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2- Homogeneous Differential Equations
A differential equation of the form

dy  f(xy)
dx 0(x,y)

Is called a homogeneous equation if each term of f(x,y) and @(x, y) is of the same
degree.
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In such cases we put
y = vX
dy dv

E=U+XE

The reduced equation involves v and x only. This new differential equation can be
solved by variables separable method.
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Example 7:
Solve the equation  (x2 + y?)dx — 2xy dy = 0

Solution: , ,
dy x“+y

2+ y?)dx =2xyd —— =

(x2 + y*)dx = 2xy dy > 22y

B dy N dv

y=vx - dx  C % dx

. dv x*+ vix?  x%(1+4+ v?) 14 12

VP X ax ™ " 22w T 2% 20
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In = Incx

= cx -
xZ — y2

Email: nbrahim@uomosul.edu.iq

X

dv 1 — v?

X — =
dx 2V
1
- = cx
1 — v?
=cx (x2 - y%) -
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—In(1-v?)=Ilnx+Inc

1 = CX
=
x= c(x% - y?)
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Example 8:

Solve the equation  (2xy + x?) % =3 y% + 2xy

Solution: ,
dy dy 3y°+2xy
2 2)===3y*+2 —— =
(xy+x)dx Sy tzxy - dx 2xy+ x?
B dy N dv
y=vx |, Ix v+ Xx Tx

. dv  3v2x?+2vx? x%(3v%+2v)
vV+x —= =
dx 2x%v + x? x2 (2v+1)
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dv 3v*+2v

L ”

dv 3v*+2v-v(Q2v+1)
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dv_3v2+2v
Ydx T 2v+1

— D

dv 3v*+2v—-2v%—v

- X — =

Y dx 20 + 1 dx 20 + 1
dv v*+v X v +v\ 1
-_— = — _— =

J'Cdx 2v+1 dx 2v+1/) dv

dx 2v+1

— = dv

X V¢ 4+ v
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5 dv =
v4+ v X

f2v+1 dx

In(v?+v)=Inx+Inc >t (v +v) =nex

V2 +v=cx

2
%+ ¥=cx
y? +xy = cx3
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Example 9:

Solve the equation x (y — x) % =y (y+x)

Solution:
dy yO@+x) _ y* +axy
dx x(y—x) xy— x?

B dy N dv
y=vx dx 0" dx

. dv vx(wx+x) vix*+vx* vaR(w+1)
VX dax ~ x(vx—x) vx2-—-x2 xR (w-1

27@

Email: nbrahim@uomosul.edu.iq St ate




College of Petroleum and Mining Engineering

. dv v@w+1) dv v*+v
_— - —_
VT dx v—1 *ax T v-1 "

dv W+v-w+v 2v
Ydx v—1 Cv—-1
X 2V 1 dx wWw-1)dv
— = S — — —_— =
dx v—1 dv X 2V
dx ™
= 2= dv - —
X 2B v Zvdv
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dx—ljd 1 (dv
x 2 Y7275
[ —1 1l +
nx—zv va C
1y 1 _ y
lnx—E;—Eln;+c
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Equations Reducible to Homogeneous Form
Adlaie cYalea ) dcdlaia pud) c¥alaal) By sal

The equations of form
Q __ ax+by+c

L T AriBurC e (1)
y+C
Can be reduced to the homogenous form by the substitution:
X = X+h , Y =Y+k (h,k being constant)

Aglalds Aalaall 1 Lely ga (Sah (1) Aalaall Lpa ) 4dliie dageay sUanal) duboalal) Aslaal) cuilS 13
oolel (AL (x,y) o O sl duilaie

U'_u;_m

”

dy _dY
dx dX
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The given differential equation reduces to: Sull JEIL (1) Uabaal) proatd

ay _ aX+h)+b(Y+k)+c dY _ aX+bY+ah+bk+c )
dX A(X+h)+B(Y+k)+C ) dXx - AX+BY +AR+AB A~ t5rrrreeeeeeeeaneeenes

Choose h, k so that:
ah+bk+c=0, Ah+Bk+C=0
Then the equation (2) becomes homogeneous,

dy aX+bY 3
AX AR LBy e e e e (3)
D 055 Ledie Alal) sl aaa%03
a b _ av _ av
i then use Y= vX, =Vt X—
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d
dx

LS
"o

Thenput ax+by=2Z = a+bZ§=

il (o 3l andind slaal) Aaloalil) Alsbaall b (iay saill Sau g

Example 10: Solve the following equation &y _ x+2y 73
dx 2x+y -3

Solution:
a=1 A=2,b=2,B=1
a 1 b 2 a b
A- 2’ B- 1  "aA7 B
X=X +h , Y=Y+k
32
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ay _ a(X+h)+b(Y+k)+c dY _ (X+h)+2(Y+k)-3 dY _ X+2Y+h+2k-3

dX  AX+h)+B(Y+k)+C’ dX  2(X+h)+B(Y+k)-3’ dX ~ 2X+Y+2h+k-3

ah+bk+c=0, Ah+Bk+C=0

Let, h+ 2k —3=0......... (a) multiply by 2 & Subtract (a) form (b)
2h+k—-3=0 .......... (b)

3k-3=0—-k=1,

fromEqg. (@) or (b) h+2-3=0 — h=1

X=X+1, y=Y+1

a b
A:'tB
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then use Y= vX,

dY _ aX+by dY _ X+2Y
dX  AX+BY' dX  2X+Y

 0sSs Lovie Al o3 aadins
ay

dv
=v+X—
dx dx
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_ X+2vX _ 1+2v N XQ _ 142v = 1+2v-2v-v? _ 1-v?
2X+vX 24V dX 2+v 2+v 2+
2+v dx 2+4+v
dv = | — dv = Inx + Inc
fl—vz x ' f(l—v)(1+v) t

2+v _ A B _ A(1+v)+B(1-v)
f(l—v)(1+v) dv = f(l—v-l_ 1+v) dv = f( (1-v)(1+v) )dv

2+v=A1+v)+B(1—-v)
24+v=A+Av+ B — Bv
2=A4+B -A=2—-B

1=A—-B 51=2-B—-B >B=11,,and A=2-1,-A= 3/,
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3 1 1 1 3 1
Ejl—v dv + §f1+vdv: InX + Inc, —Eln(l—v)+51n(1+v) = InXc
1/2 [In(1 +v) —3In(1 -V)] =1nXc, 1/2 In(1+v) —In(1-7v)3] =InXc
1/ In 1+ = ln Xc In LtV = InXc
27 (1 -v)? ' J@-v?
1+v 1+v -
A=) = Xc - (1—v)3: X“C
i_ X2 (2 i_ C2x2 i_ C2x2 X+YV C?
N

X+Y=C2(X—-Y)3
x=X+h->x=X+1->X=x—-1andy=Y+k »y=Y+1->Y=y-1
x—1+y—-1=C*(x—1—-y+1)3
x+y—2=C*(x—-y)3
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Example 11: Solve the following equation (x + 2y)(dx — dy) = dx + dy

Solution:
xdx —xdy+2ydx—2ydy —dx —dy =0
(x+2y —1)dx —(x+2y+1)dy=0

dy x+2y-—1
dx x+2y+1

a=1, A=1 b=2, B=2

SIS

=7=1,

= Q

a
A
Thenuse:ax+by=72 - a+b3—z=%
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:% — Zd—y: d—Z—l — d—y: lg_l [a:1, A=1, bzz’dgzzélz
X dx dx dx 2dx 2 ax+by=2 - a+bE=E
P dy z-—1
= —_ — =
2= Y dx z+1
ﬂzld_z_l, ld_2=ﬂ+l’%=2(z‘1)+1
Z+1 2dx 2 2 dx Z+1 2 dx Z+1
a2 _ zzmewwl 3271 Z¥L g7 = dx multiply by 3/3
dx Z+1 Z+1 3Z-1
3Z+3 17 = d BZ+3+1—1dZ_d (32—1)+4dZ_d
332 —-1) 4~ 3(3Z — 1) - 332—-1) “~— %™
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32-1
3(3Z — 1)

1JdZ-I—4j dz —jd
3 3/37-1 |
7 4

§+§1n(3Z—1)=x+c

Z dZ = dx

T36z7-1

3Z+4In(3Z—-1)=9x+9c
3(x+2y)+4In(B3x+ 6y —1) =9X +9c

4In(3x+6y—1)=6x —6Yy+9cC
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