CHAPTER 2
LIMITS

Limits
If f is the identity function f(x) = x, than for any value of ¢

limf(x)=limx=c
X—=C X—=C

limx=3
x—3

If f is constant function f(x) = k, ( function with the constant value
k), then for any value of c.

limf(x) =limk=k

X—=C X—=C

lim(4) = 4

x—7

ii_?}?c@(f(x). gx))=LM

lim f(x) = L
x—~cgx) M ’

M =0
lim[f(0)]"™ = L™

lim%/f(x) ="3VL = L

X—=C
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The Limit Laws
If L, M, c and k are real numbers and

limf(x) =L and limg(x) =M

ai_r){:l(f(x) +gx))=L+M
Lim(f(x) —g(x)) =L—-M
lim(k.f(x)) =k.L

X—C

Example

Find

lim(x3 + 4x* — 3)

X—C

= limx3 +lim4x* —lim3 = c¢3+4c¢%2-3

X—C X—C X—C

i xt+x% -1

im

xX—C x2+5
lim(x4+x2—1) B limxY¥+lim x2-lim 1 ctic2_1

X—=C X—=C X—=C X—C —_

lim(x2+5) lim x2+lim 5  c%45

X—=C X—=C X—=C




lim+/4x% -3

x—=2

- Jlim(4x2—3) - \/lim4x2—lim3

x——-2 x—-2 x——2

- Ja(-2-3= Vi6-3 = V13

Example
Find

, x3 +4x%2 -3 . (-1)3+4(-1D%2-3 o0 0
1m = 11m = — =
x>-1 x2+5 x——1 (-1)2+5 6

;o xPrx—-2 . 2 2 142
llml tx — llmm = li x+ — + =3



x2+100—-10

lim 5
x—0 X
 Jx2+100 —10 VxZ + 100+ 10
= lim 5 )
x—0 X x2 4+ 100+ 10
2 x2
] x4+ 100-—100 .
= lim = lim

032 (2 + 100 +10)  *0%° (V% + 100 + 10)

1 1 1 1

=l 2+ 100+10 +(0)2+100+10 10+10 20

One Side Limits

Y sin 6 .
=0 6
Example
Show that

cosh —1
lim =0
h =0 h

h
cosh =1— 2 sin? (E)



I cosh —1 1
im———=1lim
h —0 h h—0 h
—2 sin? (2 I
= lim—(z) ., letf ==
h—=0 h 2
. —2%in% e . ing .
:Ilmﬂ:—hmsm .sin @
h—-0 208 h—0 @
=~ (1)(0) = 0
¥ sin2x 2
1111 =
x—0 BSx 5
2 .
. sin2x : MS‘IRZJ{) 2 sin 2x
lim =lim=5——=- 1
x—0 Sx x—0 %(Sx) 5 x—0 2x
2 sin @ 2 2
=5 lim=—=50) =3

- h=26

, Let 8 = 2x



Example
tant sec 2t

Find lim
t—0 3t
~ tantsec 2t 1 1 sint 1
lim = lim— .—. .
t—0 3t t—-=03 € cost cos?2t

1,. sint 1 1
= =lim . .
3t—-0 t cost cos2t

1
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Limits Involving Infinity

Example
Find
1 1
Im|(5+—|= lim5+ lim—=5+0=5
X— oo X X— o0 x—oo X
/3 11
lim 5 = lim w.V3.= .=
x——oo X xX——oo X X

= lim mv/3. lim 1 Jim §= mV3.(0).(0) =0
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Example

) . 5x%4+8x -3
Find - lim =7
7 8 3
. 5x“+8x —3 StT 2
lim 5 = lim 5
X—co 3x=+ 2 x—00 el
3+ =
X
_ 5+0+0 5
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Example
_ . 11x+2
Find xl_{ﬂ;] 331
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11x + 2 2z

lim = lim <
X——00 3x3—1 X==® o
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Example

Find lim (x— m)

X — o0

lim (x - Vx? +16) = lim (x— Va2 + 16) xt+ 116

X — oo X — co x4 x2+16

— lim x%— (x2+16) _ lim/,(z%{f_lf,
X — oo x+\,l'x2+16 x—FOOx+ﬁ,’x2+16

-16
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16 16
x—)OOx xZ 16 x—>ool+ i1+E
__I_ 5 > xz
X X X
0 0
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Example

y (x—2)2_ (x—2)% i XT2_2-2
A]LI} xz — B xlllé g)’/ZZ)(I +2) xll}% x+2 2+2

x—2 1 1 1
lim ———= lim ;// = lim = —
—2x2 =4 x-2(x<2)(x+2)  x-2 2x+2 2+2 4
Example

lim =2

Find xl—>n§ 2.1

¥*-8  (x<2)(x*+2x+4) . x*+2x+4
lim —— = lim = lim
x—2 X 4 x-2 WZ)(I +2) x—2 x+2

_ (@F+2)+4 12 3
N 2+2 4




