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CHAPETER ONE
DIFERENTIAL EQUATIONS
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Differential Equations

A differential equation is an equation with one or more derivatives of a function. The
derivative of the function is given by dy/dx. In other words, it is defined as the
equation that contains derivatives of one or more dependent variables with respect to
one or more independent variables. For example,

d? d
“Y2Y gy=o

dx? dx

dy 17 dzy " d3y

Note:- y’= E; y =m; y =$ 3 a
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Differential Equations

There are two types of differential equations:

1. Ordinary Differential Equation:
Is a differential equation involving derivative with respect to a single independent
variable.

dy d?y d3y 'y : : .
F(X,Y, 2 g e T (Standard Form) [It is an equation containing
function of “x”, “y”, and derivatives with respect to x]
Example:
: 2y dy dy\ 2 2 d3y 2
Sin2x + e PV 0, [1+ [(E) ] = (@)
Key feature:
1- One independent variables 1.e. (X).
- - ot - . (@my)™ 4
2- It contains ordinary derivative with respect to (x) i.e. R va)
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2. Partial Differential Equation:
Is a differential equation involving partial derivative with respect to more than one
Independent variables.
dy 0z 0x 0z 0y O0x
F(xy, 2 ox’ ' 0x’oy’oy’ 0z’ 0z
function of (X, y, z) and partial derivatives with respect to x, y, and z].

) =0 (Standard Form) [The equation containing

Example:
0z 0x 0 dx , 0z
202 ox _ .2 Y —
yax+xyay X<z , az+ay+ay 0

Key features:
1- Two or more independent variables i.e. X, y, and z.

2- Two or more Partial Derivatives with respect to independent variables i.e.
dz d0x 0y Ox 0z

(ax'ay’ az'ay'ay)'
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Order and Degree of Differential Equations
The order of differential equation is the order of the highest differential co-efficient

present in the equation. AL uk" Y .U Sl A alaall 3\,\3) R
1—LW+R Z=Esint, 2- cosx—+smx( ) +8y = tan x

3
3- [1 + %)2] - dxz)z
The order of the above equations are 2.

The degree of differential equation is the highest derivative after removing the radical
sign and fraction. (In simple way Is the power of the highest derivative)

The degree of the equation (1) and (2) Is 1. The degree of the equation (3) is 2.

diida o) Gul A g lalinl) Aslaall da ja A 6(\
&
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Formation of Differential Equations
The differential equations can be formed by differentiating the ordinary equation
and eliminating the arbitrary constant.

Example 1. Form the differential equation by eliminating arbitrary constant, in the
following cases and also write down the order of the differential equations obtained.
A)  y=Ax+ A?

Solution:
2
% =A , (%) = A% By putting the value of Ain (1), we gate
_ Ly (dy)
Y=%ax" \ax
order =1 ) degree = 2

Cul i) JS G palddl) cpa ) Al Adaleal) Lgtadaii A1) ol gl daad (5 ghosa <l pal) (pa 23c BUanal) Adalaal) LS A (e Al Aaleal) e aly 7 ,\
Al A balint) Aaleal) 48 ) N pady dalaall 8 ol gl a3e ¢ Badly ol i) (e AA L0500 Ailaa ALl il ¢ 9S) Adslaal) 8 32 g2 gal) (\)
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B) y=Acosx+ Bsinx

dy .

E = —Asinx + B cosx

d*y . :

——7 = —Acosx — B sinx = - (A cosx + B sinx) = —y
d*y

a2z ty=0

This is differential equation of order 2 and degree 1 eliminating two constants A and B.

&
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) y*=ax*+bx+c
On differentiation,

d
Zyd—i’=2ax+b

Again differentiating,

d? dy d
Zy.—y+2 Yy o

dx? dx'dx_za

On Again differentiating,

d3y d’y dy dy d?*y dy d*y
2y — + 2 : 2 : 2 : =
Y dx3 + dx? dx + dx dx? T dx dx? 0

divided all by 2

O
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d3 dy d?* dy d?*
)’_I_)’ J’_I_ZJ’ y

Y dx3 dx dx? dx dx? 0

OR,

d3 dy d>
y = + 3 Y . Y -
dx3 dx dx?

0

order =3
degree =1

10
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D)ax*+by*=1

2ax+2byﬂ=0 ——> ax+byﬂ—0 ............................ (1)
2 d 2

a+bydx§ dybdgc, 0 Ea—) a+by@+b( ) 3 | JOTTRR (2)

Form (2) ..

dZ 2
a =—-bly — 12 AT ( dx) ] = 0 substitute into the equation (1)

d?y (dy\’ dy
—/[y +( |+phy —=0

dx? ' \dx dx
d’y dy dy
XY Gz T (dx) “Yax =
2"d order, 15t degree "
O
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Solution of Differential Equations
Differential Equations of First Order and First Degree

A da Al o S ¥ A el (e Al il alaall Ja

The standard methods of solving the differential equations of the following types:

1. Equations solvable by separation of variables il yidial) Juad
2. Homogeneous Equations dilatial) ey alaal)
3. Linear Equations of first order dohadl) eyl
4. Exact Differential Equations dall) e alaall
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1- Separation of Variables
If the differential equation can be written in the form:

fdy = @ (x)dx
We say that variables are separable (J—sl! J:&), y on the left hand side
and x on the right hand side.

The equation will solve by integrating both sides of equation.
Working Rule:

1- Separate the variables as the equation above.
2- Integrate both sidesas: [ f (y)dy = [ @ (x)dx .

3- Add an arbitrary constant like C on right hand side.

so3le ) 2 dapall o Jpuand) Ala A il pdial) Juab 48y o aladinly Ll caleall Ja Sy
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Example 2:

. dy _ 2
Solve_thpj equation (x + 1) P (»* +1) jl +1x2 dx = tan~‘x + C
Solution:

(+Ddy=x(y +1)dx [Lax=inxec

dy xdx
y2+1=x+1 jldx=x+C
j jx+1 1 f 1 q 1 1 p
— = —
241 dy = x+1 y2+1 Y x+1)

tanly=x—-In(x+1)+C

14@
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Example 3:

Solve the equation (xy?+x)dx+ (yx?+y)dy=0

Solution: 1 1

x(y*+1)dx+y(x*+1)dy =0 —ln(x +1) = = ln(y +1)+—c
S dx=— o dy In(x*+1)+ In(y*+1) =

x2 +1 y2 +1 n nyvy - ¢

lf 2x x=—1f 2y dy In(x>+1)(y*+1)= ¢

2 ) x2+1 2 ]y +1

15
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Example 4:

Solve the equation (x> —ay)dx = (ax — y?) dy
Solution:

x*dx—aydx=axdy — y*dy
x?dx +vy*dy =axdy+ aydx

sz dx + jyz dy=aJ(xdy+ydx)

x3+y3— +
3 g =axy+tc

x3+ y3 =3axy+ 3c (xy)' = xdy + ydx
f xdy + ydx = xy 16@
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Example 5:
1
Solve the equation y(1+ x2)2dy+x1+ y2dx=0
Solution:
5 1
1 2 2
y (1+ x?%) +x\/1+y o
dx dy
1
(1+2%)2 1+ y? xdx y dy
x dx ydy \/1+ X2 \/1_|_ y2

17@
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2x (1+ x2)2 dx=-2y(1+ y?)2 dy

1 1
fo(1+ x%) 2 dx = —JZy(1+ y2) 2 dy

p—

1
2(1+ x2)2=-2(1+ y*)2+c
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Example 6:

Solve the equation

Solution:

d e*

d_i, = 5 + x% eV

dy é* . x> dy
_— = — S — e
dx eY ¢y dx

feydyzfexdx+fxzdx - eY=e*+ —+c
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d
d—i’— ey + x?e™?
e* + x* . )
5 - eldy= e*dx+ x“dx
e

x3

3

19
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