i I THE DERIVATIVE OF A FUNCTIONS j i

The Derivative : is the slope and we can define as :

f(x):j—y:m: lim f(x+Ax)—1f(x)
X

Ax —0 Ax

Where " m " is the slope , if this derivative exists then we say fis " differentiable "
EXAM : Find to the function S_Y f(x)= \/;

Solution : i

d_y:f’(x): lim f(x +Ax)—1f(x)
dx

Ax =0 AXx

VX +Ax —\/_

_ lim \/X+AX—\/_\/X+AX \/_
Ax—0 Ax Jx +Ax ++/x

= lim

Ax —0

= lim REAX X = lim
AX—>0AX(\/X + Ax +\/_) AX—>0AX(\/X + Ax +\/_)

= lim !

e v iy ey

d
EXAM : Find d_y to the function
X

) f(x)=x?
Solution :

f(x +Ax)=(x +Ax)* =x> +2xAx +A’x
f(x+Ax)-f(x) _ ~ lim )/+2XAX+A2X—/

f'(x)= lim
Ax >0 Ax Ax—0 Ax
2
 lim 2xAx +Ax _ lim M[2X + Ax ]

Ax >0 Ax Ax >0 M

= lim2x + Ax =2x +0=2x

Ax =0
1
) f(x)=—
X
Solution :

f(x +Ax)= !

X + Ax
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1 1 X —Xx —Ax

F/(x) = lim XEAY X _ jjy X(CHAX)
Ax —0 AX Ax >0 AXx
R
= lim =

A-0x(x +AX) X

RULES OF DERIVATIVE :
Dy=f(x)=C=y'=0

Dy=f(x)=x =>y'=1

1

Ny=f(x)=x"=y'=nx""

4)y=f(x)=Cg(x)=y'=Cg'(x)

Hy=fx)tgx)=>y'=f'(x)tg'(x)

6)y=f(x) gx)=>y'=f(x)g'(x)+g(x)f'(x)

7y :@:y,:g(ﬂf ’(X)—f2(X)g’(X)
g(x) g(x)

8)y =f(x)=C(g(x)" =y =C(g(x)"" g'(x)

Proof :
Df(x)=C=f(x +Ax)=C
F(x)= lim LEFAOD=I) €€

Ax —0 AX Ax—0  Ax

) f(x)=x=>f(x+Ax)=x +Ax
f’(x):lim’x/JrAX_’X/ AX

= lim — =1
Ax —0 Ax Ax—0 Ax

NOTE

n

n(n _l)Xn—zyz " n(n-1)(n _2)Xn—3
2! 3!
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i I THE DERIVATIVE OF A FUNCTIONS j i

Hf(x)=x"
-1
f(X+AX)=(X+AX)”=X“+11X“"1AX+H(I; )XH_2A2X+...+AHX
n-1 H(H—l) n-2 A2 n
)/+nx Ax+7'x Ax +..+A x—)/
f'(x)= lim 2!
Ax —0 Ax
n-1 H(H—l) n-1,2 n-1
. M[nx + Y XA X+ +AT X
:Algr—{lo %4
-1
= lim nx "' + n(n )X”"lAzx +..+A"'x
Ax —0 21

—nx" " +0+0+..+0=nx""

EXAM : Find Z—y to the function
X

) y=x° = y'=6x

2) y=3x" = y'=34x"=12x"

3) y=3x"+2x"-7x+10 = y'=12x+4x-7

4 y=(x+3)x’+2) = y'=(x+3)2x)+(x’+2).1
X +3 , (x7+2).1-(x +3)(2x

y:((X%rz)) = y=t 2x2+(2)2 e

6) y=0CBx"+4x) = y'=5Bx’+4x)*(6x +4)

7 y=03x*+4x)(x’+7)° = y'=0Cx>+4x)3(x’+7)*.3x%)+
+(x°+7)°53x* +4x)*(6x +4)

5

5)

IMPLICIT DIFFERENTIATION (aiad) glandy)
Glans) (Independent)Jiina) il ($idi Cum ¢ ST 5l (g oy Alall gllac ) s A& Jacall GELEY andi
‘Hs Aaliny Lﬁu\ ‘);u_ml\ E) Aaizall ‘)..gﬁd\ U‘ < f_uM (Blatd) aetis (Dependent)d.«i&d\ ‘).4&:\.4]\ Lol ¢ fa.u..a

P e, A Al 3 ) el sed Jeiwall usidl Lel 5 Al il e
dy

dr y (dependent) & x (independent)
x

Z—Z z (dependent) & y (independent)
y
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EXAM :

2
F x2+y>=9 ,Findd—y&d z
dx dx

Solution :

2x +2yy'=0=2yy' =2x = |y'=—

;;:_(Y.I—XY'):_ Yy _ y
2 2 y2

__X2+y2_ 9

y’ A

EXAM :

If 2y* =x" ,then prove that d’y ===

solution :

dyy'=3x>=|y'=="—

EXAM :
If y’-x’=a’ ,prove that:
d’x  2ya’

a 1S constant.
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3y? —3x°x'=0=3y>=3x"x"=|x'=

X
2 4
2 2y 2_2)’
X,,_X2.2y—y2.2XX'_2yX 2Xy . _2yx .
x* x* x*
_2yx’ =2yt 2y(xP-y?) _2y(-a’) _2ya’
x° x° x> x>
CHAIN RULE Al sacld

Let y=f(t) and x=g(t) , the chain rule may be written as :
dy
dy _dy dt __ di
dx dt dx dx.
dt
EXAM :
Ify=t'+6 , x=2t+4
2
Find d_y , d )2/
dx dx
Solution :.
dy _dy dt
dx dt dx
d—y=3t2 ,d—X=2 e _ 1
dt dt
302 ]

dx 2
dzy_i(d_y _d , _dA_dA dt
dx? dx dx  dx dx dt dx
L

2 2
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[ THEDERWATIVEOFAFUNcTioNs ]
EXAM :
Ify=t+1 , x=t"-1

dy d’y

Find —,—
dx dx

Solution :.

dy _dy dt

dx dt dx

dt dt dx 2t

d—y=2t.i =]l<A
dx 2t
d’y _d dy,_d , _dA_dA di

dx* dx dx’ dx dx  dt dx
1

=0.—=0
2t
EXAM :
If y=Cost , x =sint
2
Find d—y,d)zl
dx dx
Solution :.
dy _dy dt
dx dt dx
d—yz—smt ,——Cost:>£: !
dt dx Cost
d—yz—sint. I =|—tant|< A
dx ost
d’y _ddy, d, dA_dAdt
dx? dx dx’ dx dx dt dx
= —Sec’t. = —Sec’t

Cost
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i I THE DERIVATIVE OF A FUNCTIONS j

Partial Derivative :

DEF:
Let f be a function with two variables x, y , then the partial derivative for f respect to x

of

is the function f; or and its value at any point (x,y) in domain f is :8_
X

f(x+Ax,y)—f(x,y)
Ax

d .
f, (X,y)=a—xf(x,y)=A1;r30

DEF:
Let f be a function with two variables x, y , then the partial derivative for f respect to x

of

is the function f, or and its value at any point (x,y) in domain fis : —

oy

fy(XJI):if(X,y): lim F(x,y+Ay)—1f(x,y)
5)/ Ay —0 Ay

DEF:
Let f be a function with three variables x, y ,z then the partial derivative for f :

fx (Xa.YaZ):a%f(X,y,Z):AIEIEOf(X +AX’y’AZX)_f(XaY9Z)

f (X,y,Z):if(X,y,Z): lim f(X,y_i_Ay’Z)_f(Xa.)/aZ)
g 8_)/ Ay —0 Ay

f(x,y,z+Az)-f(x,y,z)

(6, y,2) = f (r,y7) = fim

Az

Note :

2 2
a—i - fxx 6—1“ = fxy
ox oxy

2 2
o, O
oyx 7 oy Y
ny = fyx
and in three variables

O’ f _ o O f B -
oxoy? ox oy VW '
EXAM :
f(x,y)=x2 —5xy +y3
of
—=2x -5
16).4 Y
of

—=0-5x +3y° =-5x +3y°

Oy
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i I THE DERIVATIVE OF A FUNCTIONS j i

o’'f 0 of

— -6
oy 8y(8y) y
o*'f o of

s = (7)) =2
ox° Ox Ox
o’f . Of
Ox Oy Oy Ox
EXAM :
f(x,y)=0x +5y)
of

~-=50x +5y)" 3=15(3x +5y)’
X

O 5(3x +5y)".5=25Gx +5y)"
Oy
o’f 3 3
5.7 = 6003x +5y)"3=1800x +5y)
X
O*f B 3 3
8—2_100(3X +5y).5=5003x +5y)
) 2
o't =60(3x +5y)’.5=3003x +5y)’ = ot
O0x Oy Oy Ox
EXAM :
f(X’y)zxy3—5X2yz4 a3_f=o
3
81” 3 4 ox
— =y’ —10xyz 3
Ox %=6x
y
ﬁ:3yzx—5xzz4 O3 f
Oy —— =-120x’yz
of 2.3 o
—=-20x"yz o*f
Py =3y?-10xz*
oy Ox Oy
— =-10yz* o*f
Ox = —40xyz"’
oy 0x 0z
F:@(y o't 0 of 81”))
Z Ox0yoOz Ox Oy Oz
oL goxys? or__o ot

)=0

Z -
0 gww%% 0z0y* 0z Oy’
! *IIEIIE MOHAMED SABAH AL TAEE \ MOSUL UNIVERSITY \ MATHEMATICS SCIENCE



DEF :

Let u(x,y) , v(x,y) be a functions then we say that u & v satisfy the Cauchy Riemann
Equation (C.R.E) iff

ou 0Ov & u _ 0v

ox  dy ay  ox
EXAM :

u=x>-y* , v =2Xxy
8_u:2X , a—V:2X :a—uza—v
ox oy ox Oy
u_ L, v, o v
oy o0x oy ox

u&v satisty C.R.E

DEF :
, . . Of Of
When the function f(x,y) satisfy Laplace equation —— +—— = 0
ox~ Oy
then f(x,y) is said to be harmonic .
EXAM :
f(x,y)=x"-3xy"
2
@:3)(2 -3y? = %=6x
ox ox
2
@=—6xy = %z—@(
oy y
2 2
8_1‘"2 + 6_1”2 =6x —6x =0
ox~ Oy

f  harmonic
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THE DERIVATIVE OF A FUNCTIONS

HOME WORK

By using the definition of the derivative find to f'(x)

2 2
d Z&d )i to the :
dx dy
X2y2—y=7

2x%y —4y’ +1=0

Find

2 2 2 X
X3 +yé —a’ ,a 1s cons.
1 1 1 .
X/ +y£ —a’ ,a 1S cons.
x> —4y*+3=0

MOHAMED SABAH AL TAEE

.3 2 M.SC / MATHEMATICS
If y=t"+3t"+1 E-MAIL : msmt_80@yahoo.com
X = 4t4 + 2t2 2013 -2014

2

then Find d }2/
dx
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1 SINGLE , DOUBLE , TRIPLE INTEGRAL j i

PROPERTIES OF INTEGRAL : -

b b

:dX:b—a:>J.c.dX:c(b—a) a X,
e =] N\
Je.f (x)dx =c.[f (x)dx | i
z ‘"’ DA
[fx)dx =0

b. a

[ £ (x)dx ==[f (x)dx

a b

f).f(X)dX ij(X)dX +j‘f(x )dx ,c €[a,b]

a a

x™+C ,n#-1

x"dx =
’ n+1
b b

JIf (x)£g(x)ldx = [ (x)dx ii)[g(x )dx

a a

b
if £(x)20=[f(x)dx >0

if f(x)Sg(x):if(x)dX Sj.g(x)dx

[F o1

JIf COT'f(x)dx = ,n#—1
n+1

EXAM : -

10

[dx =10-6=4

6

10
[5.dx =5(10-6)=5.4=20
6

213

X

: 1
[xdx ==~ ==(9-1=4
! 2] 2

1
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i I SINGLE , DOUBLE , TRIPLE INTEGRAL j

5 X2 3

[(x +5)dx ==—+5x| =255

2 2 2

1 3 !

I(X2+3X)dX=X—+§X2 :E

) 3 2 |, 6
_(2X2+5X)33_?

3
[(2x? +5x%)*(4x +5)dx =
1

1

3 3
J(2x? +6x)*(2x +3)dx :%J.(2X2 +6x)°(4x +6)dx =
1 1

3
_@ex*+6x)[
3 1 .
1 1 7 x4 !
J(x3+1)2dx =I(X6+2X3+1)dx =—+—+x| =7
0 0 7 2
0
EQUATION OF STRAIGHT LINE : amflal) i) 4_talaa

The general form of straight line equation is :-
ax +by +¢c=0

OR

y =mx +b

EXAM : - Find the equation of the curve whose slope at any point p(x,y) is 2x+1
and passing through the point (1,3) .

mzd—y=2x +1

x
dy 2
y :Id—dx :I(ZX +1)dx = |y =x" +x +C | < general curves
x

(1,3)ecurves =3=1"+1+C = C =1

y =x%+x +1|< special curve

EXAM : - Find the equation of the curve whose slope at any point p(x,y) is

4x° +18x° +8x +3
and passing through the point (1,11) .
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1 SINGLE , DOUBLE , TRIPLE INTEGRAL j i

m :d—y=4x3+18x2+8x +3
dx

y =I(4X3+18X2+8X + 3)dx

y=x"+6x’+4x>+3x +C
11=1+6+4+3+C =C=-3

y=x"+6x"+4x>+3x -3

DOUBLE INTEGRATION :
EXAM :

ﬁ(3—x — y)dydx
00

X

1 1 1
1 5 S 3
=| 3y —xy —— dx =|3x —x"——x")dx =|(3x ——=x")dx
{yyzyo {( 2>£<2)
1
zéxz—lx3 =1
2 2
EXAM
2y2
jj.dxdy
Ly
2 22 1 1 L[
(1 dv = [(vZiev)dy =~ v3—2y2 =2
!\yy !(y Iy =1y =357 =%
EXAM :
V2 \4-2y°
j j ydxdy
0—4—2y2
\/5
Ja-2y2
=.([ yx|[° 4szx jy\/4 2y +y\4- 2y2dX—2J.y\/4 2y dx
N
2 (4-2y7)3| 8
—4 3 3
2 0
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1 SINGLE , DOUBLE , TRIPLE INTEGRAL j i

TRIPLE INTEGRATION :

EXAM :

>
N

(x +1)dzdydx

O ey —
S Ty >

< —

S}

I
Ol — O — O —

) 1x
(x +l)z‘fy2 dydx =”(x +1)x % +(x +1)y* dydx
00

I
1 1
x°+x74xy’ +y” dydx :IX3y +X2y+§Xy3+—y3
0

X

dx

S e < O S

0
1
X4+X3+1X4+1X3dX =J—X4+ﬂx3 dx :ixs+lx4
3 3 03 3 15 3

1

, 15

EXAM :

X2

1x
” I dzdydx
00_y2
1x 2 1x 5 )
:H z‘_yz dde:”X +y? dydx
00 00
! 1 [ 1
=|x’y +=y° dX=IX3+—X3dX
b 3 0 0
1 1
= iX3dX=lX4 1
0 o 3
1 1 1
= X4+X3+1X4+1X3dxZJ-ﬂX4+ﬂX3dX=iX5+lX4 :2
Y 3 3 )3 15 3 |, 15
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SINGLE , DOUBLE , TRIPLE INTEGRAL

HOME WORK

1) Find the equation of the curve whose slope at any point p(x,y) is
m=(x"*+16x +4)*(x> +4)
and passing through the point (2,1) .

2) Find the equation of the curve whose slope at any point p(x,y) is
m=x(x +5)

and passing through the point (2,1) .

3) Find :

1

| j.X Jx° + ydydx

o!—.t\) -

3
_[(z Yy *x )dxdydz
0

MOHAMED SABAH AL TAEE
M.SC / MATHEMATICS
E-MAIL : msmt_80@yahoo.com
2013 -2014
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M | |
| | DEFINITE INTEGRAL APPLICATIONS j | —

1 Area

a) Area between f(x) and the axis

A= I f (x)dx :j y dx , arearespected to x — axis

d
A= j g(y)dy :.[X dy , arearespectedtoy — axis

b) Area between two curves
yi=t(xy), y=f(x2),  xi=g(y),  x2=g(y2)
b

A=[(y,—y)dx x-axis .y 2y,

d
A :_“(xl -X,)dy ,y-—axis ,X,2X,

+ dala cilbiada
L ol 098y Jaldld Jal<i 3 gaa g Ad)a Lilas ) 13 (1
L Cllal) adal@id JalSS 3 gas ¢y gy Gailla Ulas 13 (2
X osaall Aucdilly dabeall oo ) 13 ¢ gaall Jo alaie Wl 0 9S) Jadld ¢ JalSS 3 gaa ¢ gy Jad 431a Lilkae | 13) (3
. Cdial ékm e:l ¢ x=0 Aalaa Al y Jsaall ML} Aaloall U-ED‘ \3\3 y=0 dalaa Al
JA\S.'\.“ J\ghd.lﬁgﬂ‘,\*é y JMM\.} BLEMJAM\ dgdag X JMMQ&M\‘,\&E‘S‘ (4
. aa oaSall g x Ay
EXAM :- Find the area bounded by the line y=2x and the x-axis from x=0, x=2 and
check the result by geometrically.

b 2
2
A :jy dx :I2X dx =X2‘0 = 4 unit* y=2x (2,9
0

x=2

In Geometry

v

1, 1
A=_bh=_(2)4)=4

EXAM :- Find the area between the curves :
y =x° andtheline y =3x

Solution :
y=x’ (1)
y =3x (2) < >

x?2=3x =>x2-3x =0

’: MOHAMED SABAH AL TAEE \ MOSUL UNIVERSITY \ MATHEMATICS SCIENCES




| I DEFINITE INTEGRAL APPLICATIONS j |
x(x -3)=0=>x=0,x =3

b
AZI(.Vl_Y2)dX Y12 Y2

1,

‘ 3
=I(3X—X2)dX=—X2——X 2
7 2 3

= 4.5 unit

0
EXAM :- Find the area between the curves :

y =x(x?—4) and the x-axis

Solution :

y =x(x*—-4) Az
y =0 -2
X(xP-4)=0=>x=0,x =-2,x =2

A=|A|+]4,

0 0 1 0
AIZJX(X2—4)dX=I(X3—4X)dX=—X4—2X2 =4
) -2 4 -2
2 2 1 2
Ay =[x (x*=4)dx =[(x’ —4x)dx =—x*-2x*| =—4
0 0 4 0

A =|4|+|-4|=8
EXAM :- Find the area between the line x-y=10 and the
a) x-axis b)y-axis
from x=0 , x=5
b
a) A:Iydx , Xx—-y=10=2y=x-10
5 x2 3
= [(x —10)dx == —-10x| =|-37.5|=37.5
0 2 0
d
b) A=[xdy , x—y=10=>x=y+10
-5
A= [ (y+10)dy x=0>y=-10 &x=5—>y=-5

-10

-5
=7
-10

|
=—vyv°+10
2)’ y

iﬁ%\z MOHAMED SABAH AL TAEE \ MOSUL UNIVERSITY \ MATHEMATICS SCIENCES
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| I DEFINITE INTEGRAL APPLICATIONS j

2( [ Volumes

DEF: if f(x) > 0 cont. on [a,b] if the area bounded by f(x) and the x-axis from x=a to
x=b rotated about the x-axis then :

V. :]{ﬁ[f (x)]Pdx =]).7zy2dx

DEF: if g(y) = 0 cont. on [c,d] if the area bounded by g(y) and the y-axis fromy=c to
y=d rotated about the y-axis then :

d d
V, = [lg(y)Fdy = [zx’dy
DEF :Cif the area boun(;ed between two curves is rotated about x-axis
b
V, =[xy -yDdx ,y, 2y,
DEF :aif the area bounded between two curves is rotated about y-axis
d
V, = IE(XIZ -x)dy ,x,>x,
LAMc :- The area bounded by the circle with radius r and center is the origin is

rotated about the x-axis , find the volume generated and check the result by geom.

x’+y’=r’=>y’=r"-x"

r

\

A

r

227ZI(T2—X2)CIX =27(r’x —1X3) ¢
0 3 0
B P
In Geometry

.4 .
thevolume of sphare is 572'1‘3 unit’

EXAM :- The area bounded by the function X 2y ?> =1 is rotated about the y-axis,
find the volume generated from y=1, y=2.

d
Vy:ﬁszdy , x'y’=lox’=y"
d _12
:ﬂjy"zdy =—| =7 unit’
1

‘: MOHAMED SABAH AL TAEE \ MOSUL UNIVERSITY \ MATHEMATICS SCIENCES



e - - T/ N Y
| | DEFINITE INTEGRAL APPLICATIONS j | —

EXAM :- The area bounded by the line y=x-1
a) is rotated about the x-axis b) is rotated about the y-axis
find the volume generated from those rotation from x=0,1

b
a)szﬂjyde , y=x-1=>y’=(x -1
1 V4 Yo
=r[(x =D’dx ==(x -1)’| == unit’
!( Yy =3(x -1y =3
d
b)Vy:ﬂszdy , y=x—-l=x=y+1=x>=(y +1)

x=0->y=-1 &x=1>y=0
0

T .3
= — unit
4 3

0
=7 [ (y +1)dx =§(y +1)}
-1

3| [Arc Length

If y=f(x) is continous with continous derivative at each point of the curve from (a,f(a))
to (b,f(b)) then :

; dy ., dy
S = [\ [1+(=) dx ,if =2 is cont.
' dx dx
d
S :I 1+(d—X)2dy If dy is not cont.
g dy dx

1
EXAM :- Find the length of the segment of curve y = g(X 24 2)% ,fromx =0,3

dy 13

—Z(x?+ 2)% (2x)=x (x> +2)y2 cont.on[0,3]
dx 32

S —T 1+ (Y —i\/1+(x(xz +2))2dx
_a dX _0

O ey (D O ey 0

3
\/1+X2(X2+2)dX :J\/x4+2xz+ldx
0

J(x 7 +1)’dx = j.(x > +1)dx

3

3
X

=—+x| =7

0
MOHAMED SABAH AL TAEE \ MOSUL UNIVERSITY \ MATHEMATICS SCIENCES




DEFINITE INTEGRAL APPLICATIONS

EXAM :- Find the length of the segment of curve y = x % ,fromx =-1,8

d_YZEX-% =—— notcont.on[-1,8]
dx 3 3x 3
dx

B =1y —1&x =8>y =4
dy 2

s [ Cxtydy = [ 1+ 274
—'! +(5X ) y—! +ZX ly

4

9 472 9 %

S=|J1+=-ydy =—=(0+-y)"?
'{ 4 93 4

4
1

_ 8 s 13
= 5[0 =(H)71=?
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DEFINITE INTEGRAL APPLICATIONS

HOME WORK

1- Find the area bounded by the line 2x-5y=10 from x=0, 10 about the x&y — axis.
2- Find the area bounded by the curves :

y:X2 , y:\/; X =1,2 ,x —axis

y =sec’x y=x ,x =-4545 ,x —axis
y:X2=y . X:y—2 ,X—anS
y=x"-2x>, y=2x>-3x ,X —axis

3- Find the volume generated from rotation between curves :
y=secx , y=0 ,x=4560 ,x —axis

y = 25—-x% y =3 ,X — axis

y=cscx , y=2 ,x=4560 ,x —axis

x=1-y®> |, x=2+y? ,y=-11 ,y—axis

y =sinx , y=cosx ,x =0,45 ,x —axis
y=tanx , y=-1 ,x=4560 ,x —axis

4- Find the horizontal line y=k that divides the area between y =X 2 & y=9
into two equal parts .

5- Find the vertical line x=Kk that divides the area between x = \/; & x =2
into two equal parts .

6- Find the volume of the solid that result when the reigon above the x-axis and below

2 2

X

—2+y—2=1 ,a,b >0 to the ellipse

a~ b

7- Let V be the volume of the solid that result when the reigon enclosed by
1

y=— ,y=0,x=2 ,x=b (0<b<2)
X

is revolved about the x-axis , find the value of " b " for which V=3.
8- Find the exact arc length of the curve over the stated interval : -
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