = [f(x) £ g(0)] = - f(x) + 5 g(x)

6) - [f().g(0)] = f(x).5-9(x) + g(xX) - f(x) = fg + g.f

7) 2l

8) < c.(g()" =n.c(g®))" .= g(x)

Examples:

d f(x)] _ IWGSO-F@59® _ gf-fi

(g(x)? g2

Find y for the following function
a) f(x) = Vx
S f@=x=fa)=t0=1x
b) f(x) = (4x* — 1)(7x3 + x)
= f(x) = (4x% — 1) (21x% 4+ 1) + (7x3 + x)(8x)
= 140x* —9x% — 1

c) f(x) =

4+1

(x*+1).2x—(x2-1).4x3  2x°—4x3-2x
= f( ) = (x*+1)2 O (x*+1)2

13




Higher Derivative

Definition: If y = f(x) is a differentiable function, then its derivative

f(x) is also a function. If f is also differentiable, then we can
differentiate f to get a new function of x denoted by f . So, f = (f)". The

function f is called the second derivative of f because it is the

derivative of the first derivative. It is written in several ways:

LAy gy b, y
'(x) = = — =y" = DA(fHix) = D7 fx).

dx dx

Examples:
1) If f(x) = 3x* — 2x3 + x* —4x + 2, find f®
Solution:
flx) =12x3 — 6x2 + 2x — 4,
f"(x) = 36x% —12x + 2,
fO®(x) =72x—12,
O =72,
f®) =o0.
2) f(x) = ., find f®

Solution:

2 -6

freo=5 0=

x3’ x*




Implicit Differentiation

Definition: We will say that a given equation in x and y defines the

function f implicitly y if the graph of y = f(x) coincides with a portion of
the graph of the equation.
Jeiall Ll 3i& Cun ) gl Gomie Al slael Al 8 el GEEY) s
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Examples:
Find the f(x) for the following functions.
1) xt+y?=1

2x+2y2—z=0:>3—2::—§

2)l+xy=x
y
+(xd—y+y)=1=>d—y(x—
dx dx
dy _ 1-y dy _ y*(1-y)

dx (xy2—1> dx  xy2?-1
72

1
3)x*+y*)z=1

1.2 2\ ayy _ x y __ay _
2(x + y*) 2.(2x+2ydx)—O=>\/x2+y2+\/x2+y2dx—




Chain Rule

Definition: Let y = f(t) and = g(t) , the chain rule may be written

as:

dy
dy dy dt 3Gr
dx dt'dx dx
dt

Examples:

DIfy=t]+6andx = 2t+4,ﬁnd%
Solution
dy dy dt
dx dt dx

dt 1

2
2)Ify =t2tTandt =V2x + 1,ﬁnd%

Solution

dy dy dt

dx  dt dx
dy _ (t2+1).20)—-(t).(2t) _ 2t3+2t-2t3 2t
dt (t2+1)2 T (t2+1)2 (t2+1)2

dt 1 _1
=_—=_(2x+172.2=

1
V2x+1
.dy 2t 1
Tdx  (t241)2 VZx+1
2v2x+1 1 2y2x+1 11
(V2x+1)2+1)2 "V2x+1  ((2x+1)+1)2 "V2x+1  2(x+1)2

dy 1
Tdx 2(x+1)2




HOMEWORK

a) Find the first & second derivative for the following

equations.

x3+7

1) y=

X

_(6-1)(6%+6+1)
= e

1+3z
3z

2)r
)(3—12)

4)w = 3z%e?*

3w =

b) Find% for the function: y> + xy* + y+x—8 = 0.

c) Find % by using the chain rule for the given equation

y =2u*+4u’ &u=2t3 + t* — t, and evaluate%att = 0.




FOURTH LECTURE
Transcendental Functions

The Trigonometric Functions

. Oppsite
Hypotenuse r

Adjance x
c0sO0 = ——— = -
Hypotenuse r

Oppsite
tand = —7F =2
Adjance «x

cos@

I8 <RI KRI=

<

By Pythagorean theorem we get:
. . 2 x x2
sind =2 = sin20 =% cosh =X = cos?9 ==
T r2 T r2

. 2 y? o x?
sin“0 + cos“0 ==+ = =
r r

.. sin%0 + cos?0 =1

=1=cos8 =1

=0=sin0=0




V3




Some Rule of Trigonometric Function

1)sin?0 + cos?6 =1

2) sec?0 =1+ tan?0

3) csc?8 =1 + cot?0
4) sin(A + b) = sinA cosB + cosA sinB
5) cos(A + b) = cosA cosB + sinA sinB

6) tan(A+ b) =

7) tan(24) =

tan Axtan B
1F¥tan?A
2tan A

1—-tan?A

8) sin2A = 2sinAcos A

9) cos 2A = cos?A — sin®A

10)

11)

12)
13)

14)
15)

cos 2A =1 — 2sin’A
cos2A = 2cos?A—1

sin?A = %(1 — cos 24)

cos’A = %(1 + cos 24)

) ) . A-B A+B
sinA4d —sinB = ZSmTcosT

sin(A + b) —sin(A — B) = 2cos AsinB




Derivative of Trigonometric Functions
The Rule Derivative

du

d . . d .
1) —sinx=cosx = inGen.» —sinu =cosu
dx dx dx

L

-2m -3n/2 -m -m/S2 O w2 ™ 3m/2 2w
-360° -270° -180° -9p° a0~ 180° 270% 360°

du

d ) ) d .
2)—cosx = —-sinx = inGen.> —cosu = —sinu
dx dx dx

» 4

-2 -3m/2 -t -n/2 O /e T
-360° -270* -180° -90° aQ° 180°

du

d . d
3)—tanx = sec’ x = in Gen.=> —tanu = sec’* u
dx dx dx

1.5
1

o.5

1
1
1
:
o :
1
]
1
1
]
]

-2 -3/ 2 -7 -1/ 2 O
-360° -2270° -180° s L




d . d du
4)-cotx = —csc? x = inGen.= ——cotu = —csc®> u—

¥
Iy=cotx 1

dx

e

5)—secx =secxtanx = in Gen.> d—secu = secutan ua

. d du
6)ECSCX = —cscxcotx = in Gen.= ECSC‘U, = —cscucot ua

» = cosec X

N \/ \

1i: 3'71:

IT
2

/2

Examples:

Find the derivative of the following functions:
1) y = tan 3x

dy
dx

2)y = cos(3x% + 1)

=y =sec?3x.3

= d— =y =—sin(3x* + 1).6x

3)y = x*.tanx

dy
dx

4)y =

=y = x%.sec’*x + 2x. tanx

sin x

1+cos x




dy . _ (1+cosx).cos x—sin x.(—sin x)

dx (1+cos x)2

cos x+cos?x+sin?

(1+cos x)?2 " (1+cosx)®2  1+cosx

x cos x+1 _ 1

5)y = secx.tan x

HW

The Inverse Trigonometric Functions

The Sin and Cosine functions can be written as:




. eix _ e—ix eix + e—ix
sinx =—————— COoOS X =
21 2

Definition: The inverse sine fun. Denoted by sin~x is defined to be

4

. . . . T
the inverse of restricted sine fun. sinx — <x< .

Definition: The inverse cosine fun. Denoted by cos 'x is defined to

be the inverse of restricted cosine fun. cosx 0<x<m

Definition: The inverse tangent fun. Denoted by tan'x is defined to

be the inverse of restricted tangent fun. tanx - g <x< g

Ay

s

Definition: The inverse secant fun. Denoted by sec™'x is defined to

. . T
be the inverse of restricted secant fun. secx 0<x<m ,x+# 7




Definition: The inverse cosecant fun. Denoted by csc™1x is defined to

. . s T
be the inverse of restricted cosecant fun. cscx —> <x< 2

\ Y

.
v

1 2 3 4 5

—x/

Definition: The inverse cotangent fun. Denoted by cot !x is defined

to be the inverse of restricted cosecant fun. cotx 0<x<m

X

Note: The (—1) in the expression for the inverse means “inverse “, it

does not mean reciprocal. for example, the reciprocal of sinx is

. 1 .
(sinx) = — = cscx, sin Iy +

sinx
To get rid any trigonometric function we will take the inverse function to

the original function, and to get rid any inverse trigonometric function




we will take the inverse function to the original function. The inverse of

inverse function is the function the same.

Properties of Inverse Trigonometric Function

1) sin™! + cos™1 =
2) tan™1 + cot™! =
3) sin™! (—x) = —sin™! (x)
4) tan 1(—x) = —tan"1(x)

5) cos 1(x) = g — sin 1(x)

Note:

> cos(sin~1x) =1 — x2
> sin(cos™1x) = V1 — x2

tan(sin 1x) = —=
1—x2

X

V1+x2

sin(tan™1x) =

6) secl(x)= cos‘l(%)
7)  sec l(—x) =m—sec 1(x)

8) cotl(x)= tan‘l(%)

9) csc(x) =sin! (%)

10) cot 1(x) = g — tan1(x)

Derivative of The Inverse Trigonometric

Function

d . _1 1 du
—Ssin "u = —
dx 1—u2 dx

d -1 -1 du
—C0S U=

dx 1/1_u2 E

-1 1 du

T 1+u? dx




-1 du

lu| Vu2-1dx

d _
—csc1

6) dx

u=

Examples:

o d ., _
1) Lety = sin 'u. Prove ——sin lu =

Solution:

d
= cosy.=>

. du
Letu =siny, = —
dx dx

From sin’y + cos’y = 1

= cos?’y =1—sin?y

= cosy = /1 —sin2y =1 —u?
dy 1
dx cosy dx

du

Ldy 1 du 1 du

Tdx  [1-sinZydx Vi-u? dx

g a1 d
2) y=tan 1(i—1),ﬁndd—z

Solution:
d

2 _ Xtl2
u_(x—1)

tan"lu =
xXx+1
Where u = — =

(1 < |ul)

1 du
1-u?2 dx

1 du

1+ u?dx

du_(x—l)(l)—(x+1)(1)=(x—1)—(x+1)_

-2

dx (x —1)?

d 1

(x —1)?
-2

o —tan lu =
dx 14 (

x+1)2 (x—1)2
x—1

- (x—1)?




a)y = sin 1(x?)
Solution:

d 1 3x2
2= 3x?% =

dx  \[1—-(x3)? 1-x©
b)y = sec! (e¥)
Solution:

- Lsecly=—21_2
dx lu| Juz—1 dx

Ldy 1

o = —-28e
dx ex /(ex)Z_l

X




The Logarithm and Exponential
Functions

The Logarithm Function

Definition: The natural logarithm of a positive number x, written as

In x, is defined as an integral.

X
1
Ln(x) = j;dt, x>0
1

Definition: The number e is the number in the domain of the natural

logarithm that satisfies
e
1
Ln(e) = f?dt =1
1

Properties of Logarithms

Theorem: For any numbers b > 0 and x > o, the natural logarithm
satisfies the following rules:

1) Product Rule: Inab=Ilna+Inb

2) Quotient Rule:  In>=Ina—Inb

3) Reciprocal Rule: ln% =—-Ilna

4) Power Rule: Ina” =rIna, forr rational number.
5)ln1=0

6)Lne =1, e=2178..
7) Graph of y = In(x) is:

Example:

Apply the result in above theorem

29




a)nd+Insinx =In4sinx Product Rule

b) In ;:_13 =In(x+1)—In(2x—3) Quotient Rule

c) ln% =—In8 Reciprocal Rule

=—[n23 Power Rule

= —3In2

The Derivative of y = In x

X

dl _djldt_l
dx nx_dx t x
1

In general form:

d
;i;;lﬂﬂﬁl) —-3;;{;

Example:

Find the y for the following functions:

1)y=lnx=>3‘1=§
3x?

x3+1

2y=hx3+1)=y=

3)y=1+ln(x—1):>y:ﬁ

4)y=mVx2-5=y=In(x?-5)3 :>3‘/=§ln(x2—5)

2

=Yy= 3(x2-5)

. . 1
5)y=Insinx =y = ——COsX = cotx

6) v = In?3x = y = (In3x)?

2In3x

- 1,
=>y—21n3x.3x3— "

The Logarithm Differentiation
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Examples:

Find % the following functions by using Logarithmic

Method
1) y=x*

solution
Iny=nx*=xlnx

——=xl+Lnx(1) =1+ILnx
X X

dy _
dx o
3
_ V2x?+142x+1
B (x2+1)%
solution

y(1+Lnx) =x*(1+Lnx)

1 1
In (2x2+1)3.(2x+1)2

(x2+1)*
Iny =In [(sz +1)5. (2x + 1)%] —In(x? + 1)*

Iny = iln (2x%2+ 1) +%ln(2x +1) —4In(x?+1)
11 1 1 1
yar 3@zt X T axrn 2—4 (x241) 2x
;o [ 4x n 1 & ]
y =Y 3(2x2+1)  (2x+1)  (x2+1)
, N2x?r12x A1 4x 1 8x

(x2+1)% )(3(2x2+1) (2x+1)_(x2+1))
y:xsinx

Iny =




Solution
lle — lnxsinx

Iny = sinx Inx

1dy . 1
S dx sin(x) " + Inx cos(x)

dy [sin(x)
dx x

+ Inx cos(x)]

3_3; = (x5 [@ + Inx COS(X)]

4)  y=aF 4 an

Solution:

y=y1ty:

Y =y1+;

y1=x"

Iny; =Inx* =Iny; = xinx
_x§+1nx.1
yi[1+Inx] = y{ =@*[1+Inx]

= y1 = [x" +x"Inx]

— xln(x)

— lnxlnx
=lnxlnx

Inx | Inx

y' = [x* + ¥ Inx] + (Inx" ) [ 25 |

X




The Logarithm with base a

i A dapa) G O (g e bl ) o jle Sl e oadall o3 e Sl

log.x =Lnx
Sllia 5 a 4wl @A a3 jle slll g 5 pall &5 el Jie @ Gl duslid 31 salsie V) 23 sle Sl L
1t s bl ol Sl (il V) S5y e ol day 3 dage 483le

log x Inx
log, x = R |

loga " Ilna

Inx
For example: log,; x = —

The Derivative of log, x

d dinx 1
alogaxz =

dxlna xlna

d 1
w——log, x =

dx xlna

And in general form:

dl _du 1
dx 22" = i iina

Examples:

1) Find% toy =1log,(3x+1)

Solution

(1) __Ln (3x+1) dy 3
T Ln2 dx  (3x+1)Ln2

b Z=—2

dx  (3x+1)Ln2
2) Find% toy=LnlInx+logs(x*+5)

Solution

dy 1 2x
dx xLnx = (x245)Ln3




The Exponential Functions

Definition: The function y = e*, is the exponential function, where

e~ 2.178..

Note: the exponential function is the inverse of Log. Fun.
>y=Inx=1log,x = e” =e"*=x
LYy =X
e’ =x
Inx =Ine>
=ylne=Inx=y
~y=lIlnx
Properties of Exponential Function
lne=1
e'=1

e?th — e ob

The graph of y = e* is:

A




The Derivative of y = e*

In general form:

d v _ du
dxe e’ “dx

Examples:

Find the y for the following functions

1)y:er:>3\/:2.er

3

2)y =e* =y = 3x2e*

— ,V1+5x3 — \/1+5x3
3) y=e€ = y ( m)

4)y =x%e* =y =x%e*+e¥(2x)

sin~1(x)
‘ , Lsinl(x) =

— ,sin™(x) A
5 y=e =y =

1—x2

6)y=e*.lnx = y= xi-l—lnx e*. 1

o X (l +1n X) 5 (1+xinx)
x

X
7) e?* = sin(x + 3y)
e?*.2 = cos(x + 3y).(1+ 3y)

Zezx

1+ 3y - cos(x+3y)
2e%% 1

Y= s 3

3 cos(x+3y)

1

V1-x2




The Exponential Function with Base Other
Than a

Definition: If a is any number which is positive, and x is any real

number, the function f defined by f(x) = a* = e*'"% a is any constant,

is called the exponential function to base a.

For example: 3**, 7%, 10Mn*

The Derivative of y = a*

—at=a%.lna d_u
dx “dx

Examples: Find % to:

1) y=7*
y' = 7% (In7)(2x)
= (In7)(2x) 7%
2) y=3tan®
y' = 3B (In3)(sec?(x))
3) y = 2%ecw®
y' = 2%¢®(In2) (sec(x) tan(x))

= (In2) sec(x) tan(x) . 25¢¢™)




EIGHTH LECTURE
(J o (J [
Application of Derivative
Drawing of curves
1Al o gladd) Al LAY aladin) A8, oy dada Y alall JSEN au )
;o€ 130 Al Qe sl (1
R 8 e Jlae gl (250 322200 ) Aol Ay (2
ta il Jat ) sl aele R 98 Led Jlae s s) (Uniiia Lgalia 8) 4 S Als (b
Mg ) snal) adaladl] Lalas slayl (2
X i il A iy = 0 s dllig x bl sae aa (2
. iy AVl Al b x = 0 g gy clilall ) aa (b
:Js~ 0585 (Symmetry) bl (3
o LS At ALV Al &y e Y —x pasal Ladie ; y Giliball Haall Ja (a
(Lhaball ) saa Jn 5 yhalite Allalld Jadd doa 5 5 X Gl paen SIS HA) (g )A) 3 by
f(=2) = f@)
dadd L5 L) e Ll Allall (8 x (e Yy —x (g Ladie iVl ddasi s (b
(S ddass J ga 5 ylaliia A)alld Jasd 230 8 x¢ (pensl aaea SR (5 A0 5 s
fl=x)=—f(x)
bl an oY Ald A0 jigda g ) (e S 1Y) sAdaAMA
1Sy (dadd Ay sl J1sall (i) lidladl (4
AL S ¢ dua x=C adlalas 2 saall 3l (2
A4l A4S ¢ s y=c 4dlilae L8Y) 3l (b
Al Alsbaall @l Jay J ggaall a2 o3 iall Al @l i) (s g 53 (5) Al Sl
(sdaall Alalae i
A8 Mol Aslase sl ey :ARA

Ll 8 Jalrs ‘M\@ngyt.u
Y = i iz die O aZ e




(0 oY il g pliall A gl = Jasad) 8 xe )
relly g Gallidl) 5 ) i) 3halie 5 Lol )5 A al) Adatil) (5
Fx) = 0 dan el i glase Y1 Akl ia
DO
bl e JLEAYI— — — ) (I 4 4 e e L) s g dalae Al Al Al (3
(Ol
bl e QAN + 4+ ) — — — e LS iy dglas (5 e g3 A (b
(Ol
L8l anY (5 A ya A 3 yae (C
s4diadla

syl ey ) >0l o

Auailiia y 8 f(x) < 0 Sl o
Lo > 2021} e OSI Gaaddl e ola3Y1 o
{x:x < 22} (e sral ) e olaiN) @
(Uweall a2l | HaSl) 20wl Aa 5583 358 G0 )8 (aaae G 320kl Adhiallg @
rAAll (aBlE g ) 53 (Ghalla g llgl) slal 48, ks
flx) =0 2= (1
X. a8 23 g dadlil) Aaleall 25 (2
(L) Hsna sa g 5L A cann ) daeY) e x ol ol (3
8L A el () (Al smis (X Dl)sa) X e sl s e S) o LS (4
=8l 3 ) (e 233 (5
Osall Jleall e JLERY) (it P8 LA it g s g prall ) (ebaall 20as (6
x atl 3,50 y ad o Jiasit y = (1) bV AL x a8 (i (7
Aa a3 e gl g ormall gl ddkall Gl A (x, y) OsSE
oY) ik (6
8 paiusall Jlsall 8 (Sl 5l — () (e 5Ll g p o= 0 Ladie s Alall i ddad &
N A A A a3 e ddali JS ) Sl ) (5 s s alae IS (g QY Al () S5




Boxie y Ol (L se) > 0 lS 13 AN
Ay b (Al ) y < 0 <l 1)
el g aatl) ghalia g GO bk oyl 48y 5k
y=0F (1
(yhas,lal) daey ha o lgaiaig x af 2a g daslill Aaleall Jai (2

A
\

3L A paal () (b leasais (X V) o6 (e ial 5 X e S a8 RS (3
() sl shalia g (<--) eaall Ghlie a3 (4
BOLEY) et ane Alla 8 M as 6 5 Ledom 5 LAY yad (e DAY Adas (i b (5

X ol BUl y o e Jeaniy = f () Bla¥) Aalls x o8 e (6
oY) Ak & (x,y) 058




Examples:

Draw the following function by using differentiation
1) fx=x°
Solution:
. Since f(x) is polynomial function the domain= R
. The intersection points are:
Setx=0=y=05=0 .. (1)
y=0=x=0=x=0 ..(2)
Then the intersection point is (0,0)
. Symmetry: There is symmetry about the origin (0, 0) because the
exponents of x are odd.
. Asymptotes: f(x) has no asymptotes. Because f(x) is not rational
function
. Maximum and Minimum:

f(x)=5x4 f(x)=0=>5x4=0=>x=0

Fr )

—

{x:x < 0}, {x:x > 0} increasing f (x)

-

-

The point (0,0) is critical point
6. F(x) =20x3=0=x=0

concave down concave up
{x:x <0} {x : x>0}

-2 -1

The point (0,0) is inflection point. -32 | -1




2) y=f(x)=x23-3x*+4
Solution:

. Since f(x) is polynomials function the domain= R

. The intersection points are:
Setx=0=>y=03-3(0)>+4=4
y=0=x3-3x2+4=0=x%*(x—3)=—4

x?=—-4=x=2 orx—3=—-4=x=-1
Then the intersection points are (0,4), (2,0), (—1,0)

. Symmetry: f(x) is not symmetry. Because the exponents of x
neither even nor odd.

. Asymptotes: f(x) has no asymptotes. Because f(x) is not rational
function.

. Maximum and Minimum:
f(x)=3x*—6x=0=x(3x—6) =0
= x=0 or3x—6=0=>x=2

If x = 0 then f(0) = 4
If x = 2 then f(2) = 0 Ly A A x ad 92




++++++

»

f(x) is increasing on {x: x < 0}, {x: x > 2}
f(x) is decreasing on (0,2)
6. f(x)=6x—6=0=>x:1
f@) =2

(1,2) is inflection point.

1 +++4+++ +

>

concave down concave up
{x:x<1} x:x>1}




Solution:

1. Denominator cannotbe0.x +1=0=x = —1

Domain = R/{—1}

2. Since 1 belongs to domain of f but (—1) doesn’t belong to domain
of f. then the curve is not symmetric to y axis and not symmetric to
origin point.

. x=0=y=-1=(0,1) - y —intercept.

y=0=x= % = (?,0) — x —Intercept.

. x+1=0= x = —1 (Vertical asymptote)

) . LB e Y gilaal aad
al_3_3 (Horizontal asymptote) ”

1x+1 1 Lo X Jalae

s _ (x+1).(3)-(3x—-1).(1) _ 3x+3-3x+1 _ 4 Yy = m

(x+1)2 (x+1)2  (x+1)2

Vx € R/{-1},f(x) >0

So f isincreasing on {x:x < —1},{x:x > —1}

Increasing
IX:x>-1}

+4++++++

concave up concave down
(X 1 x> -1} {x:x<-1}

Function has no inflection point because (—1) doesn’t belong to domain




1312111098 7 6 543 21 234567t'L_‘)llJlllZl.’n'X
I

y=—1

x2

4 Y=35

Solution:

. Domain of f = R.

.x=0=>y=0 =~ (0,0) is x-y- intercepts.

. There is symmetry about the y — axis because the exponents of x
are even.

. x2+ 1 is always different from 0. Then there is no vertical
asymptote.

. Loy x2 Jalae 1
y_ ewl-.‘xqubu _I_ 1
. (x%+1).(20)-x%(2x) _ 2x
5 V= (x2+1)2 T (x2+1)?

= x=0= f(0) = 0= (0,0)

decreasing Increasing
{x:x <0} X 1 x> 0]

(0,0) is article point

Y (x2+1)22-2x(x?+1)2x  2-6x% 0= x = +-2
o (x2+1)* T(x2+1)3 V3

44




1 1

B+ +++++13

concave down concave up concave down

7\ N\

: 1 1
f(x) is concave down {x x < — ﬁ}’ {x:x > ﬁ}

: 11
f(x) is concave up (— Nl ﬁ)

11
V3’4

). Are inflection points.




NINTH LECTURE

Optimization (Maximum, Minimum)

Problems

By using differential calculus, we can solve many problems that call for
minimizing or maximizing a function to get maximum area,

minimum velocity, ... etc.

LAY ol ghadld) acil Jilewall 02a (Jia Jad

Allsall Jaalae e (i 55 Allsall allas 4l (ppn Allisall Liniia 6 IS s i (1

Cul€ o Al e (§idy (Saile sreal g (Saile LS) AS Lgle a8 ) Al 5SS (2
aly e

Ledaai g <l pziall as g3 g Ol artal) o e A8e aad PKI) o) o yaeie dlal) CnilS \5\(3
aly i

bl o ans jiuall A3l (5 sl (4




Examples:

1) Find two numbers whose product is as large as possible
and their sum=20.

solution

First number = x

second number = y

The product A = x.y

The sum x + y = 20

= y=20—x

~A=x.(20—-x)

A = 20x — x?

dA—ZO 2x =0
dx =

= x =10
= y=20—-10=10

2) Find maximum rectangle that can be inscribed between the

curve y = 4 — x* and the x-axis and it's vertices lie on the

curve and it's base on the x-axis.
solution
y =4 —x?
When
y=0=4—-—x2=0

=x2=4 = x =42

Area = 2xy
A=2x.(4—x%) = A =8x—2x3




3) What is the volume of the largest cone that can be inscribed
in a sphere with radius r.

Solution
T

v=§x2.h

v=§[r2—(h—r)2].h

v—zrzh—z(h—r)2 h
E 3 '

T T
v = §r2h —§h. (h? — 2hr +1?)

2
vzgrzh—§h3+§h2r—§r2h r2 = x% + (h —r)?
x2=r%2—(h—-r)?

V= Z?thr —§h3
4) A square sheet 50 x 50 cm is used to make an open top box by

cutting small square area from its corner and bending up.

Find maximum volume that can be got from this sheet

Solution

v = (50— 2x)%.x

= (2500 — 200x + 4x2).x

= 2500x — 200x2 + 4x3

dv
— = 2500 — 400x + 12x2
dx

= 3x2 —100x + 625
(x—=25)((Bx—-=25)=0

either x —25=0-> x =25

25
or 3x—25=0- xz?




Related Rates
(Rate of Change)

Adagi yall Y axall

Nl Gl Bl ) & A8l Can (el o o) a5 i e adiad il jpaiall (e A sana
el Adad pall S anally andi dyie 3N

r Ol (i) £ usially Jadi y Legia JS cpalli x, y, 5, 1 )il IS 1)

% = Rate of change of y w.r.t. time

% = Rate of change of x w.r.t. time

% = Rate of change of distance with time = velocity = V'

2

% = Rate of change of velocity with time = acceleration =§

rst e i Agia 3 ¥ amally Jilisal) Jad

el il adle il sl agle aaty (Sal o Allaaall e i (1

o ABle (g o) Aaluall g aaaldl Jia Jgad) Ja A A 1) 483l 2as5 (2
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GBIV 3ms 80y Sl yiall (g ) el Slolana (a3 (4

d _xiall
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Examples:

1) How fast does the radius of spherical soap bubble change

when a cylindrical tank is drained at a rate of ( 3 Liter/sec).

Solution
v =nr?h
= v =nx%h s.t. xisconstant

dv _ 2 dh dv _ dv dh
- dt dt  dh’dt

2) Water runs into the conical tank at the rate (9 ft3/min) ,
How fast the water level rising when the water is (6 ft) deep
all dimensions of the tank as shown in figure.

Solution

w h T dv  m3h? dh
v=-()Ph==h® > —= =
3 \2 12

dt 12 dt

dv
ot 409 1

mh?2 7w (6?2 m




3)A (13 ft) ladder is standing against a wall when it's base
starts to slide away. By the time, the base is 12-ft from the
wall, the base is moving at the rate of (5 ft/sec):

a) How fast the top of the ladder sliding down?

b) How fast the area of the triangle formed by the ladder, wall
and the ground are change?

Solution

a) 132 = x% + y?

x? =13% —y?

X =+/169 — y?
12 = 1 169 — yZ 5 ft/sec
144=169—y> = y2=169—144=25 =y=5ft

dy
dt

0=2(12)(5)+2(5)% = %=%=—12

=>dA— 59.5 ft?
pri 5 ft/sec
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V=x3 3( ddiall Jsb ) = aasd)
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