Lecture (5)

Three-Dimensional Coordinate Systems
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EXAMPLE 2 What points P(x, v, 7) satisfy the equations
X+ =4 and z =137
Solution The points lie in the horizontal plane z = 3 and, in this plane, make up the

circle x> + y* = 4. We call this set of points “the circle x> + ¥* = 4 in the plane 7 = 3"
or, more simply, “the circle x> + ¥* = 4, z = 3" (Figure 12.4). [ |
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The Standard Equation for the Sphere of Radius a and Center (x, vy, z5)

x—x) +(y— W) +(z— ) =a



EXAMPLE 4 Find the center and radius of the sphere
XV 4+ + -4+ 1=0

P+ + 2+ —4z+1=0
(22 4+ 3x) + y* 4+ (22 — 42) = -1

(o0 3)) o (- (7)) -+ ) < (3)
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(_r+§) ty +-2r=-1+7+4=7.
From this standard form, we read that x;, = —3/2,y, = 0.z = 2, and @ = V21 /2. The
center is (—3/2, 0, 2). The radius 1s V21/2. [ |
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EXAMPLE 1 Find the (a) component form and (b) length of the vector with initial
point P(—3. 4, 1) and terminal point Q(—3, 2, 2).

Solution
{a) The standard position vector v representing P_Q has components

MER-x=-5-(3)=-2 wm=p-y=2-4=-2

and

The component form of P_{:? IS
v={-2,-2,1).

(b) The length or magnitude of v = JTQ IS
v = VE2R + (22 + (0P = VO =3,




DEFINITIONS Let uw = {uy. . uz3) and v = (v, va, v3) be vectors with k a

scalar.

Addition: u+v={u + v, + VU + Vi)

Scalar multiplication: kv = (kuy, kus, kus )
EXAMPLE 3 Letuw = (—1.3,1) and v = (4, 7.0). Find the components of

{a) 2u + 3v (b} w — v ic %u .

Solution

(@) 2u+3v=2(—131) +3(47.0) = (-2.6,2) + (12,21,0) = (10,27.2)
b) u—v={(-131) — (47,0) = (-1 —4,3 -7,1—-0) = (-5,—4,1)
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Properties of Vector Operations
Let u, v, w be vectors and a, b be scalars.
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l.u+v=v+u Zolu+vi+w=u+(v+w
Ju+0=u 4 u+i(—u)y=10

5. 0u=10 6. lu =u

7. albu) = (abju 8. alu + v) = au + av

9, {a + P)u = au + bu

EXAMPLE 4 Find a unit vector u in the direction of the vector from P(1,0, 1) to
B3, 2,00

Solution We divide Jﬁz by its length:
FT.E"?=(3— i+ 2 -0 +0-1Dk=21+2-k
PR = V2P + QF + 1P =Va+4+1=0=3

PP, 2i+2—k
u = — = 3 =
PP

2., 2. 1
i] + E‘] — ik'
The unit vector u 1s the direction of PTF’E. [ |

The Dot Product

DEFINITION The dot product u-v (“u dot v**) of vectors u = {u,, i,, i)
and v = (v, vo, v1) 18 the scalar

u*v = vy + vy + Uzvs.



EXAMPLE 1 We illustrate the definition.
(a) (1,-2,—1)-{—6,2,-3) = (1N=6) + (=2K2) + (—1)=3)
=—6—-4+3= -7

(b) (%I + 35 + k) 4 —j+ 2k) = (%)(4} + (31 + (I1n2) =1
DEFINITION Vectors u and v are orthogonal if u-v = (.

EXAMPLE 4 To determine if two vectors are orthogonal, calculate their dot product.

(a) w= (3,-2)andv = (4, 6) are orthogonal because u-v = (3)4) + (-2)(6) = 0.

by u=31—-2)+k and v =2j+ 4k are orthogonal because w-v = (3)(0) +
(—212) + (1)) = 0.

Properties of the Dot Product

If u, v, and w are any vectors and ¢ is a scalar, then

l.uv=v-u 2. (cu) v = u-(cv) = clu-v)
Juv+wl=uv+uw 4. u-u = |u)?
5. 0-u=0

The Cross Product

DEFINITION The cross product u * v(**u cross v’} is the vector

u % v = (|u||v| sin @) n.




EXAMPLE 1 Findu ¥ vand v X wifu=2i+ j+ kand v = —4i + 3j + k.

Solution We expand the symbolic determinant:

ik 2 1. 21
uxv=| 2 1 1= =], 1]+ 4 3k
4 3 1
= 2i — 6j + 10k

viu=—(uwxv) =2i+6 — 10k Property 3



