
Example 17:

The acceleration and velocity of a body falling in the air approximately satisfy the 
equation: 𝑨𝒄𝒄𝒆𝒍𝒆𝒓𝒂𝒕𝒊𝒐𝒏 = 𝒈 − 𝒌 𝒗𝟐, Where: v is the velocity of the body at any 
time (t). And g, k are constant.

Find the distance traversed as a function of the time , if the body falls from the 

rest. Show the value of v will never exceed Τ𝒈 𝒌 .

Applications of Differential Equation    تطبيقات على المعادلات التفاضلية
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1- Electrical Circuit.

2- Mechanics.

3- Heat Conduction.

4- Springs.



Solution: 𝑨𝒄𝒄𝒆𝒍𝒆𝒓𝒂𝒕𝒊𝒐𝒏 = 𝒈 − 𝒌 𝒗𝟐 𝒐𝒓
𝒅𝑽

𝒅𝒕
= 𝒈 − 𝒌 𝒗𝟐 or   

𝒅𝒗

𝒈−𝒌 𝒗𝟐
= 𝑑𝑡

→
𝟏

𝒈 + 𝒌 𝒗 𝒈 − 𝒌 𝒗
𝒅𝒗 = 𝒅𝒕

𝟏

𝟐 𝒈

𝟏

𝒈 + 𝒌 𝒗
+

𝟏

𝒈 − 𝒌 𝒗
𝒅𝒗 = 𝒅𝒕

On integrating,

𝟏

𝟐 𝒈
න

𝒅𝒗

𝒈 + 𝒌 𝒗
+

𝟏

𝟐 𝒈
න

𝒅𝒗

𝒈 − 𝒌 𝒗
= න𝒅𝒕
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𝟏

𝟐 𝒈
.
𝟏

𝒌
. 𝒍𝒏 𝒈 + 𝒌 𝒗 −

𝟏

𝟐 𝒈
.
𝟏

𝒌
. 𝒍𝒏 𝒈 − 𝒌 𝒗 = 𝒕 + 𝒄

𝒘𝒉𝒆𝒏 𝒕 = 𝟎 𝒂𝒏𝒅 𝒗 = 𝟎

𝟏

𝟐 𝒈
.
𝟏

𝒌
. 𝒍𝒏 𝒈 + 𝟎 −

𝟏

𝟐 𝒈
.
𝟏

𝒌
. 𝒍𝒏 𝒈 − 𝟎 = 𝟎 + 𝒄

𝟏

𝟐 𝒈𝒌
𝒍𝒏 𝒈 − 𝒍𝒏 𝒈 = 𝒄

𝟏

𝟐 𝒈𝒌
. 𝒍𝒏

𝒈

𝒈
= 𝒄 →

𝟏

𝟐 𝒈𝒌
. 𝒍𝒏 𝟏 = 𝒄 → 𝒄 = 𝟎

0
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𝟏

𝟐 𝒈
.
𝟏

𝒌
. 𝒍𝒏 𝒈 + 𝒌 𝒗 −

𝟏

𝟐 𝒈
.
𝟏

𝒌
. 𝒍𝒏 𝒈 − 𝒌 𝒗 = 𝒕

𝟏

𝟐 𝒈𝒌
𝒍𝒏

𝒈 + 𝒌 𝒗

𝒈 − 𝒌 𝒗
= 𝒕 → 𝒍𝒏

𝒈 + 𝒌 𝒗

𝒈 − 𝒌 𝒗
= 𝟐 𝒈𝒌 𝒕

𝒆
𝒍𝒏

𝒈+ 𝒌 𝒗

𝒈− 𝒌 𝒗 = 𝒆𝟐 𝒈𝒌 𝒕

𝒈 + 𝒌 𝒗

𝒈 − 𝒌 𝒗
= 𝒆𝟐 𝒈𝒌 𝒕 → 𝒈+ 𝒌 𝒗 = 𝒆𝟐 𝒈𝒌 𝒕 𝒈 − 𝒌 𝒗
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𝒈 + 𝒌 𝒗 = 𝒈 . 𝒆𝟐 𝒈𝒌 𝒕 − 𝒌 . 𝒗 . 𝒆𝟐 𝒈𝒌 𝒕

𝒌 . 𝒗 + 𝒌 . 𝒗. 𝒆𝟐 𝒈𝒌 𝒕 = 𝒈 . 𝒆𝟐 𝒈𝒌 𝒕 − 𝒈

𝒌 . 𝒗 𝟏 + 𝒆𝟐 𝒈𝒌 𝒕 = 𝒈 𝒆𝟐 𝒈𝒌 𝒕 − 𝟏

𝒌 𝒗

𝒈
=

𝒆𝟐 𝒈𝒌 𝒕 − 𝟏

𝒆𝟐 𝒈𝒌 𝒕 + 𝟏
×

𝒆−𝟐 𝒈𝒌 𝒕

𝒆−𝟐 𝒈𝒌 𝒕
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𝒌 𝒗

𝒈
=

𝒆 𝒈𝒌 𝒕 − 𝒆− 𝒈𝒌 𝒕

𝒆 𝒈𝒌 𝒕 + 𝒆− 𝒈𝒌 𝒕
= 𝒕𝒂𝒏𝒉 𝒈𝒌 𝒕

𝒌 𝒗 = 𝒈 . 𝒕𝒂𝒏𝒉 𝒈𝒌 𝒕

𝒗 =
𝒈

𝒌
. 𝒕𝒂𝒏𝒉 𝒈𝒌 𝒕

𝒅𝒙

𝒅𝒕
=

𝒈

𝒌
. 𝒕𝒂𝒏𝒉 𝒈𝒌 𝒕

𝒕𝒂𝒏𝒉𝜽 =
𝒆𝜽 − 𝒆−𝜽

𝒆𝜽 + 𝒆−𝜽
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න𝒅𝒙 =
𝒈

𝒌
න𝒕𝒂𝒏𝒉 𝒈𝒌 𝒕 𝒅𝒕

𝒙 =
𝒈

𝒌
.
𝟏

𝒈𝒌
. 𝒍𝒏 𝒄𝒐𝒔𝒉 𝒈𝒌 𝒕 + 𝒄

𝒙 =
𝟏

𝒌
. 𝒍𝒏 𝒄𝒐𝒔𝒉 𝒈𝒌 𝒕 + 𝒄

𝒂𝒕 𝒕 = 𝟎 𝒂𝒏𝒅 𝒙 = 𝟎 → 𝒄 = 𝟎

𝒙 =
𝟏

𝒌
. 𝒍𝒏 𝒄𝒐𝒔𝒉 𝒈𝒌 𝒕
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Example 18:

The initial temperature of body is 𝟏𝟑𝟎℃ , it put in media of 𝟏𝟎℃ temperature. 
Find the temperature of the body after 30 min. , if the temperature of the body 
became 𝟖𝟎℃ , after put it in this media for 15 min. 

𝑼𝒆𝒔 𝑵𝒆𝒘𝒕𝒆𝒏𝒔 𝒍𝒂𝒘 𝒐𝒇 𝒄𝒐𝒐𝒍𝒊𝒏𝒈:
𝒅𝑻

𝒅𝒕
= −𝒌 𝑻 − 𝑻𝒂

Where
𝒌 → 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕
𝑻 → 𝒕𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝒃𝒐𝒅𝒚
𝑻𝒂 → 𝒎𝒆𝒅𝒊𝒂 𝒕𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒆
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:
𝒅𝑻

𝒅𝒕
= −𝒌 𝑻 − 𝑻𝒂 →

𝒅𝑻

𝒅𝒕
= −𝒌 𝑻 − 𝟏𝟎

න
𝒅𝑻

𝑻 − 𝟏𝟎
= −𝒌 න𝒅𝒕

𝒍𝒏 𝑻 − 𝟏𝟎 = −𝒌𝒕 + 𝒄 → 𝒆𝒍𝒏 𝑻−𝟏𝟎 = 𝒆−𝒌𝒕+𝒄 → 𝑻− 𝟏𝟎 = 𝒆−𝒌𝒕 + 𝒆𝒄

𝑻 − 𝟏𝟎 = 𝒆−𝒌𝒕. 𝒆𝒄

𝒍𝒆𝒕 𝒆𝒄 = 𝑨

𝑻 − 𝟏𝟎 = 𝒆−𝒌𝒕 . 𝑨 → 𝑻 = 𝑨 𝒆−𝒌𝒕 + 𝟏𝟎
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𝒂𝒕 𝒕 = 𝟎 𝒂𝒏𝒅 𝑻 = 𝟏𝟑𝟎℃
𝟏𝟑𝟎 = 𝑨 𝒆𝟎 + 𝟏𝟎 → 𝑨 = 𝟏𝟐𝟎

𝑻 = 𝟏𝟐𝟎 𝒆−𝒌𝒕 + 𝟏𝟎
𝒂𝒕 𝒕 = 𝟏𝟓𝒎𝒊𝒏. 𝒂𝒏𝒅 𝑻 = 𝟖𝟎℃

𝟖𝟎 = 𝟏𝟐𝟎 𝒆−𝒌 𝟏𝟓 + 𝟏𝟎 → 𝒆−𝒌 𝟏𝟓 =
𝟖𝟎 − 𝟏𝟎

𝟏𝟐𝟎
= 𝟎. 𝟓𝟖𝟑𝟑

𝒍𝒏 𝒆−𝒌 𝟏𝟓 = 𝒍𝒏 𝟎. 𝟓𝟖𝟑𝟑 → −𝒌 𝟏𝟓 = 𝒍𝒏 𝟎. 𝟓𝟖𝟑𝟑 → 𝒌 = 𝟎. 𝟎𝟑𝟔

𝑻 = 𝟏𝟐𝟎 𝒆−𝟎.𝟎𝟑𝟔𝒕 + 𝟏𝟎
𝒂𝒕 𝒕 = 𝟑𝟎𝒎𝒊𝒏.

𝑻 = 𝟏𝟐𝟎 𝒆−𝟎.𝟎𝟑𝟔 𝟑𝟎 + 𝟏𝟎 = 𝟓𝟎. 𝟕𝟓
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