Lecture (4)
Infinite Sequences and Series
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Power series
DEFINITIONS A power series about x = 0 is a series of the form
E‘;{‘ﬂf’=f,}+c|_r+fgxl+---+fﬂﬂ+---. (1)

=0

A power series about x = a 1s a series of the form

defr—a=gt+ogr—a+o—al+ - +elax—ar+- (2
n=0
in which the center a and the coefficients ¢, |, ¢a, . . ., Cp. - . . are constants.

EXAMPLE 2 The power series
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matches Equation (2) with a =2, ¢ = LLey=—-1/2, ;= 1/4, ..., ¢, = (=1 /2"
This is a geometric series with first term | and ratio r = — r;_? The series converges
for |= ; 2 < lor0 < x << 4. The sum 1s
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Series (4) generates useful polynomial approximations of f(x) = 2/x for values of x near 2:
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EXAMPLE 4 Find series for f'(x) and f"(x) if
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flx) =
= Ex"._, —1 << x < 1.

Solution We differentiate the power series on the right term by term:
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Taylor and Maclaurin Series

DEFINITIONS Let f be a function with derivatives of all orders throughout some
interval containing a as an interior point. Then the Taylor series generated by f

atx = g is

B l::ll:' o
éﬂ;}u —af = f@) + Fla)x — a) + f;;ﬂ{x — ap

fa)
nl

+ -+ x—ayf +

The Maclaurin series of f is the Taylor series generated by fat x = 0, or
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EXAMPLE 1 Find the Taylor series generated by f(x) = 1/x at a = 2. Where, if
anywhere, does the series converge to 1 /x7

Solution We need to find f(2), £'(2), £"(2), . ... Taking derivatives we get
f=x" f)=-x7% f)=27 - %)= (=1yax ™0,
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The Taylor senes 1s
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EXAMPLE 2 Find the Taylor series and the Taylor polynomials generated by f(x) = &°
atx = 0.

Solution Since f™(x) = ¢ and f"M0) = 1 forevery n = 0,1, 2, . . ., the Taylor series
generated by f at x = 0 (see Figure 10.17) 1s
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EXAMPLE 2 We know from Section 3.11, Example 1, that V1 +x = 1 + (x/2)
for |x| small. With m = 1/2, the binomial series gives quadratic and higher-order
approximations as well, along with error estimates that come from the Alternating Series

Estimation Theorem:
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