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Simultaneous Differential Equations       المعادلات التفاضلية الانية

If two or more dependent variables are a functions of a single independent variable, the 

equations involving their derivative are called simultaneous equations, 

xمثلاساسيمتغيرمناكثرتتضمنالتيالمعادلاتوهي , yالتاليةالمعادلاتفيموضحكما.واحداساسيغيرمتغيرعلىوتحتوي:

𝒅𝒙

𝒅𝒕
+ 𝟒𝒚 = 𝒕 ;

𝒅𝒚

𝒅𝒕
+ 𝟐𝒙 = 𝒆𝒕

.مستقلمتغير tبينما تمثل دمعتممتغير x , yحيث ان كل من 

The method of solving these equations is based on process of elimination.

.الاختزالوالحذفطريقةعلىنعتمدالمعادلاتمنالنوعهذاولحل
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Example 23:    Solve
𝒅𝒙

𝒅𝒕
= −𝒘𝒚 ,

𝒅𝒚

𝒅𝒕
= 𝒘𝒙

On putting 
𝒅

𝒅𝒕
= 𝑫 in the equations, we have 

𝒘𝑫𝒙 +𝒘𝟐𝒚 = 𝟎……………(𝟑)

−𝒘𝑫𝒙 + 𝑫𝟐𝒚 = 𝟎…………… 𝟒
---------------------------------- بالجمع

𝒘𝟐 𝒚 + 𝑫𝟐 𝒚 = 𝟎 → 𝒘𝟐 +𝑫𝟐 𝒚 = 𝟎…………… 𝟓

𝑫𝒙 +𝒘𝒚 = 𝟎 …………… 𝟏 ×𝒘

𝑫𝒚 −𝒘𝒙 = 𝟎 …………… 𝟐 × 𝑫
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𝑫𝟐 +𝒘𝟐 = 𝟎 → 𝑫𝟐 = −𝒘𝟐 → 𝑫 = ±𝒘𝒊
𝒚 = 𝑨 𝒄𝒐𝒔 𝒘𝒕 + 𝑩 𝒔𝒊𝒏 𝒘𝒕…………… 𝟔

𝒅𝒚

𝒅𝒕
= 𝑫𝒚 = −𝑨𝒘 𝒔𝒊𝒏 𝒘𝒕 + 𝑩 𝒘 𝒄𝒐𝒔 𝒘𝒕

On putting the value of Dy in (2), we get  -wx – Aw sin wt +Bw cos wt = 0

−𝑨𝒘 𝒔𝒊𝒏 𝒘𝒕 + 𝑩 𝒘 𝒄𝒐𝒔 𝒘𝒕 = 𝒘𝒙
𝒙 = −𝑨 𝒔𝒊𝒏 𝒘𝒕 + 𝑩 𝒄𝒐𝒔 𝒘𝒕 …………… 𝟕

On squaring (6) and (7) and adding, we get

𝑥2 + 𝑦2 = 𝐴2 𝑐𝑜𝑠2𝑤𝑡 + 𝑠𝑖𝑛2𝑤𝑡 + 𝐵2 (𝑐𝑜𝑠2𝑤𝑡 + 𝑠𝑖𝑛2𝑤𝑡)
𝑥2 + 𝑦2 = 𝐴2 + 𝐵2……. This is equation of circle 
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Example 24 : Solve the following simultaneous equations
𝒅𝒙

𝒅𝒕
+

𝒅𝒚

𝒅𝒕
+ 𝟐𝒙 + 𝒚 = 𝟎 ;

𝒅𝒚

𝒅𝒕
+ 𝟓𝒙 + 𝟑𝒚 = 𝟎

On putting 
𝒅

𝒅𝒕
= 𝑫 in the equations, we have 

𝑫𝒙 +𝑫𝒚 + 𝟐𝒙 + 𝒚 = 𝟎

𝑫𝒚 + 𝟓𝒙 + 𝟑𝒚 = 𝟎

(D+2) x + (D+1) y = 0 ……………….(1)

5 x + (D+3) y = 0          ……………….(2)

Multiplying (1) by 5 and (2) by (D+2), we get 

𝑫 + 𝟐 𝒙 + 𝑫 + 𝟏 𝒚 = 𝟎 × 𝟓

𝟓𝒙 + 𝑫 + 𝟑 𝒚 = 𝟎 × 𝑫 + 𝟐
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𝟓 𝑫 + 𝟐 𝒙 + 𝟓 𝑫 + 𝟏 𝒚 = 𝟎 ……………….(3)

𝟓 𝑫 + 𝟐 𝒙 + 𝑫+ 𝟐 𝑫 + 𝟑 𝒚 = 𝟎……………….(4)

----------------------------------------------------------- subtracting (3) from (4)    بالطرح

𝑫+ 𝟐 𝑫 + 𝟑 𝒚 − 𝟓 𝑫 + 𝟏 𝒚 = 𝟎

𝑫𝟐 + 𝟓𝑫 + 𝟔 − 𝟓𝑫 − 𝟓 𝒚 = 𝟎

𝑫𝟐 + 𝟏 𝒚 = 𝟎 → 𝑫𝟐 + 𝟏 = 𝟎 → 𝑫𝟐 = −𝟏 → 𝑫 = ±𝒊

𝒚 = 𝑨 𝒄𝒐𝒔 𝒕 + 𝑩 𝒔𝒊𝒏 𝒕

𝒅𝒚

𝒅𝒕
= 𝑫𝒚 = −𝑨 𝒔𝒊𝒏 𝒕 + 𝑩 𝒄𝒐𝒔 𝒕
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Putting the value of Dy and y in (2), we get

(2)في المعادلة رقم Dyو yنعوض عن قيمة 

𝟓𝒙 − 𝑨 𝒔𝒊𝒏 𝒕 + 𝑩 𝒄𝒐𝒔 𝒕 + 𝟑𝑨 𝒄𝒐𝒔 𝒕 + 𝟑𝑩 𝒔𝒊𝒏 𝒕 = 𝟎

𝟓𝒙 = 𝑨 𝒔𝒊𝒏 𝒕 − 𝑩 𝒄𝒐𝒔 𝒕 − 𝟑𝑨 𝒄𝒐𝒔 𝒕 − 𝟑𝑩 𝒔𝒊𝒏 𝒕

𝒙 =
𝟏

𝟓
𝑨 − 𝟑𝑩 𝒔𝒊𝒏 𝒕 − 𝟑𝑨 + 𝑩 𝒄𝒐𝒔 𝒕
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Example 25: 

Find amount of a salt in the tank A and tank B with respect to time if after 10 min.

the amount of salt in the tank A and tank B equal 100 lb and 60 lb respectively.

A B

𝑽 = 𝟓𝟎 𝒈𝒂𝒍.𝑽 = 𝟏𝟎𝟎 𝒈𝒂𝒍.

𝑪𝒐𝒖𝒕 = 𝟐 𝒍𝒃/𝒈𝒂𝒍.

𝟓 𝒈𝒂𝒍./𝒎𝒊𝒏

𝑪𝒊𝒏 = 𝟓 𝒍𝒃/𝒈𝒂𝒍.
𝟓 𝒈𝒂𝒍./𝒎𝒊𝒏
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𝑸𝒐𝒖𝒕 = 𝟓
𝒈𝒂𝒍.

𝒎𝒊𝒏.

A

𝑸𝒐𝒖𝒕 = 𝟓
𝒈𝒂𝒍.

𝒎𝒊𝒏.

𝑪𝒐𝒖𝒕 =
𝑾𝑨

𝑽𝑨

𝑸𝒊𝒏 = 𝟓
𝒈𝒂𝒍.

𝒎𝒊𝒏.

𝑪𝒊𝒏 =
𝑾𝑩

𝑽𝑩

B

𝑸𝒊𝒏 = 𝟓
𝒈𝒂𝒍.

𝒎𝒊𝒏.

𝑪𝒊𝒏 =
𝑾𝑨

𝑽𝑨

𝑪𝒐𝒖𝒕 =
𝑾𝑩

𝑽𝑩
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𝒅𝑾𝑨

𝒅𝒕
= 𝑸𝒊𝒏 . 𝑪𝒊𝒏 − 𝑸𝒐𝒖𝒕 . 𝑪𝒐𝒖𝒕

𝒅𝑾𝑨

𝒅𝒕
= 𝟓 .

𝑾𝑩

𝟓𝟎
− 𝟓 .

𝑾𝑨

𝟏𝟎𝟎

𝒙 → 𝑾𝑨 𝑨 الخزان في الملح كمية

𝒚 → 𝑾𝑩 𝑩 الخزان في الملح كمية

𝒅𝒙

𝒅𝒕
= 𝟓 .

𝒚

𝟓𝟎
− 𝟓 .

𝒙

𝟏𝟎𝟎

𝒅𝒙

𝒅𝒕
=

𝒚

𝟏𝟎
−

𝒙

𝟐𝟎
…………… . . 𝟏
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𝒅𝑾𝑩

𝒅𝒕
= 𝑸𝒊𝒏 . 𝑪𝒊𝒏 − 𝑸𝒐𝒖𝒕 . 𝑪𝒐𝒖𝒕

𝒅𝑾𝑩

𝒅𝒕
= 𝟓 .

𝑾𝑨

𝟏𝟎𝟎
− 𝟓 .

𝑾𝑩

𝟓𝟎

𝒅𝒚

𝒅𝒕
=

𝒙

𝟐𝟎
−

𝒚

𝟏𝟎
…………… . . 𝟐

D𝒙 =
𝒚

𝟏𝟎
−

𝒙

𝟐𝟎
→ 𝟐𝟎 𝑫𝒙 = 𝟐𝒚 − 𝒙

𝟐𝟎𝑫 + 𝟏 𝒙 − 𝟐𝒚 = 𝟎 ……………… . . 𝟑
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𝑫𝒚 =
𝒙

𝟐𝟎
−

𝒚

𝟏𝟎
→ 𝟐𝟎 𝑫𝒚 = 𝒙 − 𝟐𝒚

𝟐𝟎𝑫 + 𝟐 𝒚 − 𝒙 = 𝟎 ……………… . . 𝟒

𝟐𝟎𝑫 + 𝟏 𝒙 − 𝟐𝒚 = 𝟎

𝟐𝟎𝑫 + 𝟐 𝒚 − 𝒙 = 𝟎 × 𝟐𝟎𝑫 + 𝟏

𝟐𝟎𝑫 + 𝟏 𝒙 − 𝟐𝒚 = 𝟎

− 𝟐𝟎𝑫 + 𝟏 𝒙 + 𝟐𝟎𝑫 + 𝟐 𝟐𝟎𝑫 + 𝟏 𝒚 = 𝟎
−−−−−−−−−−−−−−−−−−−−−−−−−− بالجمع

𝟐𝟎𝑫 + 𝟐 𝟐𝟎𝑫 + 𝟏 𝒚 − 𝟐𝒚 = 𝟎
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𝟒𝟎𝟎 𝑫𝟐 + 𝟔𝟎𝑫 + 𝟐 − 𝟐 𝒚 = 𝟎 → 𝟒𝟎𝟎𝑫𝟐 + 𝟔𝟎𝑫 𝒚 = 𝟎

𝟒𝟎𝟎𝒎𝟐 + 𝟔𝟎𝒎 = 𝟎 → 𝒎 𝟒𝟎𝟎𝒎+ 𝟔𝟎 = 𝟎

𝒎𝟏 = 𝟎 , 𝒎𝟐 =
−𝟔𝟎

𝟒𝟎𝟎
= −𝟎. 𝟏𝟓

𝒚 = 𝒄𝟏 + 𝒄𝟐 𝒆
−𝟎.𝟏𝟓 𝒕

𝒂𝒕 𝒕 = 𝟎 , 𝒚 = 𝑾𝑩 = 𝑪𝒐𝒖𝒕 × 𝑽𝑩 = 𝟐 × 𝟓𝟎 = 𝟏𝟎𝟎

𝟏𝟎𝟎 = 𝒄𝟏 + 𝒄𝟐 𝒆
𝟎 → 𝒄𝟏 = 𝟏𝟎𝟎 − 𝒄𝟐

𝒚 = 𝟏𝟎𝟎 − 𝒄𝟐 + 𝒄𝟐 𝒆
−𝟎.𝟏𝟓 𝒕
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𝒂𝒕 𝒕 = 𝟏𝟎 , 𝒚 = 𝟔𝟎

𝟔𝟎 = 𝟏𝟎𝟎 − 𝒄𝟐 + 𝒄𝟐 𝒆
−𝟎.𝟏𝟓 𝟏𝟎 → 𝒄𝟐 = 𝟓𝟏. 𝟓

𝒄𝟏 = 𝟏𝟎𝟎 − 𝟓𝟏. 𝟓 = 𝟒𝟖. 𝟓

𝒚 = 𝟒𝟖. 𝟓 + 𝟓𝟏. 𝟓 𝒆−𝟎.𝟏𝟓 𝒕 , 𝑾𝑩 = 𝟒𝟖. 𝟓 + 𝟓𝟏. 𝟓 𝒆−𝟎.𝟏𝟓 𝒕

𝒅𝒚

𝒅𝒕
= −𝟕. 𝟕𝟐𝟓 𝒆−𝟎.𝟏𝟓 𝒕
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رقم المعادلة في 𝟐بالتعويض

−𝟕. 𝟕𝟐𝟓 𝒆−𝟎.𝟏𝟓 𝒕 =
𝒙

𝟐𝟎
−

𝟒𝟖. 𝟓 + 𝟓𝟏. 𝟓 𝒆−𝟎.𝟏𝟓 𝒕

𝟏𝟎

−𝟏𝟓𝟒. 𝟓 𝒆−𝟎.𝟏𝟓 𝒕 = 𝒙 − 𝟗𝟕 − 𝟏𝟎𝟑 𝒆−𝟎.𝟏𝟓 𝒕

𝒙 = 𝟗𝟕 − 𝟓𝟏. 𝟓 𝒆−𝟎.𝟏𝟓 𝒕

𝑾𝑨 = 𝟗𝟕 − 𝟓𝟏. 𝟓 𝒆−𝟎.𝟏𝟓 𝒕


