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Conservation of Energy  

The energy of the fluid flowing in any system remains constant, unless a certain amount of energy 
is added to or subtracted from the fluid. But the energy (or a part of it) can be changed from one 
form to another. 

 

Flow of Steady Incompressible One-Dimension Ideal Flow  

Euler’s equation: 

Consider a flow along the stream line ‘S’ and consider a cylindrical fluid element of length ‘ds’ and 

cross-sectional area ‘dA’.  

Appling Newton’s 2nd law along the streamline. 

∑ dF = dm. a 

PdA − (P + dP)dA − dwsinθ = dm. a 

−dPdA − dwsinθ = dm. a − − − −(1) 

But   dm = d(ρ∀) = ρd∀ + ∀dρ           

ρ = const. dρ = 0   Incompressible fluid  

 

  dm = ρd∀= ρdAds − − − − − − − − − − − − − − − (2a) 

dw = gdm = gρd∀= gρdAds                    ×      sinθ 

dw sinθ = gρdAds sinθ = gρdAdz − − − − − − − − − (2b)  

𝑎 =
𝑑𝑉

𝑑𝑡
=

𝑑𝑉

𝑑𝑠
  

𝑑𝑠

𝑑𝑡
= 𝑉

𝑑𝑉

𝑑𝑠
− − − − − − − − − − − − − (2𝑐) 

Substituting equations 2a, 2b, and 2c, in equ. 1: 

−dPdA − gρdAdz = ρdAds V
dV

ds
               ÷ 𝜌𝑔𝑑𝐴 

dP

γ
+

VdV

g
+ dz = 0        By integreting 

∫
dP

γ
+ ∫

VdV

g
+ ∫ dz = 0     Eulers equation for steady flow along stream line    

For incompressible flow ρ = cons. 

𝑃

𝛾
+

𝑉2

2𝑔
+ 𝑧 = 𝑐𝑜𝑛𝑠.                                      Bernoullis equation        

P1

γ
+

V1
2

2g
+ z1 =

P2

γ
+

V2
2

2g
+ z2 
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Bernoulli’s equation: 
It states as follow:  in an ideal incompressible fluid when the flow is steady and continuous, the sum 
of pressure energy, kinetic energy and potential or (datum) energy is constant along a stream line 
where  
𝐏

𝛄
− 𝐩𝐫𝐞𝐬𝐬𝐮𝐫𝐞 𝐞𝐧𝐞𝐫𝐠𝐲 𝐨𝐫 𝐩𝐫𝐞𝐬𝐬𝐮𝐫𝐞 𝐡𝐞𝐚𝐝 (𝐦) 

𝐕𝟐

𝟐𝐠
− 𝐤𝐢𝐧𝐞𝐭𝐢𝐜 𝐞𝐧𝐞𝐫𝐠𝐲 𝐨𝐫 𝐯𝐞𝐥𝐨𝐜𝐢𝐭𝐲 𝐡𝐞𝐚𝐝 (𝐦) 

𝐙 − 𝐝𝐚𝐭𝐮𝐦 𝐨𝐫 𝐞𝐥𝐞𝐯𝐚𝐭𝐢𝐨𝐧 𝐞𝐧𝐞𝐫𝐠𝐲 𝐞𝐥𝐞𝐯𝐚𝐭𝐢𝐨𝐧 𝐡𝐞𝐚𝐝 (𝐦) 
 

The elevation term, z, is related to the potential 
energy of the particle and is called the elevation head. 
The pressure term, is called the pressure head and 
represents the height of a column of the fluid that is 
needed to produce the pressure p. The velocity term, 
is the velocity head and represents the vertical 
distance needed for the fluid to fall freely (neglecting 
friction) if it is to reach velocity V from rest. The 
Bernoulli equation states that the sum of the pressure 
head, the velocity head, and the elevation head is 
constant along a streamline. 
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Hydraulic and Energy Grade Lines: 

A useful visual interpretation of Bernoulli’s equation is to 

sketch two grade lines of a flow. The energy grade line 
(EGL) shows the height of the total Bernoulli constant  

𝑷

𝜸
+

𝑽𝟐

𝟐𝒈
+ 𝒛 = 𝒉𝒐 

In frictionless flow with no work or heat transfer, the EGL 
has constant height. The hydraulic grade line (HGL) 
shows the height corresponding to elevation and pressure 
head z+p/γ that is the EGL minus 

the velocity head V2/(2g). The HGL is the height to which 
liquid would rise in a piezometer tube attached to the flow. 
In an open-channel flow the HGL is identical to the free 
surface of the water. 

 

Figure illustrates the EGL and HGL for frictionless flow at sections 1 and 2 of a duct. The piezometer 
tubes measure the static pressure head z+p/  and thus outline the HGL. The pitot stagnation-velocity 

tubes measure the total head 
𝑷

𝜸
+

𝑽𝟐

𝟐𝒈
+ 𝒛 , which corresponds to the EGL. In this particular case the EGL 

is constant, and the HGL rises due to a drop in velocity. 

In more general flow conditions, the EGL will drop slowly due to friction losses and will drop 
sharply due to a substantial loss (a valve or obstruction) or due to work extraction (to a turbine). The EGL 
can rise only if there is work addition (as from a pump or propeller). The HGL generally follows the 
behavior of the EGL with respect to losses or work transfer, and it rises and/or falls if the velocity 
decreases and/or increases. 

Basic assumption: 
1. Steady incompressible fluid. 
2. Inviscid flow. 
3. No losses between any two points in the flow. 
4. No energy added or removed in the flow. 
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Application of Bernoulli’s equation: 

 1. Torricelli’s theorem  

A1-surface area of liquid at ‘1’              A1>> A2 

Points ‘1’ and ‘2’ are both exposed to atmospheric pressure 

    i.e.  p1 = p2 = 0     

applying Bernoulli’s equation between points 1 and 2 

P1

γ
+

V1
2

2g
+ z1 =

P2

γ
+

V2
2

2g
+ z2 

 

V1 = 0 -   large tank     P1 and P2 = 0 atmospheric pressure 

V2
2

2g
= z1 − z2             z1 − z2 = h    

V2 = √2gh                             𝐓𝐨𝐫𝐫𝐢𝐜𝐞𝐥𝐥𝐢𝐬 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 
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2. Siphon: 

Conditions for siphon performance: 

-  Z1 > Z3  

- Initially the fluid must be forced to flow. 

(Z2 − Z1)γ < Patm. 

 

 

3. closed duct or pipe: 

In this case p1 and p2 not equal zero   ;        Z1 = Z2 

P1

γ
+

V1
2

2g
+ z1 =

P2

γ
+

V2
2

2g
+ z2 

Applying continuity equation    ;         A1V1 = A2V2 

 

 

 

 

 

WORK – ENERGY EQUATIONS 
Energy:  1. Added mechanically               (pump) 
                2. Removed: a. mechanically               (turbine) 
                                      b. frictional resistance (losses) 
                                            1) Valves   2) elbows   3) reducers  
- Bernoulli’s equation may be modified to account for energy added or energy removed between any 

two points in the flow. 
 Bernoulli’s equation with pump:      

𝑃1

𝛾
+

𝑉1
2

2𝑔
+ 𝑧1 + 𝐸𝑝 =

𝑃2

𝛾
+

𝑉2
2

2𝑔
+ 𝑧2 

Bernoulli’s equation with turbine: 
𝑃1

𝛾
+

𝑉1
2

2𝑔
+ 𝑧1 =

𝑃2

𝛾
+

𝑉2
2

2𝑔
+ 𝑧2 + 𝐸𝑇 

For real flow with losses: 
𝑃1

𝛾
+

𝑉1
2

2𝑔
+ 𝑧1 =

𝑃2

𝛾
+

𝑉2
2

2𝑔
+ 𝑧2 + 𝐻𝐿 

Where, Ep – pump head (m) 
             ET – turbine head (m) 
             HL – head losses (m) 
Pump power: 

𝑃𝑝𝑢𝑚𝑝 = 𝛾𝑄𝐸𝑝 
Turbine power:  

𝑃𝑇𝑢𝑟𝑏𝑖𝑛𝑒 = 𝛾𝑄𝐸𝑇 
 

FLoad × S = work  [J] 

Power = F ×
s

t
    [

J

s
] or  watt 

Power = PAV = PQ  but     P = γEp 
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∴ 𝑃𝑝 = 𝛾𝑄𝐸𝑝 
Output power from the pump which is less than the electrical 
power input to the pump.  
 

Problem (1) : Calculate the pump power, assuming that the divergent tube flow full. 
P2 = γHghHg 
P2 = −13570 × 9.81 × 0.25 = −33280 Pa 
Applying Bernoulli’s equation between 2&3 
P2

γ
+

V2
2

2g
+ z2 =

P3

γ
+

V3
2

2g
+ z3        

  z2 = z3      P3 = 0  atm. 
−33280

9810
=

V3
2 − V2

2

2g
 

 

V3
2 − V2

2 = −66.56 − − − − − − − − − − − − − − − −(1) 

𝑉2𝐴2 = 𝑉3𝐴3 → 𝑉2 = 𝑉3

𝐴3

𝐴2
=

1502

1252
𝑉3 = 1.44𝑉3  − − − (2) 

From equation 1&2 
V3

2 − 1.442V3
2 = −66.56       V3 = 7.87m/s 

Q = V3A3 = 7.87 ×
π

4
× 0.152 = 0.139m3/s 

Applying Bernoulli’s equation between 1&3 
P1

γ
+

V1
2

2g
+ z1 + 𝐸𝑝 =

P3

γ
+

V3
2

2g
+ z3       𝑉1 = 0,        𝑃1 = 0 ,    𝑃3 = 0 

𝐸𝑝 =
V3

2

2g
+ z3 − 𝑧1 =  

7.872

2 × 9.81
+ 1.5 = 4.66m       

Ppump = γQEp = 9810 × 0.139 × 4.66 = 6.35kW 
 
 
 
 
 
 
Problem (2) :  Calculate the height h that will produce a 
flowrate of 85 L/s and a turbine output power of 15 kW. 
Solution: 

 

PTurbine = γQET → 15000 = 0.085ET → ET = 18m 

Q = V2A2 → V2 =
Q

A2
=

0.085 × 4

π × 0.12
= 10.8m/s 

Applying Bernoulli’s equation between 1&2 
P1

γ
+

V1
2

2g
+ z1 =

P2

γ
+

V2
2

2g
+ z2 + 𝐸𝑇        𝑉1 = 0,        𝑃1 = 0 ,    𝑃2 = 0 

0 + 0 + h = 0 +
10.82

2 × 9.81
+ 0 + 18         →        h = 24m 
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Problem (3) :  Calculate the pump power. 
Solution:    𝑃1 = 𝑃0 − 𝛾𝐻𝑔ℎ − 𝛾𝑤 × 0.6 
 

 

P1

γ
= 0 −

13570 × 9.81

9810
× 0.175 − 0.6 = −2.975m 

Applying Bernoulli’s equation between 0&1  
P0

γ
+

V0
2

2g
+ z0 =

P1

γ
+

V1
2

2g
+ z1          

0 + 0 + 0 = −2.975 +
V1

2

2 × 9.81
+ 2.4        →        V1 = 3.36 m/s 

Q = V1A1 = 3.36 ×
π

4
× 0.22 = 0.1055𝑚3/𝑠 

Q = V2A2 → V2 =
Q

A2
=

0.1055 × 4

π × 0.152
= 5.97𝑚/𝑠 

Q = V3A3 → V3 =
Q

A3
=

0.1055 × 4

π × 0.0752
= 23.88𝑚/𝑠 

Applying Bernoulli’s equation between 0&3  
P0

γ
+

V0
2

2g
+ z0 + 𝐸𝑝 =

P3

γ
+

V3
2

2g
+ z3          

0 + 0 + 0 + 𝐸𝑝 = 0 +
23.882

2 × 9.81
+ (2.4 + 0.9)         →        E𝑝 = 32.38 m 

 
Ppump = γQEp = 9810 × 0.1055 × 32.38 = 33.508 kW 

 

 

 

 

 

 

 

 

 

 

 

https://classroom.google.com/c/MjEwMjUyNzQ4NTY3


Fluid Mechanics  II / 2nd Year/  Dept. of Petroleum and Refining Engineering 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

https://classroom.google.com/c/MjEwMjUyNzQ4NTY3


Fluid Mechanics  II / 2nd Year/  Dept. of Petroleum and Refining Engineering 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

https://classroom.google.com/c/MjEwMjUyNzQ4NTY3


Fluid Mechanics  II / 2nd Year/  Dept. of Petroleum and Refining Engineering 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

https://classroom.google.com/c/MjEwMjUyNzQ4NTY3


Fluid Mechanics  II / 2nd Year/  Dept. of Petroleum and Refining Engineering 

 

Problem (H.W.): Consider the water siphon shown in figure. 
Assuming that Bernoulli’s equation is valid, (a) find an expression 
for the velocity V2 exiting the siphon tube. (b) If the tube is 1 cm in 
diameter and Z1 = 60 cm, Z2 = 25 cm, Z3 = 90 cm, and Z4 = 35 cm, 
estimate the flow rate in cm3/s. 

Solution:    Note that the velocity is approximately zero at z1, 
and a streamline goes from z1 to z2. Note further that p1 and p2 
are both atmospheric, p = patm, and therefore cancel.  

2 2
1 1 2 2

1 22 2

p v p v
z z

g g 
       

2 1 2

2 3
2 2 2

2 (z z ) 2 9.81 (0.6 ( 0.25)) 4.08 /

4.08 (0.01) 0.0003 /
4

v g m s

Q V A m s


       

    
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Flow siphoned: 
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CONCEPT OF FLUID MECHANICS 
Definition : 
Fluid mechanics is that branch of science, which deal with the behavior of the fluid (liquids or gases) at rest as 
well as at motion. Thus, this branch of science deal with the static, kinematic and dynamic aspect of fluid. The 
study of fluid at rest is called fluid statics. The study of fluid in motion where pressure forces are not considered 
is called fluid kinematics, and if the pressure forces are considered in fluid motion that branch of science is 
called fluid dynamics.  

The fluid mechanics may be divided into three parts: 
 Fluid Statics: The study of incompressible fluids under static conditions is called  hydrostatics, and 

that dealing with the compressible static gases is termed as aerostatics. 
 Fluid Dynamics: It deals with the relations between velocities, accelerations of fluid with the forces or 

energy causing them. 
 Fluid Kinematics: It deals with the velocities, accelerations and the patterns of flow only. Forces or 

energy causing velocity and acceleration are not dealt under this heading. 
 
Fluid is defined as a substance that deforms continuously when subjected to a shear stress, no matter how small 
that shear stress may be. It is either gas or liquid. 
Shear force is the force component tangent to surface.  
Shear stress (force per unit area) is the shear force divided by the area of the surface. 
 
Fluid:  

 gasses 
 liquids 

Fluid statics: 
 Fluid at rest.  
 Fluid with constant linear acceleration. 
 Fluid with constant angular acceleration. 

 
Type of fluid:   

1.  Ideal fluid: A fluid which is incompressible and is having no viscosity. 
2.  Real fluid:  A fluid which is having viscosity.   

                 An ideal fluid is one which has no viscosity and surface 

tension and is incompressible. In true sense no such fluid 
exists in nature. However fluids which have low viscosities 
such as water and air can be treated as ideal fluids under 
certain conditions. The assumption of ideal fluids helps in 
simplifying the mathematical analysis. 

3.  Newtonian fluid: A real fluid in which the shear stress is 
directly proportional to the velocity gradient.    

4. Non- Newtonian fluid: A real fluid in which the shear 
stress is not directly proportional to the velocity gradient.   

Fluids for which the rate of deformation is linearly 
proportional to the shear stress are called Newtonian fluids. 
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Most common fluids such as water, air, gasoline, and oils are 
Newtonian fluids. Blood and liquid plastics are examples of 
non-Newtonian fluid 

Fluid dynamics: 
 Ideal flow.     
 Real flow.  

 
Flow:  

 Internal flow (pipelines, ducts…). 
 External flow (ships, wings, airplanes…). 

 
Fundamental equations:  

 Conservation of mass.  
 Conservation of momentum. 
 Conservation of energy. 

 
Type of fluid flow: 

 Viscous or non-viscous flow (ideal). 
 Steady or non-steady flow. 
 Compressible or incompressible flow. 
 Uniform or non-uniform flow. 

 
      Solid and Fluid (liquid & gas) 

 In solids, the molecules are very closely spaced whereas in liquids (such as water, oil, and gasoline) 
the spacing between the different molecules is relatively large and in gases (such as CO2 and methane) 
the spacing between  the molecules is still large.  
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Difference between liquid and gases 
 

 
 
 
 
 
 
 
 
 
 
Dimensions and Units: 

A standard unit for length might be a (meter or foot), for time might be (hour or second), 
and for mass a (slug or kilogram). Such standards are called units, and several systems of units 
are in common use as described in the following section. The qualitative description is 
conveniently given in terms of certain primary quantities, such as length, (L), time, (T), mass, 
(M), and temperature, (θ). These primary quantities can then be used to provide a qualitative 
description of any other secondary quantity: for example, Area=L2, Velocity=LT-1, 
Density=ML-3 and so on, where the symbol is used to indicate the dimensions of the secondary 
quantity in terms of the primary quantities. Thus, to describe qualitatively a velocity, V, we would 
write V =LT-1 and say that “the dimensions of a velocity equal length divided by time.” The 
primary quantities are also referred to as basic dimensions. 

For a wide variety of problems involving fluid mechanics, only the three basic dimensions, 
(L, T, and M) are required. Alternatively, (L, T, and F) could be used, where F is the basic 
dimensions of force. Since Newton’s law states that force is equal to mass times acceleration, it 

follows that F=MLT-2 

For the SI system there are four basic dimensions through which fluid properties are expressed.  
• Basic Dimensions are: 

 Mass (M) 
 Length (L) 
 Time (T) 
 Force (F) 

 
There are two systems of dimensions: 

1.  M - L - T systems 
                                                            2.  F  - L - T  systems 
 

quantity dimension units 
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 Derived units: 
Force = mass × acceleration = 𝐅 =  𝐌 ×  𝐚 =  kg ×

m

s2 ≡ N=M L T-2  (Newton’s second law) 
Velocity = distance/time = m/s = V = Length /Time = L / T        OR     V = L T-1 

 

 
 
Fluid properties: 
Density (ρ)  is defined as the ratio of mass of fluid to its volume. ( mass per unit volume at a 
standard temperature and pressure). The value of density of water is 1000kg/m3 

𝛒 =
𝐦𝐚𝐬𝐬 𝐨𝐟 𝐟𝐥𝐮𝐢𝐝

𝐯𝐨𝐥𝐮𝐦𝐞 𝐨𝐟 𝐟𝐥𝐮𝐢𝐝
         [   

𝐤𝐠

𝐦𝟑
] 

 Specific weight (weight density) the ratio of fluid weight to its volume. weight per unit 

volume, at a standard tempe. and pressure. It is denoted by (γ) Mathematically is (ρg) 

𝛄 =
𝐰𝐞𝐢𝐠𝐡𝐭 𝐨𝐟 𝐟𝐥𝐮𝐢𝐝

𝐯𝐨𝐥𝐮𝐦𝐞 𝐨𝐟 𝐟𝐥𝐮𝐢𝐝
=

𝐦𝐠

𝛝
= 𝛒𝐠         [

𝐍

𝐦𝟑
] 

length (L) Meter (m) 
mass (M) Kilogram (kg) 
Time (t) Second (s) 
Temperature  (T) Kelvin (ok)  
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 Specific gravity (relative density):The ratio of the density of fluid to the density of water.( 
ratio of the specific weight of the liquid to the specific weight of a standard fluid). t is 
usually denoted by s.g or sp.gr or 𝐫. 𝐝) , It is dimensionless and has no units. 

 
(𝐫. 𝐝)𝒍𝒊𝒒𝒖𝒊𝒅 =

𝐝𝐞𝐧𝐬𝐢𝐭𝐲 𝐨𝐟 𝐥𝐢𝐪𝐮𝐢𝐝

𝐝𝐞𝐧𝐬𝐢𝐭𝐲 𝐨𝐟 𝐰𝐚𝐭𝐞𝐫
         [𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧𝐥𝐞𝐬𝐬] 

(𝐫. 𝐝)𝒈𝒂𝒔 =
𝐝𝐞𝐧𝐬𝐢𝐭𝐲 𝐨𝐟 𝐠𝐚𝐬

𝐝𝐞𝐧𝐬𝐢𝐭𝐲 𝐨𝐟 𝐚𝐢𝐫
                  [𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧𝐥𝐞𝐬𝐬] 

 Specific volume: is defined as the volume of fluid per unit mass, volume per unit mass , 
It is usually denoted by 𝝑, mathematically is (1/ρ) 

𝝑 =
𝐯𝐨𝐥𝐮𝐦𝐞 𝐨𝐟 𝐟𝐥𝐮𝐢𝐝

𝐦𝐚𝐬𝐬 𝐨𝐟 𝐟𝐥𝐮𝐢𝐝
=

𝐦𝟑

𝐤𝐠
=

𝟏

𝐤𝐠
𝐦𝟑

=
𝟏

𝛒
 

Table (1.1) 
Quantity FLT system MLT system 

Acceleration LT-2 LT-2 

Angular acceleration T-2 T-2 

Angular velocity T-1 T-1 

Area L2 L2 

Density FL-4T2 ML-3 

Energy FL ML2T-2 

Force F MLT-2 

Heat FL ML2T-2 

Length L L 

Mass FL-1T2 M 

Modulus of elasticity FL-2 ML-1T-2 

Moment of force FL ML2T-2 

Moment of inertia L4 L4 

Momentum FT MLT-1 

Power FLT-1 ML2T-3 

Pressure FL-2 ML-1T-2 

Specific weight FL-3 ML-2T-2 

Strain 1 1 

Stress FL-2 ML-1T-2 

Surface tension FL-1 MT-2 
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Temperature ϴ ϴ 

Torque  FL ML2T-2 

Velocity LT-1 LT-1 

Dynamic viscosity FL-2T ML-1T-2 

Kinematic viscosity L2T-1 L2T-1 

Work FL ML2T-2 

 

 

Problem 1: calculate the specific weight, density and relative density of 1 liter of liquid which 
weights 7 N. 

Solution:                                    

                         1 liter =
1

1000
m3,    weight = 7N 

specific weight γ =
weight

volume
=

7

1/1000
= 7000

N

m3
           𝐀𝐍𝐒. 

Density =
specific weight γ

g
=

7000

9.81
= 713.5

kg

m3
           𝐀𝐍𝐒. 

relative density(r. d) =
density of liquid 

density of water
=

713.5

1000
= 0.713           𝐀𝐍𝐒. 

 

Problem2: Calculate the density, specific weight and weight of one liter of petrol of specific 
gravity = 0.7. 

Solution:                              1 liter =
1

1000
m3 

(r. d) =
density of liquid 

density of water
→ ρ = r. d × ρwater = 0.7 × 1000 = 700

kg

m3
       𝐀𝐍𝐒. 

specific weight γ = ρg = 700 × 9.81 = 6867
N

m3
                𝐀𝐍𝐒. 

specific weight γ =
weight

volume
→ weight = γ × ∀= 6867 ×

1

1000
= 6.867N    𝐀𝐍𝐒. 
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 Compressibility 
All fluids may be compressed by application of pressure. Elastic energy is stored in the compressed fluids and 
the fluids return to their original volumes when the pressure is released. This show us that the fluid is ‘elastic’. In 

engineering, this is summarized by ‘bulk modulus of elasticity E’.    
 

 

 

 

E =
dp

−d∀
∀

 

 

=
N/m2

m3/m3
 

 

 

 

d∀≈ 0.1% → dρ~0 

Fluid is 
incompressible. 

 

dρ ≠ 0 

Fluid is 
compressible 
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where dp is the differential pressure change, 𝐝∀ is the differential volume change, and ∀ is the volume of fluid. 
Because is negative for a positive dp, a negative sign is used in the definition to yield a positive E. The elasticity 
is often called the compressibility of the fluid. The fractional change in volume can be related to the change in 
material density using    𝐦 = 𝛒∀   ;  Since the mass is constant 

𝐝𝐦 = 𝛒𝐝∀ + ∀𝐝𝛒 = 𝟎 → 𝛒𝐝∀= −∀𝐝𝛒 →
𝐝𝛒

𝛒
= −

𝐝∀

∀
∴ E =

dp

dρ
ρ

=
Change of pressure

Fractional change of density
→

dp

dρ
=

E

ρ
 

 
OR     
 

Elasticity is a measure of liquid incompressibility. The bulk modulus of elasticity of water is 
approximately 2.2GN/m2 which corresponds to a 0.05% change in volume for a change of 1MN/m2 in pressure. 
Obviously, the term incompressible is justifiably applied to water because it has such a small change in volume 
for a very large change in pressure. 
 

Problem 1:   Determine the bulk modulus of elasticity of a liquid, if the pressure of the liquid is increased from 
70 N/cm2 to 130 N/cm2. The volume of the liquid decreases by 0.15 per cent. 
Solution:       Initial pressure = 70 N/cm2       ; Final pressure = 130 N/cm2  
∴ dp = increase of pressure = 130 − 70 = 60N/cm2            )   Decrease in volume = 0.15% (  

∴ −
𝑑∀

∀
= +

15

100
   →                    ∴   E =

dp

−d∀
∀

=
60

0.15
100

=
6000

0.15
= 4 × 104

N

cm2
              𝐀𝐍𝐒.      

 
Problem 2: What is the bulk modulus of elasticity of a liquid which is compressed in a cylinder from a volume 
of 0.0125 m3 at 80 N/cm2 pressure to a volume of 0.0124 m3 at 150 N/cm2 pressure? 
Solution:     Initial volume = 0.0125 m3    ;  Final pressure = 0.0124 m3  

∴ d∀= decrease in volume = 0.0125 − 0.0124 = 0.0001m3      →→  ∴  −
𝒅∀

∀
= +

𝟎.𝟎𝟎𝟎𝟏

𝟎.𝟎𝟏𝟐𝟓
 

Initial pressure =80 N/cm2  ; Final pressure=150 N/cm2   ∴ dp = increase of pressure = 150 − 80 = 70N/cm2 

E =
dp

−d∀
∀

=
70

0.0001
0.0125

= 70 × 125 = 8.75 × 103
N

cm2
              𝐀𝐍𝐒.      

 
 Vapor Pressure: It is a common observation that liquids such as water and gasoline will evaporate if they 
are simply placed in a container open to the atmosphere. Evaporation takes place because some liquid molecules 
at the surface have sufficient momentum to overcome the intermolecular cohesive forces and escape into the 
atmosphere. If the container is closed with a small air space left above the surface, and this space evacuated to 
form a vacuum, a pressure will develop in the space as a result of the vapor that is formed by the escaping 
molecules. When an equilibrium condition is reached so that the number of molecules leaving the surface is 
equal to the number entering, the vapor is said to be saturated and the pressure that the vapor exerts on the liquid 
surface is termed the vapor pressure. Ex., water of 20C has vapor pressure of 2.451Kpa absolute. 
 Cohesion: Cohesion means intermolecular attraction between molecules of the same liquid. Cohesion is a 
tendency of the liquid to remain as one assemblage of particles. 
 Adhesion: Adhesion means attraction between the molecules of a liquid and the molecules of a solid boundary 
surface in contact with the liquid. This property enables a liquid to stick to another body. 
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 Surface tension: At the interface between a liquid and a 
gas, or between two different liquids, forces develop in the liquid 
surface which causes the surface to behave as a “skin” stretched 

over the fluid mass. it is caused by the force of cohesion at 
the free surface. At liquid–air interfaces, surface tension 
results from the greater attraction of liquid molecules to 
each other (due to cohesion) than to the molecules in the 
air (due to adhesion). 

 

 

 

 

 

 

 

=Fp     , and 
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 VISCOSITY (μ) 
• Viscosity may be defined as the property of a fluid which determines its resistance to shearing stresses. 
• It is a measure of the internal fluid friction which causes resistance to flow (shearing of fluid) 
• Viscosity of fluids is due to cohesion and interaction between particles. 
 

 

 • An ideal fluid has no viscosity. 

Ideal Fluid   Non-Viscous Fluid ,  μ = 0 

Real Fluid      Viscous Fluid , μ ≠ 0 
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  Factors Effecting Viscosity (μ) 

 Viscosity and temperature: 

T for liquid

T for gases





 

 
 

The viscosity of liquids decreases with temperature, whereas 
the viscosity of gases increases with temperature. 

The liquid molecules are closely spaced, with strong cohesive 
forces between molecules, and the resistance to relative 
motion between adjacent layers of fluid is related to these 
intermolecular forces.  

 

As the temperature increases, these cohesive forces are reduced with a corresponding reduction in resistance to 
motion. Since viscosity is an index of this resistance, it follows that the viscosity is reduced by an increase in 
temperature. 

In gases, however, the molecules are widely spaced and intermolecular forces negligible. In this case, resistance 
to relative motion arises due to the exchange of momentum of gas molecules between adjacent layers. 

 Pressure 
• The viscosity under ordinary conditions is not noticeably affected by the changes in pressure. however, the 
viscosity of some oils has been found to increase with increase in pressure. 

To obtain a relation for viscosity, consider a fluid layer between two very large parallel plates (or equivalently, 
two parallel plates immersed in a large body of a fluid) separated by a distance h, as shown in Figure. Now a 
constant parallel force F is applied to the upper plate while the lower plate is held fixed. 

Dynamic Viscosity or (Absolute viscosity): The viscosity can be defined as the fluid resistance to move 
(flow) under any magnitude of shear stress. When a fluid is flowing, it begins to move at a strain rate proportional 
to shear stress, and the constant of proportionality is called coefficient of viscosity μ. Consider a fluid element 
sheared in one plane by a single shear stress (τ), as shown in Fig. (1.1).The velocity u  will continuously grow 
along the normal distance between the fluid layers y  as long as the stress τ is maintained constant. The upper 

surface is moving at speed u larger than the lower surface. Such common fluids as water, oil, and air show a 

linear relation between applied shear stress and resulting strain rate, 
y

u




 . Where, 

y

u



  is called velocity 

gradient or strain rate. Then the constant of proportionality is called viscosity as shown as 

Equation (
y

u




  ) is dimensionally consistent; therefore μ has dimensions of (shear stress ×time) which means 

{F.T/L2} or {M/(L.T)}. The BG unit is (slugs /foot×second), and the SI unit is (kilograms /meter×second). The 
linear fluids which called Newtonian fluids, after Sir Isaac Newton, who first postulated this resistance law in 
1687.  
The second form of viscosity that the ratio of dynamic viscosity to mass density which it has the name of  
(kinematic viscosity), υ:   The ratio between the dynamic viscosity μ and the density.  
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Kinematic viscosity unit:  𝝑 =
𝝁

𝝆
=

𝑵𝒔/𝒎𝟐

𝒌𝒈/𝒎𝟑 =
𝑵𝒔

𝒎𝟐 ×
𝒎𝟑

𝑵𝒔𝟐 × 𝒎 =
𝒎𝟐

𝒔
 

A common unit for kinematic viscosity is Stoke = 10-4 m2/s 

It is called kinematic because the mass units cancel, having the units of {m2/s} in SI unit and {ft2/s} in BG unit. 
It has another units such as (poises, and stokes). Each 1 poise = (N/m2)*10-1. Each 1 stoke (cm2/s)=10-4m2/s.  

. 
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Example : The viscosity of a fluid is to be measured by a viscometer 
constructed of two 40-cm-long concentric cylinders as shown. The outer 
diameter of the inner cylinder is 12 cm, and the gap between the two 
cylinders is 0.15 cm. The inner cylinder is rotated at 300 rpm, and the 
torque is measured to be 1.8 N.m. Determine the viscosity of the fluid. 

Solution : 

L = 40 cm, R = 6 cm, dy = 0.15 cm,  

N = 300 r.p.m,   T = 1.8 N.m 
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𝝎 =
𝟐𝝅𝑵

𝟔𝟎
=

𝟐𝝅 × 𝟑𝟎𝟎

𝟔𝟎
= 𝟑𝟏. 𝟒𝒔−𝟏 →   𝒗 = 𝝎𝑹 = 𝟑𝟏. 𝟒 × 𝟎. 𝟎𝟔 = 𝟏. 𝟖𝟖𝒎/𝒔 

 
𝐀 = 𝟐𝛑𝐑𝐋 = 𝟐𝛑 × 𝟎. 𝟎𝟔 × 𝟎. 𝟒𝟎 = 𝟎. 𝟏𝟓𝐦𝟐 

 

𝛕 = 𝛍
𝐝𝐯

𝐝𝐲
=

𝐅

𝐀
=

𝐓

𝐑𝐀
→ 𝛍 =

𝐓 ∙ 𝐝𝐲

𝐑 ∙ 𝐀 ∙ 𝐝𝐯
=

𝟏. 𝟖 × 𝟎. 𝟎𝟎𝟏𝟓

𝟎. 𝟎𝟔 × 𝟎. 𝟏𝟓 × 𝟏. 𝟖𝟖
= 𝟎. 𝟏𝟓𝟗𝑷𝒂. 𝒔 
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Vapor pressure Pv 

Is that pressure at which the liquid starts to boil (vaporize). 

Note: {boiling can initialed at a giving pressure acting on 
the liquid by rising the temperature or at given fluid 
temperature by lowering the pressure}. 

For water: 

 Psaturation =101.325 kPa at 100 Co   

Tsaturation = 100 Co,   at101.325 kPa 

 

Dependence of vapor pressure with temperature for water 

 

Cavitation: is the phenomenon of formation of vapor bubbles of a flowing liquid in a region where the pressure 
of the liquid falls below the vapor pressure and sudden collapsing of these vapor bubbles in a region of higher 
pressure. When the vapor bubbles collapse, a very high pressure is created. The metallic surfaces, above which 
the liquid is flowing, is subjected to these high pressures, which causing damage to pipes or parts of machinery. 
This phenomenon is a common cause for drop in performance and even the erosion of impeller blades. 

Surface tension Surface tension σ (sigma) is the measure of energy stored in the free face (or an interface). 
Surface tension is defined as the tensile force acting on the surface of a liquid in contact with gas. It has unit of 

energy per unit area.    σ =
J

m2
=

N.M

m2
=

N

m
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          The phenomenon of surface tension is explained by 
Figure. Consider three molecules A, B, C of a liquid in a mass 
of liquid. The molecule A is attracted in all directions equally 
by the surrounding molecules of the liquid. Thus the resultant 
force acting on the molecule A is zero. But the molecule B, 
which is situated near the free surface, is acted upon by upward 
and downward forces which are unbalanced.  

   

Thus a net resultant force on molecule B is acting in the downward direction. The molecule C, situated on 
the free surface of liquid does experience a resultant downward force. All die molecules on the free surface 
experience a downward force. Thus the free surface of the liquid acts like a very thin film under tension of the 
surface of the liquid act as though it is an elastic membrane under tension. 
Cohesion: it means intermolecular attraction between molecules of the same liquid. 
Adhesion: it means attraction between the molecules of the fluid and the molecules of a solid boundary surface 
in contact with liquid. 
 Surface tension caused by the force of cohesion at the free surface (rain drop…). 
Capillarity, action is due to both cohesion and adhesion forces. 
 
1.  Surface Tension on Liquid Droplet. Consider a small spherical droplet of a liquid of    radius R. On the entire 
surface of the droplet, the tensile force due to surface tension will be acting. 
Let σ = Surface tension of the liquid. ;  R= radius of droplet. 
P = Pressure intensity inside the droplet (in excess of the outside pressure intensity) 
Let the droplet is cut into two halves. 

 
The forces acting on one half (say left half) will be tensile force due to surface 
tension acting around the circumference of the cut portion as shown in Figure 
and this is equal to: 

= 𝛔 × 𝐜𝐢𝐫𝐜𝐮𝐦𝐟𝐞𝐫𝐞𝐧𝐜𝐞 = 𝛔𝟐𝛑𝐑 

𝐏𝐫𝐞𝐬𝐬𝐮𝐫𝐞 𝐟𝐨𝐫𝐜𝐞 𝐨𝐧 𝐭𝐡𝐞 𝐚𝐫𝐞𝐚 =  𝐏 × 𝑹𝟐𝝅 

These two forces will be equal and opposite under equilibrium conditions: 

σ2πR = P × 𝑅2𝜋            →           𝑃 =
2𝜎

𝑅
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2. Surface tension on a bubble:  A bubble has two surfaces in contact with air, 
one inside and the other outside. These two surfaces subjected to surface 
tension. 

(2πRσ) × 2 = R2πP 

P =
4𝜎

𝑅
 

 

3. Surface tension on a liquid jet:  consider a liquid jet of diameter 
2R and length L as shown in figure. 

2𝑅𝐿𝑃 = 2𝐿𝜎 

𝑃 =
𝜎

𝑅
 

 

Problem 1: The surface tension of water in contact with air is 0.0725 N/m. The pressure inside a droplet of water 
is to be 0.02 N/cm2 greater than the outside pressure. Calculate the diameter of the droplet of water.  

σ = 0.0725 N/m,  P = 0.02 N/ cm2 = 0.02x104 N/m2 

P =
2σ

R
→ R =

2 × 0.0725

0.02 × 104
= 0.000725m         ;    D = 2R = 0.00145m = 1.45mm 

Problem 2:  Find the surface tension in a soap bubble of 40 mm diameter when the inside pressure is 2.5 N/m2 
above atmospheric pressure. 

R =
40

2
= 20mm = 0.02m 

P =
4σ

R
→ σ =

PR

4
=

2.5 × 0.02

4
= 0.0125N/m 

Problem 3:    The pressure outside the droplet of water of diameter 0.04 mm is 10.32 N/cm2 (atmospheric 
pressure). Calculate the pressure within the droplet if surface tension is given as 0:0725 N/m of water. 

R =
D

2
=

0.04

2
= 0.02mm = 0.02 × 10−3m      ;     P =

2σ

R
=

2 × 0.0725

0.02 × 103
=

7250𝑁

𝑚2
= 0.725𝑁/𝑐𝑚2 

Pressure inside the droplet =p + Pressure outside the droplet  =0.725 + 10.32 = 11.045 N/cm2  

Capillarity: is defined as a phenomenon of rise or fall of a liquid surface in a 
small tube relative to the adjacent general level of liquid when the tube is held vertically in the liquid. The rise of 
liquid surface is known as capillary rise while the fall of the liquid surface is known as capillary depression. It is 
expressed in terms of cm or mm of liquid. It is value depends upon the specific weight of the liquid, diameter of the 
tube    and surface tension of the liquid. 
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1. Expression for Capillary Rise: Consider a glass tube of small diameter 
R opened at both ends and is inserted in a liquid, say water. The liquid will 
rise in the tube above the level of the liquid.  

Let h = height of the liquid in the tube. Under a state of equilibrium, the 
weight of liquid of height h is balanced by the force at the surface of the 
liquid in the tube. But the force at the surface of the liquid in the tube is due 
to surface tension. 

 
 

 

W = σ × 2πRcosθ 
mg = σ × 2πRcosθ → ρg∀= σ × 2πRcosθ 

γR2πh = σ × 2πRcosθ 

h =
2σcosθ

γR
 

For circular tube R < 2.5 mm 

Value of θ for water and glass tube is 0o. 
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2. Expression for Capillary Fall: If the glass tube is dipped in mercury, 
the level of mercury in the tube will be lower than the general level of the 
outside liquid as shown in Figure.        

Let h = Height of depression in tube. Then in equilibrium, two forces are 
acting on the mercury inside the tube. First one is due to surface 
tension acting in the downward direction and is equal to: 

      σ × 2πRcosθ 

Second force is due to hydrostatic force acting upward and is equal to 
intensity of pressure at a depth h x Area. 

 

 

 

 

 

𝜋𝑅2𝑃 = 𝜋𝑅2𝜌𝑔ℎ                          𝑃 = 𝜌𝑔ℎ 
2𝜋𝑅𝜎𝑐𝑜𝑠𝜃 = 𝜋𝑅2𝜌𝑔ℎ 

ℎ =
2𝜎𝑐𝑜𝑠𝜃

𝛾𝑅
 

Value of θ for mercury and glass tube is 129o. 
  

3. Capillary rise between two vertical parallel plats at a distance d 
apart:  

Surface tension force = weight of column of water 

𝜎𝑐𝑜𝑠𝜃 × 2𝐿 = 𝛾∀ 

𝜎𝑐𝑜𝑠𝜃 × 2𝐿 = 𝛾𝐿𝑑ℎ 

ℎ =
2𝜎𝑐𝑜𝑠𝜃

𝛾𝑑
 

 

 

 

 

Problem1: Calculate the capillary rise in a glass tube of 2.5 mm diameter when immersed vertically in (a) water 
and (b) mercury. Take surface tensions σ = 0.0725 N/m for water and σ = 0.52 N/m for mercury in contact with 

air. The specific gravity for mercury is given as 13.6 and angle of contact 130o. 
a- Capillary rise of water θ = 0o: 

h =
2σcosθ

γR
=

2 × 0.0725 × 1

9810 × 1.25 × 10−3
= 0.0118m = 1.18cm 

b- Capillary fall of mercury θ = 130o: 

h =
2σcosθ

γR
=

2 × 0.52 × cos130

13.6 × 1000 × 9.81 × 1.25 × 10−3
= −0.0040m = −0.4cm 

The negative sign indicates the capillary depression. 
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Problem 2: Calculate the capillary effect in millimeters in a glass tube of 4 mm diameter, when immersed in (i) 
water, and (ii) mercury. The temperature of the liquid is 20oC and the value of the surface tension of water and 
mercury at 20°C in contact with air are 0.073575 N/m and 0.51 N/m respectively. The angle of contact for water 
is zero that for mercury 130°. Take density of water at 20°C as equal to 998 kg/m3. 
a- Capillary rise of water θ = 0o: 

h =
2σcosθ

γR
=

2 × 0.073575 × 1

998 × 9.81 × 2 × 10−3
= 0.00751m = 7.51mm 

b- Capillary fall of mercury θ = 130o: 

h =
2σcosθ

γR
=

2 × 0.51 × cos130

13.6 × 1000 × 9.81 × 2 × 10−3
= −0.00245m = −2.45mm 

 
Problem 3: The capillary rise in the glass tube is not to exceed 0.2 mm of water. Determine its minimum size, 
given that surface tension for water in contact with air = 0.0725 N/m. 

h =
2σcosθ

γR
→ R =

2σcosθ

γh
=

2 × 0.0725 × 1

9810 × 0.2 × 10−3
= 0.074m = 7.4cm 

∴   D = 2R = 2 × 7.4 = 14.8cm 

 

Problem 4: Find out the minimum size of glass tube that can be used to measure water level if the capillary rise 
in the tube is to be restricted to 2 mm. Consider surface tension of water in contact with air as 0.073575 N/m.  

h =
2σcosθ

γR
→ R =

2σcosθ

γh
=

2 × 0.073575 × 1

9810 × 2 × 10−3
= 0.0075𝑚 = 0.75𝑐𝑚 

∴   D = 2R = 2 × 0.75 = 1.5cm 

 

Problem 5: A soup bubble 50 mm in diameter contain a pressure (in excess of atmospheric) of 20 Pa. Calculate 
the tension in in the soap film. 

(2πRσ) × 2 = R2πP 

𝑃 =
4𝜎

𝑅
→ 𝜎 =

𝑃𝑅

4
=

20 × 25 × 10−3

4
= 0.125𝑁/𝑚 
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Fluid statics: is the study of fluid problems in which there is no relative motion between fluid elements. 

Pressure Variation in Static Fluids:    𝑷 =
𝑭

𝑨
 

+↑ ∑ 𝐅 = 𝟎  →→          −(𝐏 + 𝐏𝐝)𝐀 − 𝐝𝐰 + 𝐏𝐀 = 𝟎   

−𝐀𝐝𝐏 = 𝐝𝐰       →→   ∗  𝐝𝐰 = 𝛄𝐯 = 𝛄𝐀𝐝𝐳  →→ 

∴ −𝐀𝐝𝐏 = 𝛄𝐀𝐝𝐳   →→       ∴ −𝐝𝐏 = 𝛄𝐝𝐳    ∗ 𝛄 = 𝐜𝐨𝐧𝐬.  

 

2

1

2

1

dzdp   or   )()( 1212 zzpp     

h=z2-z1  since h is positive downwards (pressure head) 

     hpp  )( 12    in final form:     hpp  21    or hpp  12  

If P2 considered atmospheric pressure and taken as zero  
  hp  1  (gauge  pressure) 

The equation  can be written as the ordinary differential equation 
dz

dP
  , it is one important principle of the 

hydrostatic, or shear-free, these equations show that the pressure does not depend on x or y (which means pressure 
don’t varied horizontally). Since p depends only on z. The pressure is varied with vertical depth. 
 
Incompressible Fluid: Since the specific weight is equal to the product of fluid density and acceleration of gravity 
( g.  ) changes in are caused either by a change in ρ or g. For most engineering applications the variation in 

g is negligible, so our main concern is with the possible variation in the fluid density (which it called 
compressible). For liquids the variation in density is usually negligible (which it called incompressible), so that 

the assumption of constant specific weight when dealing with liquids. For this instance, Eq. ( 
dz

dP
) can be 

directly integrated: 

 
2

1

2

1

z

z

p

p

dzdp   or   )()( 1212 zzpp     OR  in final form:   )()( 1221 zzpp    

The reference pressure op would correspond to the pressure 

acting on the free surface (which would frequently be 

atmospheric pressure), and thus if we let  opp 2 in above 

Equation it follows that the pressure p at any depth h below the 

free surface is given by the equation:  ophp    

where 1p and 2p are pressures at the vertical elevations as is 
illustrated in Fig. (2). Equation can be written in the compact 
form:  hpp  )( 21  ,  
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Equation shows that in an incompressible fluid at rest the pressure varies linearly with depth and ( h  is called 

pressure head) which has units of length (m) or (ft). When one works with liquids there is often a free surface, as 
is illustrated in Fig. (2), and it is convenient to use this surface as a reference plane 

Pressure head of a liquid: 
when fluid is contained in a vessel it exerts force at all points on side, bottom and top. 

h- height of liquid in cylinder   ;  A- area of cylinder 
 - specific weight ; P- pressure of liquid;  F – force 
Now, 

total pressure force on the base of the cylinder                                   
= weight  of liquid in the cylinder 

𝐏𝐀 = 𝐦𝐠 = 𝛒∀𝐠 = 𝛄𝐀𝐡             →→ 𝐏 = 𝛄𝐡 

 

Problem 1: find the pressure at a depth of 15m below the free surface of water in a reservoir.  

𝐏 =  𝛒𝐠𝐡 = 𝟏𝟎𝟎𝟎 × 𝟗. 𝟖𝟏 × 𝟏𝟓 = 𝟏𝟒𝟕. 𝟏𝐤𝐏𝐚 

 Pascal’s law: the pressure at any point in the liquid at vessel is the same in all direction. 
Proof: let us consider a very small wedge shaped 
 element LMN of a liquid. 
Px – horizontal pressure   ;  Py – vertical pressure 
Pz – pressure on LM         ;  α – angle of element fluid 
Fx, Fy, Fz - pressure forces on LN, NM, ML respectively. 
As the element of fluid at rest, therefore: 

∑ 𝐅𝐱 = 𝟎 → 𝐅𝐱 = 𝐅𝐳𝐬𝐢𝐧𝛂 

𝐏𝐱𝐋𝐍 = 𝐏𝐳𝐋𝐌𝐬𝐢𝐧𝛂,        𝐛𝐮𝐭  𝐋𝐌𝐬𝐢𝐧𝛂 = 𝐋𝐍 
 

𝐏𝐱𝐋𝐍 = 𝐏𝐳𝐋𝐍              →        𝑷𝒙 = 𝑷𝒛 − − − −(𝟏) 
∑ 𝐅𝐳 = 𝟎 → 𝐅𝐲 = 𝐅𝐳𝐜𝐨𝐬𝛂 + 𝐰,       𝐰 = 𝟎  𝐯𝐞𝐫𝐲 𝐬𝐦𝐚𝐥𝐥 𝐞𝐥𝐞𝐦𝐞𝐧𝐭 
𝐏𝐲𝐌𝐍 = 𝐏𝐳𝐋𝐌𝐜𝐨𝐬𝛂         𝐛𝐮𝐭 𝐋𝐌𝐜𝐨𝐬𝛂 = 𝐌𝐍 
𝐏𝐲𝐌𝐍 = 𝐏𝐳𝐌𝐍        →              𝑷𝒚 = 𝑷𝒛 − − − (𝟐) 
From equations 1&2              𝑷𝒙 = 𝑷𝒚 = 𝑷𝒛 

OR 
Pressure at Point: 
Figure 1 shows  a small wedge of fluid at rest of size ∆x by ∆z 

by ∆s and depth b into the paper. There is no shear by definition 

when fluid at rest), but we suppose that the pressures px, pz, 
and pn may be different on each face. The weight of the element 
also may be important. Summation of forces must equal zero 
(no acceleration) in both the x and z directions. 

  sin0 sbpzbpF nxx ,also,  

  zxbsbpxbpF nzz  )2/1(cos0
 .. ( 1) 

 

Fig.1 
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But we know that: zs  sin , and xs  cos  
Then by substituting in Eq. (1), and re-arrangement: 

nx pp  ,   and  ………………………… (2a)      
zpp nz  )2/1(  …………...……… (2b)                                  

In the limit as the fluid wedge shrinks to a “point,’’ ∆z → 0 and Eqs. (2) becomes: 
pppp nzx 

………………………………(3) 
These relations illustrate one important principle of the hydrostatic, or shear-free, condition: 
There is no pressure change in the horizontal direction. We conclude that the pressure p at a point in a 
static fluid is independent of direction as long as there are no shearing stresses present, This important 
result is known as Pascal’s law named in honor of Blasé Pascal 11623–16622, a French mathematician who 
made important contributions in the field of hydrostatics or (the pressure at point inside static fluid is equal 
from all sides).  
 

Variation of pressure vertically in fluid under gravity 

As shown in figure, an element of fluid which is a vertical column 
of constant cross-sectional area A surrounding by the same fluid of 
mass density ρ. The pressure at the bottom of cylinder is P1 at level 
Z1, and at the top P2 at level Z2. The fluid at rest and in equilibrium, 
so all the forces in the vertical direction sum is zero.  

∑ 𝐅 = 𝟎  →   𝐏𝟏𝐀 − 𝐏𝟐𝐀 − 𝐰 = 𝟎 

𝐏𝟏𝐀 − 𝐏𝟐𝐀 − 𝛄𝐀(𝒛𝟐 − 𝒛𝟏) = 𝟎       ÷ 𝐀𝛄 

𝑷𝟏

𝜸
−

𝑷𝟐

𝜸
− 𝒛𝟐 + 𝒛𝟏 = 𝟎 

𝐏𝟏

𝛄
+ 𝐳𝟏 =

𝐏𝟐

𝛄
+ 𝐳𝟐 = 𝐜𝐨𝐧𝐬.  
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Absolute, gage, vacuum and atmospheric pressure 

Pabs. = Patm. + Pgage 

Pabs. = Patm. – Pvac. 

Example :     

𝐏𝐀 = 𝟕𝟓𝐤𝐏𝐚(𝐠𝐚𝐠𝐞) 

𝐏𝐁 = 𝟒𝟎 𝐤𝐏𝐚(𝐕𝐚𝐜𝐮𝐮𝐦) 

𝐏𝐚𝐭𝐦. = 𝟏𝟎𝟎𝐤𝐏𝐚,   𝑷𝑨𝒂𝒃𝒔.,   𝑷𝑩𝒂𝒃𝒔. ? 

𝑷𝑨𝒂𝒃𝒔. = 𝟕𝟓 + 𝟏𝟎𝟎 = 𝟏𝟕𝟓𝒌𝑷𝒂 

 𝑷𝑩𝒂𝒃𝒔. = 𝟏𝟎𝟎 − 𝟒𝟎 = 𝟔𝟎𝒌𝑷𝒂 
 

Absolute pressure is measured relative to a perfect vacuum (absolute zero pressure), whereas gage 
pressure is measured relative to the local atmospheric pressure. Thus, a gage pressure of zero corresponds 
to a pressure that is equal to the local atmospheric pressure. Absolute pressures are always positive, but 
gage pressures can be either positive or negative depending on whether the pressure is above atmospheric 
pressure (a positive value) or below atmospheric pressure (a negative value). A negative gage pressure is 
also referred to as a suction or vacuum pressure. 
 
Problem 1: Calculate the pressure due to a column of 0.3m of (a) water (b) an oil of r.d = 0.8 and 
 (c) mercury of r.d = 13.6. Take density of water 1000 kg/m3. 
Solution: 

For water                             𝐏 = 𝛒𝐠𝐡 = 𝟏𝟎𝟎𝟎 × 𝟗. 𝟖𝟏 × 𝟎. 𝟑 = 𝟐𝟗𝟒𝟑 𝐍/𝐦𝟐 

For oil                                  𝐏 = 𝛒𝐠𝐡 = 𝟏𝟎𝟎𝟎 × 𝟎. 𝟖 × 𝟗. 𝟖𝟏 × 𝟎. 𝟑 = 𝟐𝟑𝟓𝟒. 𝟒 𝐍/𝐦𝟐 

For mercury                         𝐏 = 𝛒𝐠𝐡 = 𝟏𝟎𝟎𝟎 × 𝟏𝟑. 𝟔 × 𝟗. 𝟖𝟏 × 𝟎. 𝟑 = 𝟒𝟎𝟎𝟐𝟓 𝐍/𝐦𝟐 

 

Problem 2: The pressure intensity at a point in a fluid is given 3.924 N/cm2. Find the corresponding height of 
fluid when the fluid is: (a) water, and (b) oil of r.d = 0.9. 

 Solution:                              For water:       𝐏 = 𝛒𝐠𝐡 → 𝐡 =
𝐏

𝛒𝐠
=

𝟑.𝟗𝟐𝟒×𝟏𝟎𝟒

𝟗𝟖𝟏𝟎
= 𝟒𝐦 

For oil:    𝐏 = 𝛒𝐠𝐡 → 𝐡 =
𝐏

𝛒𝐠
=

𝟑.𝟗𝟐𝟒×𝟏𝟎𝟒

𝟎.𝟖×𝟏𝟎𝟎𝟎×𝟗.𝟖𝟏
= 𝟒. 𝟒𝟒𝐦 

 

Problem 3: An oil of r.d = 0.9 is contained in a vessel. At a point the height of oil is 40 m, Find the corresponding 
height of water at the point. 

Solution: 
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                       For oil:               𝐏 = 𝛒𝐠𝐡 = 𝟎. 𝟗 × 𝟏𝟎𝟎𝟎 × 𝟗. 𝟖𝟏 × 𝟒𝟎 = 𝟑𝟓𝟑𝟏𝟔𝟎 𝐏𝐚 

                       For water:           𝐏 = 𝛒𝐠𝐡 → 𝐡 =
𝐏

𝛒𝐠
=

𝟑𝟓𝟑𝟏𝟔𝟎

𝟗𝟖𝟏𝟎
= 𝟑𝟔𝐦 

Problem 4: An open tank contains water up to a depth of 2 m and above it 
an oil of r.d = 0.9 for a depth of l m. Find the pressure intensity (i) at the 
interface of the two liquids A, and (ii) at the bottom of the tank B. 

Solution:                     At the interface point A: 

              𝐏 = 𝛒𝐠𝐡 = 𝟎. 𝟗 × 𝟏𝟎𝟎𝟎 × 𝟗. 𝟖𝟏 × 𝟏 = 𝟖𝟖𝟐𝟗 𝐍/𝐦𝟐 

At the bottom of the tank B: 

                        𝐏 = (𝛒𝐠𝐡)𝒐𝒊𝒍 + (𝛒𝐠𝐡)𝒘𝒂𝒕𝒆𝒓

= 𝟎. 𝟗 × 𝟏𝟎𝟎𝟎 × 𝟗. 𝟖𝟏 × 𝟏 + 𝟗𝟖𝟏𝟎 × 𝟐   𝟐𝟖𝟒𝟒𝟗𝐍/𝐦𝟐  

 

Pressure Measurements 

Generally, pressure is measured by:              1. Barometers             ;         2. Manometers 

3. Mechanical and electronics measuring device, e.g.   a. Burdon pressure gage   ;  b. Pressure transducer 

1.Barometer: An instrument that is used to measure atmospheric 
pressure is called a barometer. The most common types are the 
mercury barometer and the aneroid barometer. A mercury barometer 
is made by inverting a mercury-filled tube in a container of mercury 
as shown in Figure. The pressure at the top of the mercury barometer 
will be the vapor pressure of mercury, which is very small: 

Pvap.= 2.4*10-6 atm. at 20oC.  
𝑷𝒂𝒕𝒎. = 𝜸𝑯𝒈𝒉 + 𝑷𝒗𝒂𝒑. ≅ 𝜸𝑯𝒈𝒉 

 

 
2.Manometers  
Manometers. Manometers are defined as the devices used for measuring the pressure at i- point in a fluid by 
balancing the column of fluid by the same or another column of the fluid. 
They classified as:          (a) Simple Manometers,    (b) Differential Manometers. 
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2.1 Manometer equation 
1. Start from any point given. 
2. Move from that point: 
      a- If you move downwards you add (+) the pressure reading. 
      b- If you move upwards you subtract (-) the pressure reading. 
3. Continue till the other end reached.  
4. Equate all pressure reading to the pressure at the other end. 

𝑷𝑨 + 𝜸𝟏𝒉𝟏 − 𝜸𝟐𝒉𝟐 = 𝑷𝑩 = 𝑷𝒂𝒕𝒎. = 𝟎 

 

2.2 Simple Type of Manometers 
A simple manometer consists of a glass tube having one of its ends connected to a point where pressure is to be 
measured and another end remains open to atmosphere. Common types of simple manometers are: 
1.  Piezometer, 
2.  Inclined piezometer 
3.  U-tube Manometer, and. 
4.  Differential Manometer. 
 
1. Piezometer 
It is the simplest form of manometer used for 
measuring gauge pressures. One end of this 
manometer is connected to the point where pressure 
is to be measured and other end is open to the 
atmosphere as shown in Figure. The rise of liquid 
gives the pressure head at that point.  

𝐏𝐁 = 𝐏𝐀 − 𝛄𝐡 = 𝐏𝐚𝐭𝐦. = 𝟎  

 
2. Inclined-Tube Manometer 
Usually used when more accurate reading is required. 

𝐡 = 𝐋𝐬𝐢𝐧𝛉  

3. U Tube Manometer 
It consists of glass tube bent in U-shape, one end of 
which is connected to a point at which pressure is to 
be measured and another end remains open to the 
atmosphere as shown in Fig. The tube generally 
contains mercury or any other liquid whose specific 
gravity is greater than the specific gravity of the liquid 
whose pressure is to be measured. 
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4. Differential manometer  
The U-tube manometer is also widely used to measure 
the difference in pressure between two containers or 
two points in a given system. Consider a manometer 
connected between containers A and B as is shown in 
Figure. The difference in pressure between A and B can 
be found by again starting at one end of the system and 
working around to the other end.  
𝐏𝐀 + 𝛄𝟏𝐡𝟏 − 𝛄𝟐𝐡𝟐 − 𝛄𝟑𝐡𝟑 = 𝐏𝐁 
𝐏𝐀 − 𝐏𝐁 = −𝛄𝟏𝐡𝟏 + 𝛄𝟐𝐡𝟐 + 𝛄𝟑𝐡𝟑 
 

 
Problem1:  With the manometer reading as shown, calculate Px. 

Solution: 

𝛄𝐨𝐢𝐥 = 𝛒𝐠 = 𝐫. 𝐝 × 𝛒𝐰 × 𝐠 

𝛄𝐨𝐢𝐥 = 𝟎. 𝟖𝟓 × 𝟏𝟎𝟎𝟎 × 𝟗. 𝟖𝟏 = 𝟖𝟑𝟑𝟖. 𝟓 𝐍/𝐦𝟑 

𝛄𝐇𝐠 = 𝟏𝟑. 𝟓𝟕 × 𝟏𝟎𝟎𝟎 × 𝟗. 𝟖𝟏 = 𝟏𝟑𝟑𝟏𝟐𝟏. 𝟕𝐍/𝐦𝟑        

𝛄𝐇𝐠 × 𝟎. 𝟕𝟔𝟎 + 𝛄𝐨𝐢𝐥 × 𝟏. 𝟓𝟐 = 𝐏𝐱 

𝐏𝐱 = 𝟏𝟑. 𝟖𝟓 𝐤𝐏𝐚  

 
Problem2: Barometric (absolute) pressure is 91 kPa. 
Calculate the vapor pressure of the liquid and the gage 
reading. 
Solution: 

𝑷𝒗𝒂𝒑. + 𝜸𝒍𝒊𝒒. × 𝟏. 𝟐𝟐 + 𝜸𝑯𝒈 × 𝟎. 𝟐𝟎𝟑 − 𝑷𝒂𝒕𝒎. = 𝑷𝒂𝒃𝒔. 

𝑷𝒗𝒂𝒑. = 𝟗𝟏𝟎𝟎𝟎 − 𝟗𝟎𝟎 × 𝟗. 𝟖𝟏 × 𝟏. 𝟐𝟐 − 𝟏𝟑𝟓𝟕𝟎 × 𝟗. 𝟖𝟏

× 𝟎. 𝟐𝟎𝟑 = 𝟓𝟑. 𝟐𝒌𝑷𝒂 

Gage reading = 203mmHg vacuum 
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Problem3:   Calculate Px – Py for this inverted U-
tube manometer. 
Solution: 

𝐏𝐱 = 𝐏𝐲 − 𝛄𝐰𝐚𝐭.(𝟏. 𝟔𝟐𝟓 − 𝟎. 𝟓 − 𝟎. 𝟐𝟓) − 𝛄𝐨𝐢𝐥

× 𝟎. 𝟐𝟓 + 𝛄𝐰𝐚𝐭. × 𝟏. 𝟔𝟐𝟓 

𝐏𝐱 − 𝐏𝐲 = −𝟗𝟖𝟏𝟎 × 𝟎. 𝟖𝟕𝟓 − 𝟖𝟖𝟐𝟗 × 𝟎. 𝟐𝟓

+ 𝟗𝟖𝟏𝟎 × 𝟏. 𝟔𝟐𝟓 = 𝟓. 𝟏𝟓 𝐤𝐏𝐚 

 
Problem 4:   Calculate the gage reading Px. 
Solution: 
 
𝑷𝒙 = −𝛄𝐇𝐠 × 𝟎. 𝟐 + 𝛄𝐰𝐚𝐭. × 𝟑 

𝑷𝒙 = −𝟏𝟑𝟑𝟏𝟐𝟏 × 𝟎. 𝟐 + 𝟗𝟖𝟏𝟎 × 𝟑 = 𝟐. 𝟖𝒌𝑷𝒂 

 
Problem 5:   Calculate the gage reading. Relative density of 
the oil is 0.85 and barometric pressure is 755 mm of mercury. 
𝐏𝐚𝐛𝐬. = 𝛄𝐇𝐠 × 𝟎. 𝟓 + 𝛄𝐨𝐢𝐥. × 𝟏. 𝟓 

𝐏𝐚𝐛𝐬. = 𝟏𝟑𝟑𝟏𝟐𝟏 × 𝟎. 𝟓 + 𝟖𝟑𝟑𝟖. 𝟓 × 𝟏. 𝟓 = 𝟕𝟗𝐤𝐏𝐚 

𝐏𝐚𝐭𝐦. = 𝟎. 𝟕𝟓𝟓 × 𝟏𝟑𝟑𝟏𝟐𝟏 = 𝟏𝟎𝟎. 𝟓𝐤𝐏𝐚 
 
𝐏𝐠𝐚𝐠. = 𝐏𝐚𝐛𝐬. − 𝐏𝐚𝐭𝐦. = 𝟕𝟗 − 𝟏𝟎𝟎. 𝟓 = −𝟐𝟏. 𝟓 𝐤𝐏𝐚 

𝐆𝐚𝐠𝐞 𝐫𝐞𝐚𝐝𝐢𝐧𝐠 =
𝟐𝟏𝟓𝟎𝟎

𝟏𝟑𝟑𝟏𝟐𝟏
= 𝟏𝟔𝟏. 𝟓𝐦𝐦𝐇𝐠 

  

H.W. : The pressure difference 
between an oil pipe and water 
pipe is measured by a double-
fluid manometer, as shown in 
Figure. For the given fluid 
heights and specific gravities, 
calculate the pressure difference 
∆𝑃 = 𝑃𝐵 − 𝑃𝐴. 
PB − PA = γw × 0.55 + γHg

× 0.2

− γG(0.2

+ 0.12 + 0.1)

+ γoil × 0.1 

 

https://classroom.google.com/c/MjEwMjUyNzQ4NTY3


Fluid Mechanics  I / 2nd Year/  Dept. of Petroleum and Refining Engineering 

 

= 9810 × 0.55 + 13500

× 9.81 × 0.2

− 1260 × 9.81

× 0.42 + 880

× 9.81 × 0.1 

PB − PA = 27.6kPa 

 
 
 

 

 
 

Fluid static, concept of pressure, pascal's law and its application, action of fluid pressure on a plane (horizontal. Vertical, and inclined) 

Hydrostatic Forces on Surfaces  
Total Pressure and Centre of Pressure 
• Total pressure. It is defined as the force exerted by static fluid on a surface (either plane or curved) when the 
fluid comes in contact with the surface. This force is always at right angle ( or normal) to the surface. 
• Centre of pressure. It is defined as the point of application of the total pressure on the surface. 
The immersed surfaces may be: 
1. Horizontal plane surface; 
2. Vertical plane surface; 
3. Inclined plane surface; 
4. Curved surface. 
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