Lecture (1)

Techniques of Integration
(&2 Jalsill) Integration by Parts
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Integration by Parts Formula

fudv=uu—/vdu

EXAMPLE 1 Find

/xcosxdx.

Solution We use the formula fu dv = uv — f*u du with

i dv = cos x dx,

du

X,
dx, v = sin X. Simplest antiderivative of cos x

Then

fxcosxrix = xsinx — fsinxd_r = xsinx + cosx + C.

fln_rdx.

Solution Since fln.rdx can be written as f]nx*laix, we use the formula

fudv=uv— fvduwith

EXAMPLE 2  Find

u=Inx Simplifies when differentiated dv = dx Easy to integrate
_ 1. _ L
du = + dx, v =X Simplest antiderivative

Then from Equation (2),

]In_rcix=_rln_r—fx-%cir=x]nx—fd.r=xlnx—.r+ C. [ |



Trigonometric Substitutions

Va? + x* N
(2
a

X =gatan @

Va® + x7 = a|sec 8|

EXAMPLE 1 Evaluate

Solution We set

x = 2tan#,

4 +x2=4+4tan’*0 = 4(1 + tan®0) = 4 sec?

FIGURE 8.4 Reference triangle for
x = 2tan 8 (Example 1):

_ X
tan 8 = 2
and
V4 + X2
secl = ———.,
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Wat — x2

x=asinf x=asecd

Va® — x* = alcos 8| Vx? —a’ = altan 8|

dx
/\/4 + xl.

— 2 _E " " o] z
dx = 2sec-0db, > 0 -3
0.

Then

2sectfdf [ sec’fdb

dx = _— —
/ V4 + x° __[ V4 sec’ @ |Sf:cﬂ'|

=fsecﬂdﬂ

=In |secﬂ - tan|9| + C

VAT,

_ X
= In 3 2+C.




EXAMPLE 4 Evaluate

Ln| ks

dx
—— =
fVEE—4
Solution We first rewnte the radical as

V252 — 4 = \/ 25 (.{ﬁ _ %)

— |III 2 g :
-sye=(3)

to put the radicand in the form x* — a®. We then substitute

. %secﬂf dx =%mamadﬂ, 0<0<Z

_ A4 o 4
=73 (sec @ — 1) = 2St::m f
| 2 tan 8 = 0 for
‘\IIII.IE - (%) |tan | = 3t::1n B. 0<8<m/2
With these substitutions, we have
/ / (2/5) sec O tan 8 df
V252 — 4 va- (4;35} - 5-(2/5) tan 6

ﬁ/secﬁdﬁ |n|sacﬂ+tanﬂ|+£'

25x° — 4
+ g‘ + C_ ]'.rl.!l'."l E:|":'- o6




Integration of Rational Functions by Partial Fractions

EXAMPLE 1 Use partial fractions to evaluate

2+ 4+ 1
(x— Dix+ Dix+ 3

dx.

Solution The partial fraction decomposition has the form

X+ 4x + 1 A N B N C
x—Dx+Dx+3) x—1 " "x+1" x+3

To find the values of the undetermined coefficients A, K, and C, we clear fractions and get
4+ 1 =Ax+DE+N+Bx-Dx+3D+Cx—Dx+1)
AP +4x+3)+BFP+2x-3)+Clx*-1)
=(A+B+Cx*+ (44 + 2B)x + (34 — 3B - ().

The polynomials on both sides of the above equation are identical, so we equate coeffi-
cients of like powers of x, obtaining

Coefficient of x*: A+ B+C=1
Coefficient of x': 44 + 2R =4
Coefficient of ™ MM -3B-C=1

There are several ways of solving such a system of linear equations for the unknowns A, B,
and C, including elimination of variables or the use of a calculator or computer. Whatever

method is used, the solutionis A = 3/4, B = 1/2, and C = —1 /4. Hence we have
xt+ dx + 1 = 3 1 +I_ 1 1 1 dx
fx— 1x + Dix + 3) 4x—1 2x+1 4x+3|

3 1 1
=1|ﬂ|x— I|+§In|x+ ||—1|n|x+ 3| + K,

where K is the arbitrary constant of integration (to avoid confusion with the undetermined

coefficient we labeled as C). [ |



EXAMPLE 2 Use partial fractions to evaluate

6x + 7
(x + 2)°

dx.

Solution First we express the integrand as a sum of partial fractions with undetermined
coefficients.

x+7 _ A . _B
(x+2? x+2 (x+2)7
6x +7T=Ax+2)+ B Multiply both sides by (x + 2)%.
=Ax+ (24 + B)

Equating coefficients of corresponding powers of x gives

A=6 and 2A+B=12+B=17, or A=6 and B = -5

6x + 7 6 5
dx = - _)d
(x + 27 /(HE u+2)~) '

_ dx _ —2
_ﬁ/x+2 5/{x+2} dx

=6In|x+2| +5x+2)7"+C |

Therefore.




EXAMPLE 4  Use partial fractions to evaluate

—2x+4
(a2 + 1hx — l}f‘ir

Solution The denominator has an irreducible quadratic factor as well as a repeated linear
factor, so0 we writa

“+4  _Ax+B,_C D
E+r-1P 2+1 -1 @-1p @

Clearing the equation of fractions gives

“x+4=(Ar+Bx— 1P+ Cx— D2+ 1)+ Dix?+ 1)
=A+ 0 + (-4 + B - C+ D
+A-2B+Cx+(B—C+ D).

Equating coefficients of like terms gives

Coefficients of x* D=A+C

Coefficients of 17 0=-24+8-C+D
Coefficients of x: -2 =A - 2B+ C
Coefficients of 1% 4=B-C+D

We solve these equations simultaneously to find the values of A, B, C, and D

—4 = —24, A=2 Subitract fourth equation from second
C=—-A=-2 From the first equation
B={A+C+22=1 From the third squaton and © = —A
D=4 -B+C=1. From the fourth equation

We substitute these values into Equation (2), obtaining

“2+4 W+l 2 1
i+ i —1F 2+1 r—1 -1

Finally, using the expansion above we can integrate:

2 + 4 _ffzx+1 2 1
{_t1+lj|{x—]}1ﬂ_f(13+] 1_|+{I—|]:)dx

B 2x 1 2 1
_f(x!+1+x1+l I—l+{x—l}1)‘“
1

=lni{+ 1) +tan'x —2Injx—1 —r—7+C =




EXAMPLE 5  Use partial fractions to evaluate

[ dx
xl? + 1

Solution The form of the partial fraction decomposition is

1 A Bx+C Di+E
e+ Xr @ T
Multiplving by x(x® + 1%, we have
1 =Al2 + 12 + (Bx + Oxlx® + 1) + (Dx + Exx
Al + 2+ 1)+ Bl + )+ Clx + x) + D2 + Ex
A+ Bt + O+ 24+ B+ D +(C + Eix + A

If we equate coefficients, we get the system
A+B=0, C=0 ZA+B+ D=0, C+E=0, A=1L
Solving this svstemgives A = 1, B=—1, C =0, D= —1, and E = (1. Thus,

iy _ 1 —X —X
meHf‘fL+f+l+W+nJ“
_ g_f xdx _f xdx
T 2+ x? + 17
_ E_l d_“_l dut W=+ 1,
- x 2] 4 20 dit = 2xelx

=In|:-:|—§llnn +ﬁ+ﬁ:’

= In |x]| Lp@sn+

3 + K

o
a2+ 1)
|x 1

= tamen tE




