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➢ Introduction 

After production well is drilled and completed 

for produce oil, gas and sometime water produce… 

here comes the role of well testing to determine the 

ability of a formation to produce reservoir fluids . 

 

➢ What is Well Test?? 

• Well testing is the technique and method for the evaluation of well conditions and 

reservoir characteristics. 

• A well test is the measurement under controlled conditions of all factors relating 

to the production of oil, gas, and water from a well. 

 

➢ Why We Test a Well? 

To determine the following parameters measure;  

✓ Initial reservoir pressure. 

✓ Average reservoir pressure.  

✓ Permeability (K). 

✓ Formation flow capacity, kh. 

✓ Formation damage due to drilling and completion (skin effect). 

✓ Drainage area. 

✓ Identifying fluid behavior.  

✓ Identifying and confirming heterogeneities and boundaries. 
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➢ Types of Well Tests 

1. Drawdown Test 

2. Buildup Test 

3. Injection Test 

4. Falloff Test 

5. Interference Test 

6. Drill Stem Test (DST) 

 

➢ How Do We Test Wells? 

▪ Create a step change in flow rate by;   

✓ closing a flowing well (buildup test) or an injection well (falloff test). 

✓ opening a well previously shut in (drawdown test).  

✓ injecting in a well previously closed (injection test).  

▪ This rate change creates a change in pressure in the same well (exploration or 

production testing) or in a different well (interference testing). 

 

➢ How Do We Change of Flow Rates?? 

• A change in flow rate can be created  

▪ At the surface by shutting or opening the master valve….. or……  

▪ At the bottom of the well with a special down hole shut-in device. 

• Wellhead shut-in is commonly used in wells already in production, whereas bottom 

hole shut-in is standard practice after drilling [a drill stem test (DST)]. 

• The way the rate signal is created is not important as far as well test analysis 

is concerned.  

 

 

 

Gas Well Testing: 

1. Flow after Flow Test. 

2. Isochronal Test. 

3. Modified Isochronal Test. 
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➢ General Methodology 

❖ Create a change in production rate (starting, stopping, or changing the rate of 

production) 

❖ Measure the reservoir response (reservoir response may be pressure, rate, or 

both) 

❖ Analyze the reservoir response by using the theoretical responses equations.  

 

➢ How Do We Interpret Well Tests? 

▪ During a well test, the response of a reservoir to changing flow rates conditions is 

observed. In most cases of well testing, the reservoir response that is measured is the 

pressure response, therefore, in many cases well test analysis means pressure 

transient analysis.  

▪ The pressure transient is due to changes in production or injection of fluids, so, we 

treat the flow rate transient as input and the pressure transient as output. 

 

▪ In well test interpretation, we use a mathematical model to relate pressure response 

(output) to flow rate history (input).   
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➢ Key Points of Well-Test Interpretation 

❖ For the success of the analysis, accurate data are essential.   

❖ Measurements do not directly give the wanted information; the data need to be 

analyzed and interpreted.  

❖ Interpretation is based on the comparison of the measured responses with a 

theoretical model. 

❖ The theoretical model is a solution of governing flow equation (diffusion equation).  

 

➢ Methodology of Well Test Analysis 

1. Straight Line Analysis 

2. Pressure Derivative Analysis 

3. Type-Curve Matching Analysis. 

 

1) Straight Line Analysis 

Theoretical models indicate certain straight-line relations when pressure is plotted 

as a function of time on specific coordinates. The slopes of the straight lines are 

functions of the properties required. 

 

 

 

 

 

 

 

 

Basic of well testing is an understanding of the theory of fluid flow in porous media.  
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➢ Fundamentals of Fluid Flow in Porous Media 

❖ There are many equations that are designed to describe the flow of fluids through 

porous medium.  

❖ The mathematical forms of these equations depending upon the characteristics of the 

reservoir.  

❖ The primary reservoir characteristics that must be considered include: 

✓ Types of fluids in the reservoir 

✓ Flow regimes 

✓ Reservoir geometry 

✓ Number of flowing fluids in the reservoir 

 

➢ Types of Fluids 

In general, reservoir fluids are classified into three groups: 

• Incompressible fluids • Slightly compressible fluids     • Compressible fluids 

As we know the isothermal compressibility coefficient c is described mathematically by 

the following two equivalent expressions: 

𝑐 =
−1

𝑉

𝜕𝑉

𝜕𝑝
   𝑖𝑛 𝑡𝑒𝑟𝑚 𝑜𝑓 𝑓𝑙𝑢𝑖𝑑 𝑣𝑜𝑙𝑢𝑚𝑒 

𝑐 =
−1

𝜌

𝜕𝜌

𝜕𝑝
   𝑖𝑛 𝑡𝑒𝑟𝑚 𝑜𝑓 𝑓𝑙𝑢𝑖𝑑 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 

• Incompressible Fluids: volume (or density) does not change with pressure, i.e.: 

𝜕𝑉

𝜕𝑃
= 0      ,   

𝜕𝜌

𝜕𝑃
= 0          

Incompressible fluids do not exist; this behavior, however, may be assumed in some 

cases to simplify the derivation and the final form of many flow equations. 

• Slightly Compressible Fluids: These fluids exhibit small changes in volume, or 

density, with changes in pressure. crude oil and water systems fit into this group. 
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• Compressible Fluids: These fluids have large changes in volume as a function of 

pressure. All gases are considered compressible fluids.  

 

➢ Flow Regimes 
There are basically three types of flow regimes that must be recognized in order to 

describe the fluid flow behavior and reservoir pressure distribution as a function of time. 

There are three flow regimes: 

• Steady-state flow           • Unsteady-state flow        • Pseudosteady-state flow 

• Steady-State Flow: The pressure at every location in the reservoir remains 

constant, i.e., does not change with time. (
𝜕𝑃

𝜕𝑡
)

𝑖
= 0 

The rate of change of pressure (p) with respect to time (t) at any location (i) is zero. 

In reservoirs, the steady-state flow condition can only occur when the reservoir is 

completely recharged and supported by strong aquifer or pressure maintenance 

operations. 

• Unsteady-State Flow (transient flow): The rate of change of pressure with 

respect to time at any position in the reservoir is not zero or constant. 

 (
𝜕𝑃

𝜕𝑡
)

𝑖
= 𝑓(𝑖, 𝑡) 

The pressure derivative with respect to time is essentially a function of both 

position i and time t. 
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• Pseudosteady-State Flow (semi-steady state or quasi-steady state flow): The 

pressure at different locations in the reservoir is declining linearly as a function of 

time, i.e., at a constant declining rate.  

(
𝜕𝑃

𝜕𝑡
)

𝑖
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

The rate of change of pressure with respect to time at every position is constant. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

➢ Reservoir Geometry 
The flow geometry is represented by one of the following flow geometries: 

• Radial flow       • Linear flow            • Spherical and hemispherical flow 

• Radial Flow: The fluids move toward the well from all directions and coverage at 

the wellbore. 

• Linear Flow:  Linear flow occurs when flow paths are parallel and the fluid flows 

in a single direction. In addition, the cross-sectional area to flow must be 

constant. 

• Spherical and Hemispherical Flow: Depending upon the type of wellbore 

completion configuration.  

A well with a limited perforated interval could result in spherical flow. 

A well that only partially penetrates the pay zone, could result in hemispherical flow. 

Well Testing
Lecture-



 
                                                                                                                                     

  

 
 

8 

 

 

 

 

 

 

 

 

 

 

 

➢ Number of Flowing Fluids in The Reservoir 
There are generally three cases of flowing systems:  

▪ Single-phase flow (oil, water, or gas). 

▪ Two-phase flow (oil-water, oil-gas, or gas-water). 

▪ Three-phase flow (oil, water, and gas). 
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➢ Pressure Transient Analysis 

▪ Pressure Transient Analysis Techniques is the measuring changes in bottom-hole 

pressure (BHP) as a function of time, due to change producing rates, open the well 

to produce after its close or closed the well after its open to flow). 

▪ The Pressure Transient Analysis Techniques are based on the diffusivity equation 

that describe the flow of fluids through porous medium. 

▪ In the next section we will explain the following fluid flow equations that describe 

fluid flow in the porous media; 

Flow type 
Basic 

Equation 
Fluid type 

Flow 
geometry 

Solution of Fluid 
flow equation 

Unsteady state 
or transient Diffusivity 

Equation 
 

Slightly 
compressible 

Radial 

Ei function 

Pseudo steady-
State 

Dimensionless 
solution 

 

➢ Assumptions and Limitations Diffusivity Equation 

1. Homogeneous and isotropic porous medium. 

2. Uniform thickness. 

3. Single phase flow. 

4. Rock and fluid properties (such as fluids viscosity & compressibility) independent 

of pressure, i.e. remaining constant at all pressure. 

5. The well completely penetrates the formation, & gravity forces are negligible. 
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➢ Derivation of the Diffusivity Equation 

❖ Under the steady-state flowing condition, the same quantity of fluid enters 

the flow system as leaves it.  

❖ In the unsteady-state flow condition, the flow rate into an element of 

volume of a porous media may not be the same as the flow rate out of that 

element. Accordingly, the fluid content of the porous medium changes with 

time.  

❖ The mathematical formulation of the transient flow equation is based on 

combining three independent equations: 

A. Continuity Equation 
B. Transport Equation 
C. Compressibility Equation 

Consider the flow element shown in figure below. The element has a width of 

dr and is located at a distance of r from the center of the well. The porous 

element has a different volume of dV. According to the concept of the material 

balance equation, the rate of mass flow into an element minus the rate of 

mass flow out of the element during a different time ∆t must be equal to 

the mass rate of accumulation during that time interval, or: 

[

mass entering
 volume element 
during interval ∆t

] − [

mass leaving
 volume element 
during interval ∆t

] = [
rate of mass 

 accumulation 
during interval ∆t

] --------------------- (3-1)  
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Mass Entering the Volume Element During Time Interval Δt 

(Mass)in =  ∆t [Aνρ]r+dr   ---------------------------------------------------------------------- (3-2)  

Where: 

v= velocity of flowing fluid, ft/day 

ρ= fluid density at (r+dr), lb/ft3 

A= Area at (r+dr) 

∆t= time interval, days 

The area of an element at the entering side is: 

Ar +dr  =  2π (r + dr) h   ------------------------------------------------------------------------ (3-3)  

Combining eqs. (3-3) with (2-3) gives:        

(Mass)in =  2π∆t(r + dr)h [νρ]r+dr ---------------------------------------------------------- (3-4)  

Mass Leaving the Volume Element 

Adopting the same approach as that of the leaving mass gives: 

(Mass)out =  2π ∆t r h [νρ]r  ------------------------------------------------------------------- (3-5) 

Total Accumulation of Mass 

The volume of some element with a radius of r is given by: 

V =  π r2h  ---------------------------------------------------------------------------------------- (3-6)  

Differentiating the above equation with respect to r gives: 
dV

dr
   =  2π r h  

Or: 

dV   =  2π r h dr     -------------------------------------------------------------------------------- (3-7)  

Total mass accumulation during    ∆t =  dV [(Øρ)t + ∆t – (Øρ)t] 

Substituting for dV yields: 

Total mass accumulation during = (2π r h) dr [(Øρ)t + ∆t – (Øρ)t]   

Replacing the terms of equation (3-1) with those of the calculated relationships gives: 

2π h (r + dr)∆t [νρ]r+dr − 2π r h ∆t  [νρ]r = (2π r h) dr [(Øρ)t + ∆t – (Øρ)t] 

Dividing the above equation by (2π r h) dr and simplifying gives: 

   
1

r dr
[(r +  dr)(νρ)r + dr –   r (νρ)r] =    

1

∆t
   [(Øρ)t + ∆t  – (Øρ)t]  

Or: 

  
1

r
    

∂

∂r
   [r (ν ρ)]  =  

∂

∂t
   (Øρ)  ------------------------------------------------------------------ (3-8)  

Eq. (3-8) is called the continuity equation and it provides the principle of conservation 

of mass in radial coordinates. 
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The transport equation must be introduced into the continuity equation to relate the 

fluid velocity to the pressure gradient within the control volume dV. Darcy`s law is 

essentially the basic motion equation, which states that the velocity is proportional to 

the pressure gradient ∂P/∂r: 

ν =  (5.615)(0.001127)
k

μ
     

∂P

∂r
   

=  0.006328    
k

μ
     

∂P

∂r
  --------------------------------------------------------------------------- (3-9)  

Combining equations (3-9) with (3-8) results in: 

  
0.006328    

r
    

∂

∂r
   [

k

μ
  (ρ r)

∂P

∂r
]  =  

∂

∂t
   (Øρ)    ------------------------------------------------- (3-10) 

Expanding the right-hand side by taking the indicated derivatives eliminates the porosity 

from the partial derivative term on the right-hand side: 
∂

∂t
   (Øρ) = Ø  

∂ρ

∂t
  +  ρ   

∂Ø

∂t
   ------------------------------------------------------------------- (3-11) 

The porosity is related to the formation compressibility by the following: 

Cf =    
1

Ø
     

∂Ø

∂P
  ------------------------------------------------------------------------------------ (3-12) 

Applying the chain rule of differentiation to ∂Ø/∂t:  
∂∅

∂t
=  

∂∅

∂t
+

∂p

∂t
 

Substituting eq. (3-12) into this equation: 
∂∅

∂t
= Ø cf

∂p

∂t
 

Finally, substituting the above relation into eq. (3-11) and the result into eq. (3-10) gives: 

  
0.006328    

r
    

∂

∂r
   [

k

μ
  (ρ r)

∂P

∂r
]  = ρ Ø Cf  

∂P

∂t
+ Ø  

∂ρ

∂t
    --------------------------------------- (3-13) 

• Equation (3-13) is the general partial differential equation used to describe the 

flow of any fluid flowing in a radial direction in porous media.  

• In addition to the initial assumptions, Darcy`s equation has been added, which 

implies that the flow is laminar. Otherwise, the equation is not restricted to any 

type of fluid and is equally valid for gases or liquids. However, compressible and 

slightly compressible fluids must be treated separately in order to develop 

practical equations that can be used to describe the flow behavior of these two 

fluids. The treatments of the following systems are discussed below: 

✓ Radial flow of slightly compressible fluids. 

✓ Radial flow of compressible fluids. 
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➢ Radial Flow of Slightly Compressible Fluids 

To simplify equation (3-13) assume that the permeability and viscosity are constant 

over pressure, time and distance ranges. This leads to: 

  
0.006328 k   

μ r
    

∂

∂r
   [(ρ r)

∂P

∂r
]  = ρ Ø Cf  

∂P

∂t
+ Ø  

∂ρ

∂t
    ----------------------------------------- (3-14) 

Expanding the above equation gives: 

 0.006328 (
 k   

μ 
)    

∂

∂r
   [(

ρ

r
 )

∂P

∂r
+ ρ

∂2P

∂r2
+

∂P

∂r

∂ρ

∂r
]  = ρ Ø Cf  

∂P

∂t
+ Ø  

∂ρ

∂t
    

Using the chain rule in the above relationship yields: 

 0.006328 (
 k   

μ 
) [(

ρ

r
 )

∂P

∂r
+ ρ

∂2P

∂r2
+ (

∂P

∂r
)

2 ∂ρ

∂P
]  = ρ Ø Cf  

∂P

∂t
+ Ø 

∂P

∂t
(

∂ρ

∂P
)    

Dividing the above expression by the fluid density ρ gives: 

 0.006328 (
 k   

μ 
) [

1

r

∂P

∂r
+

∂2P

∂r2
+ (

∂P

∂r
)

2

(
1

ρ

∂ρ

∂P
)]  =  Ø Cf  

∂P

∂t
+ Ø 

∂P

∂t
(

1

ρ
 

∂ρ

∂P
)  

Recalling that the compressibility of any fluid is related to its density by: 

C =
1

ρ
 

∂ρ

∂P
  

Combining the above two equations gives: 

 

0.006328 (
 k   

μ 
) [

∂2P

∂r2
+

1

r

∂P

∂r
+ C (

∂P

∂r
)

2

]  =  Ø Cf  
∂P

∂t
+ Ø C

∂P

∂t
  

The term C (
∂P

∂r
)

2
 is considered very small and may be ignored: 

0.006328 (
 k   

μ 
) [

∂2P

∂r2
+

1

r

∂P

∂r
]  =  Ø 

∂P

∂t
(Cf +  C)  -------------------------------------------- (3-15) 

Defining total compressibility, ct, as: 

Ct = Cf +  C  ------------------------------------------------------------------------------------- (3-16) 

Combining eqs. (3-15) with (3-16) and rearranging gives: 
∂2P

∂r2
+

1

r

∂P

∂r
=

Ø μ Ct

0.006328 K

∂P

∂t
   ---------------------------------------------------------------------- (3-17) 

Where the time t is expressed in days. 

Or;  
∂2P

∂r2
+

1

r

∂P

∂r
=

Ø μ Ct

0.000264 K

∂P

∂t
   ---------------------------------------------------------------------- (3-18) 

Equation (3-17) is called the diffusivity equation and is considered one of the most 

important and widely used mathematical expressions in petroleum engineering. The 

equation is particularly used in the analysis of well testing data.  
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The term [𝟎. 𝟎𝟎𝟎𝟐𝟔𝟒 𝒌/𝝋𝝁𝒄𝒕] eq. (3-2) is called the diffusivity constant and is denoted 

by the symbol η, or: 

∂2P 

∂r2
+

1

r

∂P 

∂r
=

1

η

∂P

∂t
  ------------------------------------------------------------------------------- (3-19) 

The diffusivity equation as represented by eq. (3-19) is essentially designed to determine 

the pressure as a function of time t and position r. 

Notice that for a steady-state flow condition, the pressure at any point in the reservoir 

is constant and does not change with time, i.e., ∂p/∂t = 0, and therefore eq. (3-18) 

reduces to:  

∂2P 

∂r2
+

1

r

∂P 

∂r
= 0  --------------------------------------------------------------------------------- (3-20) 

This equation called Laplace’s equation for steady-state flow. 

 

➢ Solution of Diffusivity Equation  

There are four solutions to Eq. (3-18) that are particularly useful in well testing:  

1) The solution for an infinite reservoir with a well-considered to be a line source 

with zero wellbore radiuses. 

2) The pseudo-steady – state solution. 

3) The solution for a bounded cylindrical reservoir. 

4) The solution that includes wellbore storage for a well in an infinite reservoir. 

 

1. infinite cylindrical reservoir with line- source well 

Assume that: 

1. A well produces at a constant rate (qB).  

2. The well has zero radius.  

3. The reservoir is at uniform pressure, Pi, before production begins. 

4. The well drains an infinite area (P → Pi, as r → ∞). 

5. The well, with a wellbore radius of rw, is centered in a cylindrical reservoir of 

radius re. 

6. No flow across the outer boundary, i.e., at re 
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Under those conditions the solution to Eq. (3-18) is:  

P(r,t)  =  pi  + (
70.6QoμoBo

Kh
) Ei (

−948Ø μo Ct  r
2

K t
) ---------------------------------------------- (3-21) 

where   P (r,t) = pressure at radius r from the well after t hours 

              t = time, hrs 

              k = permeability, md 

              Qo = flow rate, STB/day 

▪ The Ei solution, as expressed by eq. (3-21), is commonly referred to as the   line-

source solution. 

▪ The mathematical function, Ei, is called the exponential integral. 

 Ei(−X) = − ∫
e−u

u
du

∞

x
 

▪ The exponential integral Ei can be estimated by the following conditions; 

✓ for x ≤ 0.02: 

Ei(−x) =  ln (1.781 x)   ----------------------------------------------------------------------- (3-22) 

X =
948 ϕμctr2

kt
  

✓ for 0.02 < x ≤ 10.9,     Use table (1-1) or figure (3-1) below. 

✓ for x > 10.9 

Ei(−x) = 0 

The Ei function is not an accurate solution to flow equations until the flow time (t) be;  

3.79 ∗  105 Ø µ 𝐶𝑡 𝑟𝑤
2

 𝑘
   <  𝑡 <  

948 Ø µ 𝐶𝑡 𝑟𝑒²

𝑘
  

 

 

 

 

 

 

Inner condition effect Outer(boundary) condition 

effect 
If the flow times less than   this 

term, the assumption of zero well 

size (i.e., line source assuming) 

limits or reduced the accuracy of 

the eq. (3-21). 

If the flow times greater than   this term, 

the reservoir's boundaries begin to 

affect the pressure distribution in the 

reservoir, so that the reservoir is no 

longer infinite acting (acting as finite or 

bounded reservoir). 
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Figure (3-1) 
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Step 2: Perform the required calculations after one hour in the following tabulated form: 

 

We show that most of the pressure loss occurs close to the wellbore; so, near-wellbore 

conditions will have the greatest influence on flow behavior. 

Step 3: Show results of the calculation graphically. 
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Last Figure shows that the pressure profile and the drainage radius are continuously 

changing with time. 

 

 

 

 

 

 

 

 

 

 

 

 

Step 4: Repeat the calculation for t = 12 and 24 hrs. 
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➢ Skin Effect 

❖ Most wells have reduced permeability (damage) near the wellbore resulting from 

drilling or completion operations.  

❖ Some materials such as mud filtrate, cement slurry, or clay particles, enters the 

formation during drilling, completion, or workover operations and reduce the 

permeability around the wellbore. 

❖ This effect is commonly referred to as a wellbore damage and the region of altered 

permeability is called the skin zone.  

❖ Many other wells are stimulated by acidizing or fracturing, which increase the 

permeability near the wellbore.  

❖ Thus, the permeability near the wellbore is always different from the permeability 

away from the well where the formation has not been affected by damage or 

stimulation. 
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❖ Formation damage can produce additional pressure drop during flow. This additional 

pressure drop is commonly referred to as ΔPskin. while, well stimulation methods will 

enhance the properties of the formation and increase the permeability around the 

wellbore, so that a decrease in pressure drop is observed.  

❖ The resulting effect of altering the permeability around the well bore is called the skin 

effect. 

❖ Figure below compares the 

differences in the skin zone 

pressure drop for three 

possible outcomes: 

• ΔPskin > 0  

indicates an additional pressure 

drop due to wellbore damage. 

i.e., kskin < k. 

• ΔPskin < 0 

indicates less pressure drop due 

to wellbore improvement. 

      i.e., kskin > k. 

• Δpskin = 0 

indicates no changes in the wellbore condition,  

      i.e., kskin = k. 

 

Hawkins proposed the following approach:  

∆pskin = [∆p in skin zone due to kskin] − [∆p in skin zone due to k]  ---------------- (3-23) 
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Applying Darcy’s equation in radial form 

Qo =
0.00708 kh(pe−pw)

μoBo ln(
re

rw
⁄ )

  

 rearrange Darcy’s equation Eq.   

(Pe − Pw) = ∆P = 141.2
q μ B

k h
ln (

re

rw
)  

Substitute above Eq. in Eq. (3-23) 

∆Pskin = 141.2 (
 q μ B

Ksh
) ln (

rs

rw
) − 141.2 (

 q μ B

Kh
) ln (

rs

rw
)  

Simplify…….  

∆Pskin = 141.2 (
 q μ B

k h
) (

K

Ks
− 1) ln (

rs

rw
)  ----------------------------------------------------- (3-24) 

Where:  

k=permeability of the formation, md. 

Kskin=permeability of the formation, md. 

❖ The skin factor (s) is defined from eq. (3-24) as; 

S =  (
K

Ks
− 1) ln (

rs

rw
)  --------------------------------------------------------------------------- (3-25) 

So;  

∆Pskin = 141.2 (
 q μ B

k h
)  S  ---------------------------------------------------------------------- (3-26) 

❖ Eq. (3-26) can be applied to all flow regimes to account for the skin zone around the 

wellbore. 

• From Eq. (3-26), there are only three possible outcomes in evaluating the skin factor 

s; 

• Positive Skin Factor, s > 0 

✓ Damage exist, 

✓  kskin ˂  k  

• Negative Skin Factor, s < 0 

✓ improved conditions exist (stimulation)  

✓ kskin  ˃  k 

• Zero Skin Factor, s = 0 

✓ kskin = k. 

❖ In Unsteady-State Radial Flow for Slightly 

Compressible Fluids:  

pi − p =  − (
70.6 q μ B

Kh
) Ei (

−948Ø μ Ctr2

K t
) + ∆Ps  -------------------------------------------- (3-27) 

=  − (
70.6 q μ B

Kh
) Ei (

−948Ø μ Ctr2

K t
) + (

141.2 q μ B

Kh
) s  
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=  − (
70.6 q μ B

Kh
) [ Ei (

−948 Ø μ Ctr2

K t
) − 2s]   

❖ For   𝑟 =  𝑟𝑤 ,    𝑃 = 𝑃𝑤𝑓  , the argument of the Ei functions sufficiently small after a 

short time that we can use the logarithmic approximation 

pi − pwf  = − (
70.6 q μ B

Kh
) [ln (

1688 Ø μ Ctrw
2

K t
) − 2S]   --------------------------------------- (3-28) 

Eq. (3-28) is used to calculate the sand-face pressure (Pwf) at of a well with an altered 

zone. 

While the equation;  

P(r,t)  =  pi  + (
70.6QoμoBo

Kh
) Ei (

−948Ø μo Ct  r
2

K t
)  

is used to calculate pressure beyond the altered zone in the formation surrounding the 

well. 

Problem (3-2) 

An oil well is producing at a constant flow rate of 300 STB/day under unsteady-state flow 

conditions. The reservoir has the following rock and fluid properties: 

 

 
Solution: 
Step 1. From Equation (3-21) 
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Figure (3-1) 
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Step 2: Perform the required calculations after one hour in the following tabulated form: 

 

We show that most of the pressure loss occurs close to the wellbore; so, near-wellbore 

conditions will have the greatest influence on flow behavior. 

Step 3: Show results of the calculation graphically. 
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Last Figure shows that the pressure profile and the drainage radius are continuously 

changing with time. 

 

 

 

 

 

 

 

 

 

 

 

 

Step 4: Repeat the calculation for t = 12 and 24 hrs. 
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Problem (3-2) 

A well and reservoir have the following characteristics: the well is producing only oil; it 

is producing at a constant rate of 20 STB/D. Data describing the well and formation are: 

µ = 0.72 cp,    k = 0.1 md,     ct = 1.5 * 10-5 psi-1,     pi = 3000 psi,     re = 3000 ft,       rw = 0.5 ft,      

Bo = 1.475 RB/STB,        h = 150 ft,         Ø = 0.23, and       s = 0. 

Calculate the reservoir pressure at a radius of 1 ft after 3 hours of production; then, 

calculate the pressure at radii of 10 and 100 ft after 3 hours of production. 

Solution:  

The Ei function is not an accurate solution to flow equations until…..  

3.79 ∗ 105 Ø μ Ct rw
2

 k
   <  t <  

948 Ø μ Ct re²

k
   

3.79 ∗ 105 Ø μ Ct rw
2

 k
=

(3.79 ∗ 105)(0.23) (0.72) (1.5 ∗ 10−5) (0.5)²

(0.1)
=  2.35 <  t =  3 hours. 

948 Ø μ Ct re
2

k
=

948 (0.23)(0.72)(1.5 ∗ 10−5)(3000)2

(0.1)
 = 211900 hrs. >  t = 3 hrs.  

 Thus, we can use Eq. (3-21).  

▪ At a radius of 1 ft. and t=3,  
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p(1,3) =   3000 + (
70.6∗ 20∗ 1.475∗ 0.72  

0.1 ∗150
) Ei (

− 948 ∗ 0.23∗0.72∗1.5∗10−5∗  1²

0.1∗3
)  

p =  3000 +  100 Ei(−0.007849) 

p =  3000 +  100 ln [(1.781)(0.007849)] 

p =  3000 +  100(−4.27) 

p =  2573 psi 

▪ At a radius of 10 ft and t=3, 

p(10,3) =   3000 + (100)Ei (
− 948 ∗ 0.23∗0.72∗1.5∗10−5∗  10²

0.1∗3
)  

p =  3000 +  100 Ei(−0.7849) 

p =  3000 +  100(−0.318) 

p =  2968 psi 

▪ at a radius of 100 ft. and t=3, 

p(100,3) =   3000 + (100)Ei (
− 948 ∗ 0.23∗0.72∗1.5∗10−5∗  100²

0.1∗3
)    

 p = 3000 + 100 Ei(-78.49) 

p = 3000 psi. 

 

➢ Infinite-Acting Reservoir & Finite-Radial Reservoir  
A. Infinite-Acting Reservoir                 

✓ The reservoir boundaries and the shape of the drainage area not influence 

the wellbore pressure response.  

✓ Represent the transient flow case (infinite acting state). 

✓ Reservoir is unbounded (infinite size). 

B. Finite-Radial Reservoir 

✓ Represent the end of the transient flow period and the beginning of the semi 
(pseudo)-steady state. 

✓ The reservoir boundaries and the shape of the drainage area effect the 
wellbore pressure response.  

✓ Reservoir is bounded. (finite size). 
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➢ Pseudo-steady-State Solution 
❖ The pseudo-steady-state solution describes pressure behavior with time for a well 

centered in a cylindrical reservoir of radius re.  And when; 

t >  
948 Ø µ Ct re²

k
 

pwf   =  pi –  141.2  
q B μ

kh
  [   

2tD

reD
2   +  ln reD  –

3

4
]   ------------------------------------------ (3-29) 

Where: 

tD = 0.000264
K t

φ µ Ctrw
2

          and             reD =
re

rw
 

So; 

pwf   =  pi –  141.2  
q B μ

kh
  [   

0.000527 K t

φ μ Ctre
2   + ln (

re

rw
) –

3

4
]   ---------------------------------- (3-30) 

Where: 

reD = dimensionless external radius 

tD = dimensionless time 

t = time, hr 

re = drainage radius, ft 

rw = wellbore radius, ft 

❖ The importance of dimensionless variables is that they simplify the diffusivity 

equation and its solution by combining the reservoir parameters (such as 

permeability, porosity, etc.) and thereby reduce the total number of unknowns. 

❖ By differentiating Eq. (3-30) with respect to time, 
∂Pwf

∂t
   =   

− 0.0744 qB

Ø ct  h  re
²   

  

Since the liquid-filled pore volume of the reservoir, vp (ft³) is 

vp  =     π Ø h re
²          sub. in eq. above 

∂Pwf

∂t
   =   

− 0.234 qB

vp ct   
   ----------------------------------------------------------------------------- (3-31) 

here           
∂Pwf

∂t
α

1

vp
 

 

Eq. (3-31) leads to a form of well testing called “reservoir limit testing". 

❖ Another form of Eq. (3-30) is useful in replacing (Pi , original reservoir presser) with 

(Pr) average pressure. The volumetric average pressure Pr can be found from 

material balance. (Pr depends on production volume during specific time).  

Well Testing
Lecture-



 
                                                                                                                                     

  

 
 

32 

❖ The pressure decrease (Pi – Pr) resulting from removal of qB RB/D of fluid for t hours 

(a total volume removed of 5.615 qB (t/24) ft³) is; 

Pi − Pr  =    
∆v

v ct
        =   

 5.615 q B (
t

24
)

ct (π Ø  h  re
2)

=
0.0744 qB t

ct Ø h  re
2   

Substituting in Eq. (3-30) 

pwf   =  pr +
0.0744 qB t

ct Ø h  re
2 −

0.0744 qB t

ct Ø h  re
2 −  141.2  

q B μ

kh
 [ln (

re

rw
) − 0.75]  

Or  

pr – pwf = 141.2  
q B μ

kh
 [ln (

re

rw
) − 0.75] ---------------------------------------------------- (3-32) 

Adding the effect of the skin factor to Eq. (3-30) and (3-32), 

pwf   =  pi –  141.2  
q B µ

kh
  [   

0.000527 K t

φ µ Ctre
2

 + ln (
re

rw
) –

3

4
] + ∆Ps 

where;           ∆Ps = 141.2  
q B µ

kh
 s 

pwf   =  pi –  141.2  
q B µ

kh
  [   0.000527

K t

φ µ Ctre
2

 + ln (
re

rw
) –

3

4
] + 141.2  

q B µ

kh
 s 

pi − pwf  =    141.2  
q B μ

kh
  [   

0.000527 K t

φ μ Ctre
2  + ln (

re

rw
) – 0.75 + s]  ------------------------- (3-33) 

And …. 

pr – pwf = 141.2  
q B μ

kh
 [ln (

re

rw
) − 0.75] + ∆Ps  

pr – pwf = 141.2  
q B μ

kh
 [ln (

re

rw
) − 0.75 + s] ----------------------------------------------- (3-34) 

Equation (3-33) and (3-34) used for well centered in a circular drainage area. 

 

 

❖ Further, we can define an average permeability, kavg, such that 

pr – pwf = 141.2  
q B µ

kh
 [ln (

re

rw
) − 0.75 + s]      (A)

= 141.2  
q B µ

kavgh
 [ln (

re

rw
) − 0.75]           (B) 

Equating Eq. (A) and (B), solving for Kavg 

kavg = K 
[ln(

re
rw

)−0.75]

[ln(
re
rw

)−0.75+s]
   ----------------------------------------------------------------------- (3-35) 

K > kavg  → damage    →   s = +ve 

K < kavg  → stimulation →   s = −ve 
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K = kavg  → no damage, no stimulation →   s = 0 

 Sometimes we can estimate the permeability of a well from productivity-index (PI) 

measurement, and since the productivity index J (STB/D/psi), of an oil well is defined 

as; 

PI =  J =     
q

Pr −  pwf
=

kavg h

141.2  B μ[ln(
re
rw

)−0.75]
  ------------------------------------------------ (3-36) 

FE =
kavg 

K
  ---------------------------------------------------------------------------------------- (3-37) 

s = (
K

Kavg
− 1) ln (

re

rw
) − 0.75  ---------------------------------------------------------------- (3-38) 

Problem (3-3): 

A well produces 100 STB/D oil at a measured flowing bottom-hole pressure (BHP) of 

1500 psi. A recent pressure survey showed that average reservoir pressure is 2000 

psi. Logs indicate a net sand thickness of 10 ft. the well drains an area with drainage 

radius, re, of 1000 ft; the borehole radius is 0.25 ft. Fluid samples indicate that, at 

current reservoir pressure, oil viscosity is 0.5 cp and formation volume factor is 1.5 

RB/STB. 

1- Estimate the productivity index for the tested well. 

2- Estimate formation permeability from these data. 

3- Core data from the will indicate an effective permeability to oil of 50 md. Does this 

imply that the well is either damaged or stimulated? What is the apparent skin 

factor? 

Solution: 

1.    PI =  J =     
q

Pr −  pwf
=

100

2000−1500
= 0.25

STB/day

psi
  

2. we do not have sufficient information to estimate formation permeability; we can 

calculate average permeability, kJ, only, which is not necessarily a good 

approximation of formation permeability, k, from Eq. (3-36); 

PI = =
kavg h

141.2  B μ[ln(
re
rw

)−0.75]
                 

0.25 = =
kavg (10)

141.2 (1.5)(0.5) [ln(
1000

0.25
)−0.75]

  

kavg = 16 md                

3. Core data frequently provide a better estimate of formation permeability than do 

permeabilities derived from the productivity index, particularly for a well that is 
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badly damaged. Since cores indicate a permeability of 50 md, we conclude that this 

well is damaged. Eq. (3-36) provides a method for estimating the skin factor S:   

s = (
K

Kavg
− 1) ln (

re

rw
) − 0.75 = (

50

16
− 1) ln (

1000

0.25
) − 0.75 = 16  

 

➢ Flow equations for generalized reservoir geometry 
Eq. (3-33) and (3-34) are limited to a well centered in a circular drainage area, for 

more general reservoir shapes a correction factor called the shape factor, CA, was 

introduced to Eq. (3-33) and (3-34) as: 

pr – pwf = 141.2  
q B μ

kh
 [

1

2
ln (

10.06 A

CA  rw
2) − 0.75 + s]   ---------------------------------------- (3-39) 

Where: 

A = drainage area, ft² 

CA = shape factor for specific drainage area shape and well location, dimensionless.  

Values of CA are given in table (2). 

Shape factor, CA is designed to account for the deviation of the drainage area from the 

ideal circular form. 

 Productivity index, J, can be expressed for general drainage-area geometry as; 

PI =  J =     
q

Pr −  pwf
=

0.00708 K h

B μ[
1

2
ln(

10.06 A

CA rw
2)−0.75+S]

  ------------------------------------------- (3-40) 
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Other numerical constants tabulated in table (2) allow us to calculate: 

1. The maximum elapsed time during which a reservoir is infinite acting (so that the 

Ei-function solution can be used). 

2. The time required for the pseudo-steady state solution to predict pressure draw 

down within 1% accuracy. 

3. Time required for the pseudo-steady state solution to be exact. 

 

 For a given reservoir geometry, the maximum time a reservoir is infinite acting 

can be determined using the entry in the last (column 7)  

“Use infinite system solution with less than 1% error for tDA <.” 

Since  

tDA = 0.000264
K t

φ μ CtA
    

this means that the time in hours is calculated from; 

t <
φ μ CtA tDA

0.000264 K
  

 Time required for the pseudo-steady state equation to be accurate within 1% 

can be found from the entry in the (column 6) 

“less than 1% error for tDA >” 

and the relationship is: 

t >
φ μ CtA tDA

0.000264 K
  

 Finally, time required for the pseudo-steady state equation to be exact is found from 

the entry in the (column 5) 

“exact for tDA >”. 

 

• At this point, it is helpful to describe graphically the flow regimes that occur in 

different time ranges. 

✓ In the transient region, the reservoir is infinite acting, and is modeled by Eq. (3-28), 

which implies that pwf, is a linear function of log t.  

✓ In the pseudo-steady state region, the reservoir is modeled by Eq. (3-39). 
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✓ At times between the end of the transient region and the beginning of the pseudo-

steady state region, this is a transition region, sometimes called the late-transient 

region. No simple equation is available to predict the relationship between BHP and 

time in this region.  

This region is small or nonexistent for a well centered in a circular, square, or 

hexagonal drainage area, as table (2) indicates. However, for a well off-center in its 

drainage area, the late-transient region can extent a significant time region, as table 

(2) also indicates.  

Problem (3-4): 

For each of the following reservoir geometries, calculate the time in hours for which.  

A. The reservoir is infinite acting,  

B. The pseudo-steady state is exact,  

C. The pseudo-steady state equation is accurate to within 1%.  

1. Well centered in circular drainage area. 

2. Well centered in square drainage area. 

3. Well centered in one quadrant of square drainage area.  

In each case, 

A = 17.42 * 106 ft² (40 acres),  Ø = 0.2,   µ = 1 cp,   ct = 1* 10-5 psi-1     k = 100 md. 

Solution: 

t >
φ μ CtA

0.000264 K
 tDA  

t >
(0.2)(1)(10−5)(17.42∗106 )

0.000264 (100)
 tDA  
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t > 1320 tDA  

Prepare the follwing table (vlaues from table (2)) 

 Infinite soluution 
Pseudo-stead state 

(Approximate) 

Pseudo-steady state 

(Exact) 

Geometry tDA t (hrs) tDA t (hrs) tDA t (hrs) 

Circular 

Centered 
0.1 132 0.06 79.2 0.1 132 

Square 

Centered 
0.09 119 0.05 66 0.1 132 

quadrant 

of square 
0.025 33 0.3 396 0.6 792 

Problem (3-5): 

A. For each of the wells in problem (3-4), estimate PI and stabilized production rate 

with   pr – pwf = 500 psi, if   h = 10 ft,   s = 3,  rw = 0.3 ft   B = 1.2 bbl/Stb. 

B. For the well centered in one of the quadrants of a square, write equations relating 

constant flow rate and well-bore pressure drops at elapsed times of 30, 200, and 

400 hours. 

Solution:   

A.  

PI = J =   
q

Pr −  pwf
=

0.00708 K h

B μ[
1

2
ln(

10.06 A

CA rw
2)−0.75+S]

  

PI =
0.00708 (100)(10) 

(1.2) (1)[
1

2
ln(

10.06∗17.42∗106

CA (0.3)2 )−0.75+3]
=

5.9

12.94−0.5lnCA
  

and  

J =     
q

Pr −  pwf
=

q

500
    → q = 500 J  
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Thus, can prepare the following table: 

Geometry CA J(STB/D/psi) q (stb/d) 

Circular Centered 31.62 0.526 263 

Square Centered 30.88 0.526 263 

quadrant of square 4.513 0.484 242 

B. For t = 30 hours, the reservoir is infinite acting, and 

pi − pwf  = − (
70.6 q μ B

Kh
) [ln (

1688 Ø μ Ctrw
2

K t
) − 2S]  

For t = 200 hours, the reservoir is no longer infinite acting and the pseudo-steady state 

equation is not yet accurate. Accordingly, no simple equation can be written. 

For t = 400 hours, the pseudo-steady state equation is accurate, and 

pr – pwf = 141.2  
q B μ

kh
 [

1

2
ln (

10.06 A

CA  rw
2) − 0.75 + s]  

➢ Radius of investigation (ri) 

It's a distance that a pressure transient has moved into a formation following a rate 

change in a well, this distance is related to formation rock and fluid properties and time 

elapsed since the rate change.  

ri  =  (
 kt 

948 Øµ ct
)

1/2

   

ri = investigation radius, ft.          k = permeability, md.                                                 t = flow 

time, hours.                     Ø = porosity.                                                              µ = viscosity, cp .                             

ct =  total compressibility, psi-1  
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➢ Wellbore Storage 
Immediately after a rate change, part of the production may be due to expansion or 

compression of fluid in the wellbore. It could also be due to a moving fluid contact 

(interface). These phenomena have been called the wellbore storage effect. 

▪ Many well test interpretation techniques imply the assumption of a constant rate. 

▪ Suppose it is possible to keep the surface flow rate, q, constant. Then the first 

production comes from the wellbore and not the reservoir.  

▪ The reservoir flow rate, qsf (sand face flow rate), will slowly build up to become equal 

to the surface flow rate. 

▪ The fluid produced, q, is the sum production of fluid from the wellbore, qwb, and fluid 

coming from the reservoir, qsf. 

q =  qwb  +  qsf  -------------------------------------------------------------------------------- (3-41) 

The first production comes from the well. This is illustrated below. 

 

❖ after flow: Immediately after shut-in, the wellbore pressure is lower than out in the 

reservoir. Fluid will continue to flow into the well after shut-in. This is called after 

flow.  

The wellbore pressure will increase as a result of fluid compression. Finally, the 

pressures will be equalized and the inflow into the well will stop. 

After flow causes several problems such as: - 

1) Delay in beginning of MTR. 

2) MTR recognition is more difficult. 

3) Total lack of development of the MTR, with relatively long periods of after flow. 

4) Development of several false straight lines. 
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➢ Wellbore Storage Analysis  
Semi-log analysis is possible when 𝒒𝒘𝒃 ≈ 𝟎. Then the wellbore storage effect has died 

out. The production from the wellbore is given by: 

qwb = −cwbVwb
d∆pwf

dt
  ------------------------------------------------------------------------- (3-41) 

 

Where: 

Cwb is the compressibility and Vwb is the volume of the compressed fluid. The pressure 

drawdown, Δpwf, is given by: 

∆pwf = pi − pwf   ------------------------------------------------------------------------------- (3-42) 

For negligible sandface production, i.e. 𝒒𝒔𝒇 ≈ 𝟎, all the fluid produced at the surface 

derives from fluid expansion. 

q = qwb 

Since the surface rate q, is constant, the differential equation eq. (3-41) may be 

integrated to yield: 

∆pwf =
q B

Cs
t  -------------------------------------------------------------------------------------- (3-43) 

To identify the end of wellbore storage effect, the data have been plotted on log-log 

coordinates paper as:  ∆p vs. ∆te  ,  in build-up test,  ∆p vs. t   ,       in draw down test. 

Where: 

∆p = (pws - pwf ),        in build-up test 

∆p = (pi - pwf),        in draw down test 

∆te =  ∆t / (1+ ∆t / tp)  

At earliest times, a “unit-slope line” (i.e., line with 45° slope) is present on the graph. 

This line appears and remains as long as all production comes from the well-bore and 

none comes from the formation.  
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➢ Principle of Superposition 

• The solutions of the diffusivity equation are applicable under the following 

conditions;  

✓ Infinite reservoir. 

✓ Constant production 

✓ Single well.  

• But……the real reservoir systems usually have several wells that are operating at 

variable rates. 

• The principle of superposition is a powerful concept that can be applied to remove 

the restrictions that have been imposed on solutions of the diffusivity equation. 

• The superposition theorem states that any sum of individual solutions to the 

diffusivity equation is also a solution to that equation. 

A. Multiple Wells Reservoirs (Superposition in Space) 

 The total pressure drop at any point in a reservoir is the sum of the pressure drop at 

that point caused by flow in each of the wells in the reservoir.  

 As an example, consider three wells, Wells A, B and C, that start to produce at the same 

time from an infinite reservoir  

(Pi –  Pwf )total at Well A  =  (Pi –  P )due to Well A  +  (Pi –  P )due to Well B   +  (Pi –  P )due to Well C 

 

 

 

 

 

 

 

 

 

 

 

In terms of Ei functions and logarithmic approximations; 

(Pi –  Pwf )total at WellA = −70.6 (
 qA μ B

Kh
) [ln (

1688 Ø μ CtrwA
2

K t
) − 2SA] −

70.6 (
qB μ B

Kh
) Ei (

−948 Ø μ CtrAB
2

K t
) − 70.6 (

qC μ B

Kh
) Ei (

−948 Ø μ CtrAC
2

K t
) -------------------- (3-44) 
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Problem (3-6) 

Assume that the three wells as shown in below figure are producing under a transient 

flow condition for 15 hours. The following additional data is available: 

q01 = 100 Stb/day,        

q02 = 160 Stb/day,        

 q03 = 200 Stb/day, 

 pi = 4500 psi,     

Bo=1.2 bbl/Stb,      

ct = 20 * 10-6 psi-1,      

 s (well1) = -0.5,               h = 20 ft,           Ø = 15%,     k = 40 md,      rw = 0.25 ft,      µo = 2 cp,      

r1 = 400 ft,       r2 = 700 ft. 

If the three wells are producing at a constant flow rate, calculate the sand face flowing 

pressure (Pwf) at well (1).  

Solution: 
1- Calculate the pressure drop at well1 caused by its own production by; 

(Pi –  Pwf )total at Well 1 = −70.6 (
 q1 μ B

Kh
) [ln (

1688 Ø μ Ctrw
2

K t
) − 2SA]     

(Pi –  Pwf )total at Well 1 = 

−70.6
(100)(1.2)(2)

(40)(20)
[ln (

1688(0.15)(2)(20∗10−6)(0.25)2

(40)(15)
) − 2(−0.5)]   

(Pi –  Pwf )total at Well 1 = 270.2 psi 

2. Calculate the pressure drop at Well 1 due to the production from Well 2. 

(Pi –  P )due to Well 2 = −70.6 (
q2 μ B

Kh
) Ei (

−948 Ø μ Ctr1
2

K t
)   

 
3. Calculate pressure drop due to production from Well 3. 
(Pi –  P )due to Well 3 = −70.6 (

q3 μ B

Kh
) Ei (

−948 Ø μ Ctr2
2

K t
)  
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4. Calculate total pressure drop at Well 1. 

 
5. Calculate pwf at Well 1. 

∆Ptotal at Well 1 = Pi –  Pwf 

 

 

 

 

 

 

 

 

 

 

Well Testing
Lecture-



 
                                                                                                                                     

  

 
 

46 

B. Bounded Reservoir (Superposition in Space) 
Consider a well that is located a distance r from the no-flow boundary, e.g., sealing fault, 

which can be represented by zero pressure gradient 

 (
∂P

∂r
)

boundary
= 0. 

 

Assume an image well, identical to that of the actual well, on the other side of the fault 

at exactly distance r.  

The total pressure drops at the actual well will be the pressure drop due to its own 

production plus the additional pressure drop caused by an identical well at a distance of 

2r, or: 

(∆p)total=(∆p)actual well+(∆p)due to image well 

Or;  

(Pi –  Pwf )total = −70.6 (
 q μ B

Kh
) [ln (

1688 Ø μ Ctrw
2

K t
) − 2SA]  −

70.6 (
q μ B

Kh
) Ei (

−948 Ø μ Ct(2r)2

K t
) --------------------------------------------------------------- (3-45) 

 

C. Variable Flow Rates (Superposition in Time) 

A well is produces at three different rates…  

q1   from t= 0 to time t1  

q2  from t1  to t2 

at time  t2  the rate is changed to q3. 
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(∆p)total =  (∆p)due to (q1−0)  +  (∆p )due to (q2−q1)  +  (∆p )due to (q3−q2) 

(∆𝐩)𝟏 (𝐪𝟏−𝟎) = (𝐏𝐢 –  𝐏𝐰𝐟 )𝟏 = 

−70.6 (
 (q1−0) μ B

Kh
) [ln (

1688 Ø μ Ctrw
2

K t
) − 2S]  

                  (∆𝐩)𝟐 (𝐪𝟐−𝐪𝟏) = (𝐏𝐢 –  𝐏𝐰𝐟 )𝟐 = 

−70.6 (
 (q2−q1)  μ B

Kh
) [ln (

1688 Ø μ Ctrw
2

K (t−t1)
) − 2S]  

  (∆𝐩)𝟑 (𝐪𝟑−𝐪𝟐) = (𝐏𝐢 –  𝐏𝐰𝐟 )𝟑 = 

−70.6 (
 (q3−q2)  μ B

Kh
) [ln (

1688 Ø μ Ctrw
2

K (t−t2)
) − 2S]  

Thus, the total pressure drawdown for the well with changes in rates is: 

(Pi –  Pwf ) = (∆p)1 + (∆p)2 + (∆p)3 = 

−70.6 (
 (q1−0) μ B

Kh
) [ln (

1688 Ø μ Ctrw
2

K t
) − 2S]  − 70.6 (

 (q2−q1)  μ B

Kh
) [ln (

1688 Ø μ Ctrw
2

K (t−t1)
) −

2S]  − 70.6 (
 (q3−q2)  μ B

Kh
) [ln (

1688 Ø μ Ctrw
2

K (t−t2)
) − 2S] ----------------------------------------- (3-46) 

 

➢ Horner’s approximation 

❖ In 1951, Horner reported an approximation that can be used in many cases to avoid 

the use of superposition in modeling the production history of a variable-rate well.  

❖ With this approximation, we can replace the sequence of Ei function, reflecting rate 

changes, with a single Ei function that contains a single producing time and a single 

producing rate.  

❖ The single rate is the most recent rate at which the well was produced (qlast). 

❖ The single producing time is found by dividing cumulative production from the well 

by the most recent rate. 

tp ( hours)  =
cumulative production from well,Np (STB)

most recent rate,qlast (STB/D)
  --------------------------------------- (3-47) 

tp = single producing time = pseudo-producing time 

Then, to model pressure behavior at any point in a reservoir, we can use the simple 

equation; 

Pi –  P = −70.6 
qlast μ B

k h
 Ei (

−948 Ø μ Ctr2

K tp
) --------------------------------------------------- (3-48) 

Horner’s approximation will be adequate(acceptable) in the case when; 
time of qlast 

time of q before qlast 
≥ 2   
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Problem (3-7) 

Following completion, a well is produced for a short time and then shut-in for a buildup 

test. The production history was as follows. 

Production time (hrs) Total production (STB) 

25 52 

12 0 

26 46 

72 68 

1) Calculate the pseudo producing time, tp. 

2) Is Horner’s approximation adequate for this case? If not, how should the 

production history for this well be simulated? 

Solution: 

qlast =
68 STB

72 hrs
(24 

hrs

day
) = 22.7 STB/D  

Then;  

tp   =
cumulative production from well,Np (STB)

most recent rate,qlast (STB/D)
  

tp   =
24∗166

22.7
= 176 hrs  

In this case, 
time of qlast 

time of q before qlast 
=

72

26
= 2.77 > 2  

Thus, Horner’s approximation is probably adequate for this case. It should not be 

necessary to use superposition, which is required when Horner’s approximation is not 

adequate. 

 

 

 

 

Well Testing
Lecture-



 
                                                                                                                                     

  

 
 

49 

➢ Pressure Buildup Test 

❖ Pressure buildup analysis describes the buildup in wellbore pressure with time after 

a well has been shut-in.  

 
Idealized rate schedule and pressure response for buildup testing. 

❖ One of the principal objectives of this analysis is to determine the static reservoir 

pressure without waiting weeks or months for the pressure in the entire(whole) 

reservoir to stabilize. 

❖ pressure buildup analysis used to determine: 

▪ initial reservoir pressure  or average drainage area pressure. 

▪ Permeabilty in the drainage area of the well. 

▪ Skin factor in the region immediately adjacent to the well bore. 

❖ The equation describing a pressure buildup test is derive bassed on this 

assummptions; 

▪ Radial, steady state flow. 

▪ An inifinite acting, homogeneous, isotropic reservoir. 

▪ A slightly compressible, single-phase, constant μo and Bo fluid. 

Then an equation modeling a pressure buildup test can be developed by ues of 

superposition in time. 

❖ pressure buildup analysis based on Horner Equation, which is a solution of 

Diffusivity Equation, for fluid flow in porous media. 

❖ The pressure buildup equation was introduced by Horner (1951) and is commonly 

referred to as the Horner equation. 

Well Testing
Lecture-



 
                                                                                                                                     

  

 
 

50 

Horner equation or pressure buildup equation is; 

Pws = Pi −
162.6 q B μ

k h
log (

tp+∆t

∆t
)  -------------------------------------------------------------- (3-49) 

Or: 

Pws = Pi −
70.6  q B μ

k h
ln (

tp+∆t

∆t
) ----------------------------------------------------------------- (3-50) 

Where    pi = initial reservoir pressure, psi 

                pws = bottom hole shut-in pressure, psi 

                tp = flowing time before shut-in, hr 

                Δt = shut-in time, hr 

Eq. (3-49) suggests that a plot of pws versus (tp + Δt)/Δt would produce a straight-line 

relationship with intercept pi and slope of –m. 

Comparing Eq. (3-49) with the equation of a straight line, 

y =  mx +  b 

y = pws 

b = pi 

m = −
162.6 q B μ

k h
       or       k = −

162.6 q B μ

m h
   -------------------------------------------- (3-51) 

x =  log (
tp+∆t

∆t
)  

❖ plot of pws versus (tp + Δt)/Δt, is commonly referred to as the Horner plot. 

❖ For ideal buildup pressure test, we obtain a single straight line for all times. For 

actual buildup test, obtain a curve with a complicated shape. Buildup curve can 

divide an into three regions; 

1. An early-time region (ETR): during which a pressure transient is moving through 

the formation nearest the wellbore, (include wellbore effects → wellbore storage, 

skin factor and non-Darcy effects).  

2. A middle-time region (MTR): during which the pressure transient has moved away 

from the wellbore. The data are taken from this region to estimate formation 

properties because its consider reservoir behavior. 

3. A late-time region (LTR): in which the radius of investigation has reached the well's 

drainage boundaries. 
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Steps of determining reservoir properties by using Horner plot to analysis 

pressure buildup test 

❖ pressure buildup test analysis includes the following steps:   

1. Plot pws vs. time ratio ((tp + ∆t) / ∆t) on semi-logarithmic paper. 

2. Identify the correct straight line from MTR, and determine the slope m.  

Note: the straight-line slope (m) is found by simply subtracting the pressure at any two 

points on the straight line that are one cycle apart on the semi-log paper.  

3. Estimate effective formation permeability (k) 

  k = −
162.6 q B μ

m h
 --------------------------------------------------------------------------------- (3-52) 

4. Estimate original reservoir pressure (pi) from semi-log graph by extending the 

straight line to intercept y-axis at time ratio [(tp + ∆t) / ∆t] = 1. 

5. Determine pwf after 1 hour (P1hr) from the straight-line by setting or choose shut-in 

time ∆t equal to1 hour. 

∆t = 1, i.e.    
𝐭𝐩 + 𝟏

𝟏
  

6. Calculate the skin factor s 

s =  1.151 [ ( 
p 1hr – pwf(∆t=0)

m
)  − log ( 

k

Ø μ ct rw
2 ) + 3.23] --------------------------------- (3-53) 

Where, pwf (Δt = 0) = flowing bottom-hole pressure immediately before shut-in. 
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❖ In summary, if we plot pws vs. log ((tp + ∆t) / ∆t) with information obtained from a 

pressure buildup test, we can estimate effective permeability, k, original reservoir 

pressure, pi, and the skin factor, s.  

Problem (3-8) 

A new oil well produced 123 STB/Day for 97.6 hours; it then was shut-in for a pressure 

buildup test, during which the data in table below were recorded . Δt = 12 hours,   pwf 

(Δt=0) = 4506 psi    µ = 1 cp,    B = 1.22 RB/STB,                Net pay thickness = 20 ft        Ø = 

20%,        ct = 20*10-6 psi-1,             rw = 0.3 ft. 

Determine the following: 

1. Initial pressure pi 

2. Permeability   k 

3. Skin factor   S   

4. Flow efficiency FE 

5. Radius of investigations ri   

 
 wsp

(psi) 
4506 4675 4705 3733 4750 4757 4761 4763 4766 4770 4773 3775 4777 

Δt 
(hrs) 

0 0.5 0.66 1 1.5 2 2.5 3 4 6 8 10 12 

Solution:  

1. plot pws vs.  ((tp+Δt)/Δt) on semilog paper, draw the straight line from the transient 

region MTR (, extend the line to intercept y-axis at ((tp+Δt)/Δt) = 1, to determine pi = 

4800 psi. 
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2. By slope of straight line, determine k 

m =  
(4800 – 4775.5)

(log1 – log 10 )
 =  − 24.5 psi / cycle.  

k = − 
162.6∗ 123∗1∗1.22

(−24.5)∗20
 =  50 md  

3. at     ∆t = 1 hr,     (
tp+∆t

∆t
) =

97.6  + 1

1
= 98.6 hr   

from figure, at  (
tp+∆t

∆t
) = 98.6 hr,  p 1hr = 4752 psi  

s =  1.151 [
4752−4506

24.5
 − log (

50

0.2∗1∗20∗10−6 0.32
  ) +  3.23]  = 6  

4.  

∆Pskin = 141.2 (
q μ B

k h
) s =  141.2 (

123∗1∗1.22 

50∗20
) (6)  =  128 psi  

FE =  
∆P − ∆Pskin 

 ∆P
=

Pi−Pwf − ∆Pskin 

 Pi−Pwf
  

=  (
4800−4506−128

4800−4506
  =  0.56  

5.  

ri  =  (
 kt 

948 Øμ ct
)

1/2
= [ 

50∗97.6

948 ∗0.2∗1∗20∗10−6
]

1

2
  =  1134 ft  

 

 
 

Pi 

P1hr 

+Δt)/Δt)p((t 
 

Pws 
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➢ Effect and duration of after flow (wellbore storage)   
After flow causes several problems such as:- 

1. Delay in beginning of MTR. 

2. MTR recognition is more difficult. 

3. Total lack of development of the MTR, with relatively long periods of after flow. 

4. Development of several false straight lines. 

To identify the end of wellbore storage effect, the data have been plotted on log-

log coordinates paper as;∆p vs. ∆te  ,  in build-up test 

                                                  ∆p vs. t ,       in draw down test 

Where: 

∆p = (pws - pwf ),        in build-up test 

∆p = (pi - pwf),         in draw down test 

∆te = ∆t / (1+ ∆t / tp  

At earliest times, a “unit-slope line” (i.e., line with 45° slope) is present on the 

graph. This line appears and remains as long as all production comes from the well-bore 

and none comes from the formation.  

 

 

 
 

 

1 ½ log cycles 
 

End of Unit Slop 

Line 
 

Expected start of 

semi-log line 
 

∆te 

∆p 
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➢ Drawdown Test 
❖ A pressure drawdown test is conducted by producing a well at a known rate or rates 

while measuring changes in bottom-hole pressure (BHP) as a function of time. 

 
Idealized rate schedule and pressure response for drawdown testing. 

❖ The objective of a pressure drawdown test usually includes:  

✓ Estimate of permeability (k), skin factor (s). 

✓ Estimate the reservoir volume (hydrocarbon volume).  

o when the pressure transient is affected by outer reservoir boundaries, drawdown 

tests can be used to estimate the reservoir volume these flow tests are called 

reservoir-limit tests. 

❖ An idealized constant-rate drawdown test in an infinite-acting reservoir (i.e., during 

the unsteady-state flow period) is given by the following equation: 

Pwf = Pi −
162.6 q B μ

k h
[log (

k t

φ μ ct rw
2 ) − 3.23 + 0.87s] -------------------------------------- (3-54) 

Eq. (3-54) can be written as: 

Pwf = Pi −
162.6 q B μ

k h
[log(t) + log (

k 

φ μ ct rw
2 ) − 3.23 + 0.87s]  --------------------------- (3-55) 

Re-arrange eq. (3-55)  

Pwf = Pi −
162.6 q B μ

k h
 [log (

k 

φ μ ct rw
2 ) − 3.23 + 0.87s] −

162.6 q B μ

k h
log(t) --------------- (3-56) 

This equation is straight line equation expressed as: 
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Y = a + m X   

Where:  

Y = Pwf                        X = log(t) 

a = Pi −
162.6 q B μ

k h
[log (

k 

φ μ ct rw
2 ) − 3.23 + 0.87s]  

m (slop) =
−162.6 q B μ

k h
      

 

 

k h = formation capacity =
−162.6 q B μ

m
  

If the thickness is known, then the average permeability is given by: 

k =
−162.6 q B μ

m h
   

 

• The skin effect can be obtained by rearranging eq. (3-56), as: 

s = 1.151 ((
Pwf−Pi

m
) − log(t) − log (

k 

φ μ ct rw
2 ) + 3.23)  

or, more conveniently, if  t =1  ,   Pwf = P1hr 
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s = 1.151 ((
P1 hr−Pi

m
) − log (

k 

φ μ ct rw
2 ) + 3.23)  -------------------------------------------- (3-57) 

P1hr found on the extension of the straight line at log t = 1 hour 

• A plot of Pwf versus time (t) on semi log graph paper would yield a straight line with 

a slope m in psi/cycle. 
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1. Early-time region (ETR) (unsteady state flow region) 

2. Middle-time region (MTR) 

3. Late-time region (LTR) (pseudo-steady state region) 

 

➢ Pressure Drawdown Test Analysis Steps 

1- Plot flowing BHP, pwf  vs. flowing time, t, on semi-log paper. 

2- Determine the slop m of the most probable MTR, and estimate formation permeability 

by:               

k =
−162.6 q B μ

m h
   

3- Estimate the skin factor, s by: 

s = 1.151 ((
P1 hr−Pi

m
) − log (

k 

φ μ ct rw
2 ) + 3.23)     

Problem (3-9) 

A new oil well is tested by producing it at a constant rate of 1500 STB/Day for 100 hours. 

The reservoir data and flowing bottom-hole pressure recorded during the test are 

detailed below.  

 fwp
(psi) 

3500 
(pi) 

2917 2900 2888 2879 2869 2848 2830 2794 2762 

Δt 
(hrs) 

0 1 2 3 4 5 7.5 10 15 20 

µ = 1 cp, B = 1.2 RB/STB, Net pay thickness = 20 ft 

Ø = 18%, ct = 15*10-6 psi-1, rw = 0.33 ft 

1. Determine the permeability(k) and skin factor (s) 

2. Estimate the pore volume of the reservoir? 

Solution: 

1. plot pwf vs. t on semi-log paper, draw best straight line from the MTR region, 

determine the slop (m), and estimate formation permeability. 
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m =
(2917 – 2856)

(log1 – log 10)
 =  − 61 

psi

cycle
  

k =  
− 162.6∗ 1500∗1∗1.2

(− 61)∗20
  =  240 md  

2. Determine skin factor, s. 

s = 1.151 ((
2917−3500

− 61
) − log (

240  

0.18∗1∗15∗10−6∗ 0.332) + 3.23) = 4.5   

3. Estimate reservoir pore volume by using the following steps: 

A. Plot pwf vs. t on Cartesian graph paper. 

B. Draw best straight line. 

C. Determine the slop (m). 

D. Estimate reservoir pore volume by using the following equation; 

vp =
− 0.234 qB

ct(
∂Pwf

∂t
)

   

Where; 

(
∂Pwf

∂t
) = slop (m) 
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From below figure, Pwf / t = slope = - 5.16  

vp =
− 0.234 qB

ct(
∂Pwf

∂t
)

=
− 0.234 (1500)(1.2)    

15∗10−6 (−5.16)   
= 544.18 ∗ 104 ft³  
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➢ Injectivity Test 

Introduction  
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Table (3-2): Parameters obtained from well testing (Kamal, Freyder, and Murray, 1995)  

 Type of test Obtained parameter 

DST 

Reservoir behavior 
Permeability, Skin 
Nearby boundaries 
Reservoir pressure 

Repeat-multiple-

formation test 
Pressure Profile 

Drawdown test 

Reservoir behavior 
Permeability, Skin 

Fracture length 
Reservoir limit, Boundaries 

Buildup test 

Average Reservoir pressure 
Permeability, Skin 

Fracture length 
Reservoir boundaries 

Step-rate test 
Formation parting pressure 

Permeability, Skin 

Falloff test 

Mobility in various banks 
Skin 

Average Reservoir pressure 
Fracture length 

Location of front, Boundaries 

Interference and pulse 

tests 

Communication between wells 
Transmissivity 

Porosity, storativity 
Interwell permeability 
Vertical permeability 

Layered reservoir test 

Properties of individual layers 
Horizontal permeability, Vertical 

permeability 
Skin 

Average layer pressure 
Outer boundaries 
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