[ 160,29 ]E SPECIAL FUNCTIONS : FACTORIAL — CAMMA — BETA FUN.

The Factorial
Single Factorial

We can define the factorial function ( Single factorial ) Symﬁaled 1717 (1) as:
n=nn-1n-2)---3-2-1 ,forallne zZ*
In special case we can define 0! =1

4'=4.3.2.1 =24
5!=5.4.3.2.1 =120

1'=1

Double Factorial

We can define the double factorial function Stjmﬁalea( 7717 (1) as:

nn-2)(n—-4)--5-3-1 , n>0,odd
nl'=1nmn-2)(n—-4)---4-2 , , n>0,even
1 , n=-10
on=1 , mMm=1 , 2l=2 ,31=31=3
5'=5.3.1=15
6!l =6.4.2 =48

Note : the relation between the single and double fac. Canbe written as:

n!'=nll(n—1)!
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LEC 29 ]E SPECIAL FUNCTIONS : FACTORIAL — CAMMA — BETA FUN.

GAmmaA Function

we can define the gamma function as:

m

[(n) = lim x"le™*dx n>0

n—-o0o

0

F(n) = fooox”_le_x dx ,n>0

So as u=x

rQ) = jo

= —xe * — j —eFdx=—-xe*—-e*lg=(0-0-(0-1)=1
0

oo (00}

x2—1e—x dx = f xle—x dx du = dx
0

Rules af gamma fumtim
$Tn+1)=n" , nez*
Cfn+1)=nl(n) ,vn+0
@ T(n) = r("n“) . mEQ-

& T —n) = —=

sinnm

o T)F(1 = n) = fo"":: dx , 0<n<1

$I(n)=4 ,neZ” u{o}
o) =2 fooo x1le=2* gy n >0

r4)=3'=6

Note: we doesn't find the gamma function for the negative inteqer values .
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;Eammfla s calculate the fallam'ng :

1)f tte tdt=5=4!=24
0

2) f (1+ 2x%)%e *dx = j(l + 4x% + 4x*) e *dx =
0 0

f e *dx + 4.[ x2e *dx + J xte*dx=I1+43+45 =105
0 0 0
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SPECIAL FUNCTIONS : FACTORIAL - GAMMA - BETA FUN.

3)[\/;@(— j(Ln—)de
1

- x=e % -5 dx=-eY%du

2 2

0
1 1 3 1 1.1 1
f—u?e‘“duz f wetdu=[== r<—+ 1) =EFE —

SVm

~
o
-~
<
h
=
I
N———

5 3_/3\ 31_1
% e “du = ju%e‘“duz r—=—r(—> ===l==

2 2 \2

5) Find f 3-47"dz
0

2
g3-42° _ pLn3™**

f3‘4zzdz=f
0 0

472
— e~ 4z°Ln3

_ A2
e 4z<ILn3 dz
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.

let u= —4z%*Ln3

1 1

Z= du
4/In3 Vu

z=03u=0,

[ s
] 4+/ILn3

-1
uz2du=

) u Vu
33 z° = 33z =
4In3 2+/Ln3
1 -1
= uzdu
4+/Ln3
Z=0 33Uu= 0o
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[ 160,29 ]E SPECIAL FUNCTIONS : FACTORIAL — CAMMA — BETA FUN.

1
7) Prove that 2™ [ <n+§>=1-3-5-7"-(2n—1)\/ﬁ

“T(n+1) =nl(n)

" (n+g) = (=27 (-3

() == (=) (-3) 332 T )
Y B UV AV A 222 \2
By multiply two sides by 2" (every element in bracket by 2)
1 1
2" r<n+§> =(2n-1)(2n-3)2n—5) - 5-3-1 r(§>

2"r<n+%> =1-3:5:. (2n—5)(2n—3)(2n—1)\/;

[00]

(=)
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SPECIAL FUNCTIONS : FACTORIAL - GAMMA - BETA FUN.

[

c+1 ®

RN du
—u c —u
J (Ln c) € Inc (Ln c) J u du

_2
X3

1 c+1
M(c+1
Ln c) (c )
oo -2
x3
9) Evaluate .[ dx
1+x
0
n .n-1
By rule F(n)r(l—n)=f dx , 0<n<1
o 1+x

-1

x3 1
j dx n=-
1+x 3

@re-3)-r6r6)-nr-3
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.

Beta Function

Consider the inteqral

1
B(m,n) = jxm_l(l —x)"ldx ,m,n >0
0

This integml i converqent tf m , n Are greater than zero , and the
value B (m,n) or B (n,m) is nfmnctian afm ,n (not afx ) which is
called the Beta function and symboled by B (m,n)

Rules af Beta Function

1

1) B(m,n) = jxm_l(l —x)" ldx
0

1

2) B(m,n) =j

0

xm—l

(1 4+ x)m+n dx

T
2

3) B(m,n) = stinzm_l(e)coszn_lﬁdﬁ
0

The connection between Beta fu nction and GAmmA fu netion s

T (m)l ()
B [ (m + n)

5) B(m,n) = B(n,m)
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.

xamples :

1) Calculat 3(1 1)
aLcuiLate 2,2

r(Hr
p(L1) - (?)(1)(2): e

2) Calculate B(7,9)

rore 6.7 6!

B(7,9) = = =
(7.9) F(16)  15.14.13...9M(9) 15.1413...9

3) Calculat B(1 2)
altcutate 3,3

(13-~ B G)_

B _’_ J—
33 (D)

/N
W] =
N——
/N
Wl N
N——
|

S
S

[l
=B
Wl 3

Sin=
3

4) Show that B(x,1) =x7!

Fx+1)
By =1 @ _1_
xF(x) X
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.

5) Show that B(x+1,y)+B(x,y+1) =B(x,y)

r(x+1)r(y)+r(x)r(y+1)
[x+y+1D T[T+y+1)

x Tl () N yIFr )
Nx+y+1D T@Tx+y+1)

B(x+1,y)+B(x,y+1)=

B(x+1,y)+B(x,y+1)=

FeOr ). (x+y}
[x+y+1)

B(x+1,y)+B(x,y+1)=

B(x+1,y)+B(x,y+1)= F(x)l‘ ). {x +y}

x+ylrx+y
Bx+1,y)+B(x,y+1) = M = B(x,y)
[x+y)

x!y!

6) Show that  B(x+ 1,y +1) = 7=—F =,

Fx+DF @+  xly!

Bx+1,y+1)= =
et Ly s Frx+y+2  G+y+1)

x!y!

7) Show that B(x+1,y) = (x+y+1)!

X
B(x+1,y) = mB(x,y)

B(x+1,y)=r(x+1)r(y)
Nx+y+1)
B(x+1,y) = x Ol (v)

x+y)Fx+y)
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[ 160,29 ]E SPECIAL FUNCTIONS : FACTORIAL — CAMMA — BETA FUN.

B(x+1,y) =

X B
x+y) ()

1
8) Find jx3(1 —x)"dx
0

1

jx3(1 —x)7dx = B(4,8)
0
1

jx3(1 —x)dx =

0

r@re 1
r) 1320

s
2
9) Find j sin® (9)c0559d9
0

By compnring with inteqral JZ sin®™1(8)cos*"10d6

2m—1=3 > m=2 ,2n—1=5 =>n=3

1
sin3(0)cos°0do = 5 B(2,3)

S — NI

, 1Ir@re) 11(2) 1
sin3(6)cos°6do = EW ==

S — uin
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: o

2 4 N2 12

10) prove fSinZ(Q)COSZHdH =z fz
’ (1)

By comparing with inteqral JZ sin®™1(8)cos*"10d0

3
=g

[\.)Il—\

3
2m—-1=2 = m=z ,2n—1=

1 1 /33
sin®(0)cosz0dO = -B (_,_>
2 2 4

O — iy

2 3\ - (3 1. (1\ - (3
f sin? (9)cos?0d0 - - ] (z)g () L irs(z) g (&)
0 " (3) i (@)
2 3
f sin? (Q)COS%HdH = %g \/fr—(f) , since T(m+ 1) =nl(n)
0 77 (3)
2 3
jsin2 (Q)COS%QdQ = g Vi ] ((123 v T(n+1) =nl(n)
0 Mz
1\ _/3 3 V21
(a)r(G) -5 LV ()= e
x V2
2

1
jSinZ(Q)COS%HdH =g N F(?)
’ "(2)
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N| W

1 W2 o«
jsin2(9)60579d9= =

0 r(

2

)

)=

T L3 n
2 2 2
\Vsinf
j tanfde =f il dog = jstH cos 29 déo
0 0

By comparing with inteqral JZ sin®™1(8)cos*"10d6

) i 1 3 ) 1 -1 1
m —2 m—4 , 4N = > n

(53

[ asas 7O G
0 : r

@) 6) =z

L3
2

1 T
f Vtan0d8 = =27 = —
0 2 V2

YA
2
1
-
0
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SPECIAL FUNCTIONS : FACTORIAL - GAMMA - BETA FUN.

0 ZnF(%)
1 1 1
let u= x" 333 x=un 333dx =—un du
n
x=033u=0 ,x=133u=1
1 . 1 1
J(l—u)n—uﬁ_ du=— | un (1 —u)ndu
0
1 1 1
ARy
n \n'n
1
=aBG ot
r@ArGE) 157G G
2 2 2
“or(Gry) s
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.

1 -1

1) Show that : [(n) = j(Ln (;))n dx ,n>0

0

. 1 r xm Ve
2) Show that if n> 0, m=§(n—2) ,then : j-?dx=2m+2
0
3"F<n+%>
3) Prove that 5 =2-5-8-11-Bn—-1)Vm
" (3)

4) Find j Vxe * dx

5) Evaluate j x2n-le=kx" gy
0

(0]

1
6) prove that j e Y"dy = ml (m)
0

e (n(Y) a

dx

Vv —Ln(x)

(0.0]

9) Evaluate j
0

7) Evaluate

o —_

8) Evaluate

o —_

1
Vx(1+ x) dx

10) evaluate f(x +2)°e D dx
2

9v3
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FUNCTIONS Of SEVERAL VARIABLES | LEC-32-

1: Functions in Several ariables

Def: A function of two variables is a rule that assigns a real number

f(x,y) to each ordered pair of real (x,y) in the domain of the function ,
For a function f defined on the domain D c R?> , we some times write ,
f:D cR> >R to indicate that f maps points in two dimensions to real

number -

Likewise A function of three variables is a rule that assigns a real number
f(x,y,z) to each ordered triple of real (x,y,z) in the domain of the
function , For a function f defined on the domain D c R3® , we some
times write , f:D c R® > R to indicate that f maps points in three

dimensions to real number - as examples :

fo,y)=xy? , gy =x2-eY

f(x,y,2z) = xy*cosz , g(x,y,z) = 3zx%? —e¥

2: Domain of a Functions in Several Variables

Example 1 : Find the Domain of :

1) f(x,y) = x Lny

X may be take any real value, but y takes positive values only -

then the domain of fis : D = {(x,y):(x,y) € R?y > 0}
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FUNCTIONS Of SEVERAL VARIABLES | LEC-32-

2x
y—x?

2) g(x,y) =

y—x%2=0,->vy=x? (unavailable)

D ={(x,y): (x,y) € R*,y # x*}

3) f(x,y,7) = <=2

The denominator equal zero when xy=0 , and that which occurs if

x=0 or y=0 , then :

D ={(x,y,2):(x,y,2) € R3,x,y #+ 0}

4) g(x,y,2) =9 —x? — y? — 22
The function is an even root then the expression inside the root

may be greater than or equal zero
9—x2—y2—22>0 - x*+y%2+2z2<9

D ={(x,y,2):(x,y,z) ER3, x> + y2 + z2 < 9}

Example H-W :

Describe the domain of :

DFeY) =5 2 fny) = Ln2+x+) S

x+y

3xy

N 4) f(x,y,2) =41 —x% —y? - 22

3) f(x,y,2) =

Z
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3: The Limit of a Functions in Several Variables

First we remind you that the concept of limit is fairly simple , for a

function of single variable ,

If we write lim,_,f(x) =L , we mean that as x gets closer and closer
to “ a” , A(x) gets closer and closer to the number L -for a functions of

several variables the idea is very simillar , when we write

lim x,y) =1L
(xQ/)—>(0,0)f( 2

we mean that as (x,y) gets closer and closer to (a,b) , f(x,y) gets closer

and closer to the number L -

for instance ,

lim (xy—2)=23)—2=4

(x,y)—~(2,3)
M y)-(-1.m (Siny) = x%y) = sin(=m) —m = —m
. 2 O
Evaluate : limy ), ,1)(x°y — 2Lny) o

Notes : in other words for many nice functions we can compute limits
simply by subistituting into the function , unfortunately as will functions
of single variables the limits we’re most interested in cannot be

completed by simply subistituting values for x and y , for instance :
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: y
lim ————
xy)~10)x+y—1

Subistitute x=1 , y=0 in equation gives the intermidate form % to
evaluate this limit we must investigate further -

Example 7 : for the function f(x,y) = x;g > at the following paths :

7) The X- axis , 2) the Y-axis , 3) Line y=x
4) Line y=-x , 5) Line y=x°
Solution:
—Xy . -0
1) lim lim —=1lim0=0
(x, y)—>(0 0)x2 + y? (x,O)—>(0,0) x2  x-0
- -0
2) lim  ——> lim — =1lim0=0
(x, y)—>(0 0) x2 + y? (0 y)—>(0 0) y y-0
—xy _ —x? -1 -1
3) lim ——— = _lim = lim— = —
(xy)~(0,0) x2 + y2  (xx)-(0,0)x% +x%2 x>0 2 2

—xy x? 1

1
lim lim =lim=-—=—
(0)o{0,0) X2 + y? T )00 X2 + x2  x02 2

4)

—xy _ —x.x? =x3 . =X
5) lim - lim = |Im = lim —
(x, y)a(o 0x24+y2  (xx2)-00)x% +x*  x-0x2 +x*  x501 4 x2

Note :

To evaluate the limit at (x,y) —(a,b) we consider :
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A) The vertical line path along the line x=a , and compute the limit as
y approaches to “ b “ -

B) The horizontal line path along the line y=b, and compute the limit as
X approaches to “ a “ -

C) another path that which from relation of the values of x , y that
gives in limit

D)if any values from A , B and C is different then the limit doesn’t

exists -

Yy
x+y—1

Example 2: Find lim, )10

: AT Yy 1 y _
A) limq y)1,0) provari lim,,_, ool lim,,_, v 1

: y : 0 :
B) limx,0)-(1,0) el lim,_ = lim,,,0=0

Since the function is approaching to two different values along two

different paths to the point (1,0) , then the limit doesn’t exists -

Examp/e 3: Find lim(x,y)_,(olo) %
A lim = lim =1lim0=0
) 0y)-00)x%2 +y%2 y-00+7y% y-0
B) = lim =1lim0=0

I
(x,o)lir(lo,o)x2 +y%2 x-0x%2+0 x-0

C) Try the path y=x ( since x=y=0)

. Xy _ x? - x? 1 1
lim 5 = lim =lim—=Ilim=- ==
y)-0,0)x2 +y%2  (x0)-00)x% +x? x-02x% x-02
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Since the limit along the last path doesn’t match the limit along the

first two paths , then the limit doesn’t exists -

2

Examp/e 4. Flnd hm(x y)—(0,0) xxiy
2
A lim = lim =1lim0=0
) 0y)-00)x%+y* y-00+y* y-0
2
B) =lim———=1m0 =0

li
(x,O)ILr(lo,o) x2+y* x-0x24+0 x-0

C) Try the path x=y* ( since x=y=0)

xy? . y2.y? vt

1

= 1 —lim 2 = limo = &
= 1m m m —2

lim
(x)2(00) X2 + vt 0200yt +y* y502y%  y-02

Since the limit doesn’t agree with the first two paths, then the limit doesn’t exists

Examp/e 5: Find llm(x 1)-(0,0) xx+3;/
. Xy .
A) lim = lim =1lim0=0
0)-00)x2+y%2 y-00+y%2 y-0
X’y .
B) = lim =1lim0=0

(x,O)ILr(IO,O) x2+y%?2 x-0x24+0 x-0

C) Try the path y=x ( since x=y=0)

Xy _ x3 ox3 x

im = lim = lim——= = lim =
xy)=00x%2 +y?2  (x0)-00)x%2 +x%2 x-02x% x-02

Since the limit along all path takes the same values

exists -

, then the limit
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. (x—1)°L
Example 6: Evaluate limy (1,0 —(;C_ 1?2 ;;
(x — 1)*Lnx .
A) lim = lim =]lim0=0
(xy)—>(1 O(x—12+y%2 y-00+y2 y-0
(x — 1)%Lnx o (x—1D?%Lnx
B) lim = lim = limLnx =0

(xy)ﬁ(l Dx—-—12+y? x-1(x—1)24+0 =x-1
C ) Try the path y=x-1

(x —1)’Lnx _ (x — 1)%Lnx ~ Lnx
lim lim = lim—=0
(XJ’)—’(l 0 (x —1)% 4+ y? (x.x—l)—>(1,0) (x—1D2+(x—-1)? x-1 2

Since the limit along all path takes the same values,then the limit

exists-
Example 7: Evaluate i X4y oz
Xample /. valuate limy y (0,00 tyiis?
x? + z? 0+0—2z2
A) lim > Y lim —— = lim(-1) = —
(xy,2)~(0,0,0) x% + y? + z2 (0,02)-(0,00)0 + 0+ z2  z-0
x% + y? — 72 0+y%2—-0

B li lim =lim(1) =1
) (xyz)lir%OOO)xz—i—y Y22 (0y0)—>(000)0+y + 0 zl—r>%()

Since the limit along first two paths takes different values , then

the limit doesn’t exists -

7) Show that the limit doesn’t exists : CHECK

l. 3X2 2) . 3X2\/_ PO’NT
(x,y)ILrEO,O) x?% + y? ' O

] x%yz
3) - yl)1—>(0 0) X477 , 4) 11m(x,y,z)—>(0,0,0) x4+y4+Z41 oo

1)

lim
(x, J/)—>(0 0) x2 + y?

ysinx
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2) Show that the limit exists :

. xy? _ 2x%siny _ 3x3
1) lim , lim ———— ,3) lim
(x¥)=(0,0) x2 + y? (x,)-(0,0) 2x2 + y? (@.9,2)-(0,00) x2 + Y2 + 72
4: The Partial Derivative
Def: the partial derivative of f(x,y) with respect to x written as g—£
is defined by :
of . flx+Axy)—f(xy)
— = lim
dx  Ax—0 Ax
For any values of x , y which the limit exists -
Def: the partial derivative of f(x,y) with respect to y written as Z—f/

is defined by :

f I f,y+Ay) — f(xy)
— = 11m
ay Ay—0 Ay

For any values of x , y which the limit exists -

Example 1: By using the definition of the partial derivative , Find

or ofr — 3242
2% ' 3y to f(x,y) =3x°y

Solution :

af . fx+Ax,y)—f(xy)
— = lim

dx Ax-0 Ax

of 1. 3(x+Ax)%2y?—3x2y?
a = llmAx_,o Ax

MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Universidy / Mathematics ::g



FUNCTIONS Of SEVERAL VARIABLES | LEC-32-

af . 3(x?+ 2xAx + A*x)y? — 3x?%y? of

— = lim == —

dx  Ax—0 Ax dx
_ 3x2y2 + 6xy%Ax + 3A%xy? — 3x2y?
= A0 Ax

of y Ax(6xy® + 3Mxy®) 6

dx  Arso Ax - oW

Of _ i, fOoy+ay) —f(uy)
= l1im

dy Ay-0 Ay

of . 3x2%(y+Ay)%2-3x2%y?

E - hmAy—>0 Ay

of _ lim 3x2(y? + 2yAy + A?y) — 3x2y? - of

dy  Ax-0 Ay dy
— lim 3x2y2 + 6yx%Ay + 3x2A%y — 3x2y?

Ay—0 Ay

of  Ax(6yx?+ 3x2Ay) ,

— = lim = 6yx

dy  Ay-0 Ay

Def :

Higher order partial derivative for functions of two variables they are

four different second order partial derivatives , the partial derivative

2

- 62 (o) - il
with respect to x of rl Ol e usually written as "2 Or fax

Simillary taking two successive partial derivatives with respect to y

'ves as 9 ( a—f)
gl dy \ dy

usually written as i
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for mixed second order partial derivatives on derivative is taken with
respect to each variable , if the first partial derivative is taken with
respect to x ,

. d (of 0%f
we written as : -— ( _) = =
! dy \ ox dyox fxy

. . . . . . . . 9 (0
if the first partial derivative is taking with respect to y , we have p ( é) =

9% f = f
6x6y_ yx

Example 2: Find all second order partial derivatives of f(x,y) =

x*y —y3 + Lnx

Solution :
of _ 1
a—ny+x
af 5
A — 3y2
dy * Y
’f 0 (af) B 1
dx2  dx\ox/ x?
0%f 0 (Of
3o
dy? 0y \dy
0%f d (0f
2=
dxdy 0x \dy
9% f d (0f
= ( )=2x
dydx 0dy \0x

Note : if fyy,fyxare continous fun- in domain of f then f., = f,

BGE

Example H-W: for f(x,y) = cos(xy) — x* + y* compute feyy » Faxyy
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Example 3: for f(x,v,z) = xy3z+ 4x?y, for x,y,z>0 , Compute
fx»fxy»fxyz

Solution :

1 3 1
f(x,y,2z) = x2 yz z2 + 4x%y

gt 31

fx—ExZ y2 z2 + 8xy
3 -1 1 1
fxy=zx2 y2 z2 + 8x
-1 1 -1
3 -~ > = _3[y
= _x 2 2 2 = - [
fxyz 8x y Z 8\ xz

5: tangent plane and normal line :

DEF: (Tangent Plane )

suppose that f(x,y) has continous first partial derivative at (a,b) , A
normal Vector to the tangent plane to z = f(x,y)at (a,b)is then
(fx(a,b), fy(a,b),—1 ), further an equation of the tangent plane is given by

fx(a,b)[x —al + f,(a, D)y = b] = [z = f(a,b)] = 0

OR
[z—f(a,b)] = fi(a,D)[x —a]l + f,(a,b)[y — b]

DEF: (Normal Line )

Observe that since we know a normal vector to tangent plane , a line
orthogonal to tangent plane called the normal line and given by the

following equations :
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x=a+ f.(a,b)t
y=b+ f,(ab)t

z=f(a,b)—t

Example 1: for z=6—x*—vy%* , Find the equation of the tangent

plane and the normal line to the function z at the point (1,2,1)

Solution :

fby)=6-x*-y*, 3 f(12)=1
fi=-2x, 3 £(12)=-2
fr==-2y, 3 £,12)=-4

Normal vector is (-2,-%4,-1) , then the equation of the tangent

plane is :
z—1=-2(x—1)—4(y - 2)

And the normal line

x=1-2t
y=2—4t
z=1-—t

2
Example 2: for z=x3+7y3 +x7 , Find the equation of the tangent

plane and the normal line to the function z at the point (2,1,3)

Solution :
xZ
flx,y) =x*+y? +7 , 3 f(21)=13
2x
fr = 3x? +7 ., 3 f.(21) =16
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fy=3y2_ﬁ ) = fy(2,1)=—1

Normal vector is (16,-1,-7) , then the equation of the tangent plane
s :

z—13=16(x—2)—(y—1)

And the normal line

x =2+ 16t
y=1-—t
z=13 -t

Example H-W : Find equations of the tangent plane and normal_line

to the functions :
1) z=x*+y*—-1, at (2,1,4)

2) z=e XV , at (1,1,e7%) oo

3) z = sinx cosy, at (0,m,0) °

6: CHAIN RULE :

If z=f(x,y) where x=x(t) , y=y(t) are differentiable and
f(x,y) is a differentiable function of x and y then :

df _ofdx  of dy
dt OJxdt OJdydt

Example 1: for f(x,y) = x%e¥ , x(t) =t*—1 , y(t) =sint , Find i—];

Solution :

af afdx+afdy
dt odxdt 0Jydt
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d
d—]; = 2xeY(2t) + x%e¥ cost

4

o= 2(t% — 1)eS™(2(t? — 1)) + (t%2 — 1)%e5™ cost

Theorem : suppose that z=f(x,y) , where f is differentiable function of x

and y and where x=x(u,v) , y=y(u,v) , both have first order partial
derivative , then we have the following chain rules :

of _9f 9x  of dy

du o0xou dyodu

6f_0f6x+6f6y
ov dxdv 0dyodv

Example 2: suppose that f(x,y)=e*Y , x=3usinv , y=4v?u , Find

9f of
ou ' ov
Solution :
0 0 dx d0x d d
% =ye* % = xe™Y i 3sinv e 3ucosv % = 4v? %
= 8vu

0f_6f6x+af0y
du 0xou dyodu

af . 2
ou (ye®¥)(3sinv) + (xe*¥)(4v*)

Subistituting for x and y we get :

of

= — (4v2ue3u sinv.4v2u)(3sinv) + (3u sinve3¥ sinv.4v2u)(4v2 )
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9 . -
% — (4v2u pl2v?u? S””’)(Ssinv) + (3u sinv pl2v?u? smv)(4v2 )

af_afax+afay
dv dxdv 0dydv

<

Fo (ye*)(3u cosv) + (xe*¥)(Buv )

Subistituting for x and y we get :

o

P (4v2u gl2viu? SIW) (3u cosv) + (3u sinv el2viu® sinvy igy,3; )

Example 3: suppose that f(x,y) = 4x*y3 , x =u®—vsinu , y=4u? ,

., 8f Of
FI/?CI 6_ ,a—
Solution :
d d dx ox d
% = 8xy® % = 12x%y? oy = 3u? — vcosu 5o = —sinu ,%
dy
=8u ,—=0
u ov

0f_6f6x+6f6y
du o0xou Jdyou
of

ou (8xy3)(3u* — vcosu) + (12x*y*)(8u)

Subistituting for x and y we get :

% = (8(u® — v sinu)(4u®)®)(3u? — vcosu) + (12(u® — v sinu)?(4u?)?)(8u)
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af_afax+afay
dv dxdv 0dydv

of .
e (8xy3)(—sinu) + (12x2%y?)(0)

Subistituting for x and y we get :

9 — (83 — v sinu)(4u?)3)(—sinw) + (12 — v sinw)?(4u?)?)(8u)

ou

CHECK

Example H-W : use the chain rule to find Z—i ,g—i: o 0 O C POINT

d
1) f(x,y) = x?y —siny ,x =+/t2+1, y=et ,findd—];
2

2) f(x,y) =xy3—4x? , x =e* y =+/v? + 1sinv

7: IMPLICIT DIFFERENTIATION :

If f(x,y,z) =c we define z implicitly as differentiable function of x and

y then :
0z fx
- = - , 0
ox . f, fz #
0z fy
—=-2 | £=%0
y  fz &
Example 1: suppose that f(x,y,z) =xy*+z3+sin(xyz) =0 , Find
9z 0z
ox ' oy
Solution :

fx = y* + yz cos(xyz)
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fy = 2xy + xz cos(xyz)
f; = 3z% + xy cos(xyz)

0z f,  y®+yzcos(xyz)
ox  f,  3z2+ xycos(xyz)

dz  fy  2xy+xzcos(xyz)

dy  f, 322+ xy cos(xyz)

Example H-W : use the Implicit Differentition to find Z—)ZC ,Z—; :
1) 3yz? — e** cos 4z — 3y%? =4
2) xyz —4x%z% + cosxy = 0 o

o

o

8: DIRECHONAL DJR/VHT/VE :

Suppose that fis a rentiable at (a,b) and u=(u;, u,) is any unit

vector then we can/write :

Duf(ar b) - fx b)ul + fy(a! b)uZ

Example 1: suppose that f(x,y) =x%*y>4y3 , compute D,f(2,1)

for the direction of
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D,f(2,1) = f,(2,Du; + £,(2,Du,

V3 1
Duf(2,1) - 47— 85

~

B) we must first find the unit |vector u in-the indicated direction -

Observe that the vector from (2,71) to (%4,0) corrosponds to the

position vector (2,-7) ,

and so the unit vector in| the direction is u = (%_T;) then

2 -1 16
D.f(21) =4=-8(%)=%.

DEF:

The gradient of f(x,y) in the vector valued function is :

of of\ _of . Of
ax'ay)_ L

Vi(x,y) =( F ay]

Provided both partial derivatives exists -
DEF:

If £ is a differentiable function of x and y,and u is any unit vector then :

D,f(a,b) =Vf(a,b) u
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Example 2: suppose that f(x,y)=x*+vy? , compute D,f(1,—1)

for the direction of
A v=(-34) , B) v=(3,—4)

Solution :

V) = (5 2) = @x2y)

)= @-2
MEr
Duf(1,-1) = Vf(1,—1) -u = (2,-2) - (_?35) - 65— 8 _ —514
B

Duf(l;—l)=Vf(1,—1)-u=(2,—2)-<§,? 6+8_ 14

3 —4)_6+8_14
| 5 5

|

DEF:S5uppose that f is a differentiable function of x,y and z at the point

(a,b,c) in the direction of unit vector u=(Cu;u,,us) is given by :
Dyf(a,b,c) = fi(a,b,c)uy + f,(a,b,c)u, + f,(a,b,c)us

And the gradient of f(x,y,z) is the vector valued function

of of of\ of of @
Vf(x,y,z):<f f f) f., 0f.  9f

) ) = ] _k
ox' 9y’ 9z) " ox' "oy’ Tz

Provided all the partial derivatives are defined
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DEF:

If £ is a differentiable function of x,y ,z and
Dyf(a,b,c) =Vf(a,p,c)

Example 3: suppose that f(x,y,z) =

D,f(1,—4,2) for the direction of
u=(11-2)

Solution :

fr = 3x%yz? — 4y 3 £, (1,—-4,2)
fy=x2—4x 3 f,(1,—4,
£, = 2x3yz =3 £(1,—4,2) = —16
Unit vector isu = (\/—15,\/%,%2)
VF(1,—4.2) = (32,20, —16)

D, f(1,-42) = Vf(1,—42) - u

1 1 -2
e vz (5 1
Duf21) = T = 2
uf(2,1) = \/g B \/8

is any unit vector then :

u

yz? —4xy , compute
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2) f(x,y) = ex* =y ,(1,4) ,uisdirection (—2,—1) ’

3) f(x,y) =cos(2x —y) ,(/0) ,uis directionfrom (m,0)to (2m, )

4) f(x,y,2) = \/x2 + y?% + z2

,(1,—-2,2) ,uis direction of (1,2,—3)
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The Double Integpal X (1s Applications

7: Direct Integral : A) Inteqration Respect to x

Def: Suppose that f(x,y) is continous function on the region R , define :

R={(x,y):a<x<band g,(x) <y < g,(x)}

For continous function g,(x), g,(x) then

b gz(x)
j F(x,y)dA = £ (x,y)dydsx
a 91(x)

Example T : let R be the Region bounded by the graphs of

y=x,y=0,x=4 Evaluate : [f, (4e* — 5siny)dA

Solution :

first we draw the region R

X
I = ff f(x,y)dA = ffélexz — 5siny dydx
R 00

4 , .
I = f 4ye* +5cosy] dx
0
0

4
I = J 4xe*” + 5cosx — 5 dx
0

4
I = 2e** + 5sinx — Sx] — 1.78 x 107
0
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Example 2 : let R be the Region bounded by the graphs of
y =cosxandy = sinx Evaluate : [[, (—2xy)dA

—
rE
|

Solution : T P
AN S .
. F .‘.f' # ;.\:" ‘._.n |
first we draw the region R a [/ VNI
. T 5T N/ / YA i
cosx = sinx —tanx =1 > x=2,-- \/ / ' /
1
4- sinx
I = ﬂ f(x,y)dA = f —2xy dydx
&~ CcoSsx
4-
5w 5T
4 4
I = f —xy? 5 dx = f xcos*x — xsin*x dx
n n
4 4
5_7'[
I = [z* xcos2x dx u=x , dv=cos2x
4
1.
5_1.[ du = dx ,v=55m2x
)
1 . 10 .
I =—-xsin2x — = | sin2xdx
2 2
n
)

51

1 . 1 4
I ==-xsin2x —cost] =
2 + 4 T

NS
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1: Direct Integral : B) Integration Respect to y

Def: Suppose that f(x,y) is continous function on the region R , define :

R={(x,y):c<y<dand hy(y) <x < h,()}

For continous function hq{(y),h,(v) then

d h2(y)

JL.ﬂ%fMA=f | reyaxay

¢ hi(y)

Example 3 : let R be the Regi G Che graphs of

x=y?, x=2-y Evaluate : [[ (2x)dA

Solution :
if we take the region about the x axis . - W
—:{%\R';—\\‘\ _‘ \x -\\ .
We will find two sub-regions , so that L A

We will take the region about y axis(one region)

o Yy -2=0 sy =21
12—y 1
I=Uf(x,y)dA= f j 2x dxdy = j xz];;ydy=
R -2 y2 -2

1 1
y oy

1
I= f (2—y)?—y*dy = f 4—4y+y2—y4dy=4y—2y2+?—? =7
-2

-2 -2
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Example 4 : let R be the Region bounded by the graphs of
y=vVx, x=0andy =3 Evaluate : [[, (2xy* + 2ycosx)dA
Solution : t
y=vx > x = y? .
,"/
3 y?

I=U f(x,y)dA = ff 2xy? + 2ycosx dxdy
R 00

7

3 3 3
I = j x%y? + Zysinx]%’2 dy = j y° + 2ysiny?dy = y7 — cosyzl = 314.3
0 0 0

Example 5 : let R be the Region bounded by the line

y=+x, y=0andx =1 Evaluate : (e"2 dA
R

Solution :

I=[f, flx,y)dA = fol fyl e~ dxdy ( this integration don’t available )

1 x
I=£ff(x,y)d/1=0jojex dydx
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1 1 ) -
I = j J’exz]o dx = f xe* dx = Eeleo = E(e -1)
0 0
Example H-W :
1)Re — solve ex(4)by using dA = dydx

O
d

2)Evaluate ﬂ e*’ dA ,Ris bounded by y = x?,y =1
R

3)Evaluate ﬂ Vy% + 1dA ,Ris bounded by x =4 —y? ,x =0
R
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2: The Area

Let R={(x,y);a<x<bandg,(x) <y <g,(x)} then the area can be

A= [[ as

R

written as :

Example 6 : Find the area of the plane region bounded by the graphs

T/""" a3

A
LY
2 y A‘;’yl’x“—x

x=y*, y—x=3 ,y=-3 and y=2

Solution

- ¥

Example H-W :

Use the double integral to compute the area of the

OOO

region bounded by :

D y=x* , x=y*

2) y=2x,y=3—-x,y=0

A
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3: The Volumes

Let R={(x,y):a<x<bandg,(x) <y <g,(x)} then the volume of the

region R can be written

Such that :

Vzﬂf(x,y)dAzﬂZdA ,  Z=f(xy)
R R

dA = dxdy or dydx

Example 7 : Find the volume of the tetrahedron bounded by the plane

2x+y+z=2 and the three coordinates planes -

Solution L

R

1 212-2x
V=j2y—2xy—y7 dx

O 0

1

1 2

V=j4—4x—4x+4x2—5(2—2x)2dx=§

0
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Example 8 : Find the volume of the solid lying in the first octant and
bounded by the graphs z=4—x* ,x+y=2 ,x=y=z=0 -

2=y

j 4 — x* dxdy P L
0 —
-y Al

Solution

<
I
b
N O\N

R
2
V—f4 il M
5 0 A
2 e
1 L 20 E
V=f4(2—y)——(2—y) dy == —
3 3
0
Example H-W :

Find the volume of solid lying in the first octant bounded
O
by the graphs of : o

z=4—x*—y? ,y=2-2x*> ,x=y=2z=0

MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Universidy / Mathematics ::g



LEC-33-

The Double Integpal X (1s Applications

4: Moments & Center of Mass

We will discussing a physical application of doyble integnal consider a thin
flat plate ( a Dgmina ) in the shape of the/ region R whose density

( mass per unit area ) varies through out/ the plate ,|from an engineering
stand point its often\(mportant to detdrmine where You could place a
support to balanced the\plate - we callthis point the center of Mass of
the Lamina , the mass density given by the function p(x,y)

Let m be the total mass of lamjna /is than given as :

m = Q(x,y)dA
R

And we define the moment abput the x axis as :

M, = ffyp(x,y)dfl
R

and the moment about the y axis as :
M, = jfxp(x,y)d/l
R

then the center of/mass is the point (X,y) defined by :

LMy M
m Y m
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Example 9 : Find the Center of Mass of the lamina in the shape of region

bounded by the graphs of : y = x*

p(x,y) =1+ 2y + 6x*

, ¥ =4 having Mass density given by :

Solution I i
g}
2 4 T ;f
m = ﬂp(x,y)dA = j f1+2y+6x2 dydx 7'- p
-2 x2 -"
2 24,14 ———t— //r ——t— X
y+y°+ 66Xyl .dy 2 )

m= | —7x*+ 23x%+2Qdx = 113.1

R

2

_’[2‘

2

_-[2
Now we compute the Moment :

M, —ffxp(x y)dA = j jx(1+ + 6x2) dydx

-2 x2

J f(x+ 2xy + 6x3) dy

-2 x2
2

xy + xy? + 6x y]

—7x° + 23x3/4 20xdx =0

")
i
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=<
I

S

=<
|

=<
I

= Center of Mass is :
(x,y) = (0,2.8)

Example H-W :

Find the Center of Mass of Lamina bounded bythe graphs of :

OOO

x=y% ,x=1andp(x,y) =y* +x+1
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5: The Second Moment

DEF:

The Second Moment about the y axis often called ( Moment of Inertia

about the y axis of Lamina ) in the shape of the region Rwith density

function p(x,y) is defined by :

Iy = U x? p(x,y)dA
R
Simillary the second moment about the x-axis

I, = ﬂ y? p(x,y)dA
R

Example 10 : Find the moments of inertia I, ,1, for/ the lamina in the

shape of region bounded by the graphs of : y = x*

, ¥ =4 having Mass
density given by : p(x,y)\e 1+ 2y + 6x% -

Solution

2 4
fJx (1+ 2y + 6x?2
2

-2 x

I, = U x% p(x,y)dA =
R

2
I, = fZOxZ + 23x%* — 7x° dx = 145.7
2

~

N

. ':\:é
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2 4
L, j j(y + 2y3 + 6x%y?%) dydx
-2 x2
2 3
- [
3
=2
Example H-W :

Find the Moment inertia 1., I, of Lamina in the shape

OOO

Of the region bounded by :

y =x2 ,y = 4 with density function p(x,y) =1
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6: Double Integral in polar Coordinates

DEF:
Suppose that f(r,0) is continous function in the region R such that :

R=m0)a<0<pB, g.(0)<r<g,00), then :

,6’ g2<9>
j f(r,0)dA = f(r,0) rdrde
“ 91(9)

Example 11 : Evaluate [[, x* +y*>+3 dA , Where R is the circle with

center is the origin and radius is 2 -

Solution "
A
2 V4—x2
I=Ux2+y2+3dA=j j x? +vy?%+ 3 dydx
~2 _Va—x?

Va—x2

2
3
-2 3 —V4—x?

This integration is hard to solve directly , we will search about shortly

method by re-write this integral by using polar coordinates , such that :
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X=rcos® , y=rsinb , r=4x?>+y? ,dA =rdrdo

Re solve previous question by polar

X /'.’ \
I=ﬂx2+y2+3dA = ——j"’
: //
S~ | _//
2T 2 2T 2 2

I = Of Of(rz + 3) rdrdf = Of 0](7"3 + 31)drdo

2T 2T
rt 372 5
szZ+T d9=f10d0=109]0”=20n
0 0 0

Example 12 : Evaluate the iterated integral by converting to polar

1+/1—x2
f f x%(x* + y*)%dydx
“1 00

Solution

y=0 ->rsin6=0 -r=0
y=+vJ1-2x22 5 x*+y*=1->1r’=1->r=1

X
x=1->cos06=—=—-0=0
r 1

= — >50=1

x=—-1 - cosO =—
r 1
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T 1 T 1
= Jfrzcosze (r?)*rdrd0 = ffﬂcosze drd6
00 00

V(3 T
r8 1

j —cco0s20| dO = —j + cos26 dO
8 16

0 0

1 _Zel"_n
sin )0_16

1
I=—(6
1613

Example H-W :

71)Evaluate the interated integral by converting to polar coordinates:

A)f fmw/x2+y2 dydx
2 V4—x2

B) f j sin(x? + y?)dydx O
“2 0

2)use the polar coordinates to evaluate the double integral :

A) ﬂ x2+vy2 dA , R isthe disk x> +y?<9

B) jfydA , R is bounded by r =2 — cos6
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The Double Integpal X (1s Applications

LEC-33-

7: Area in polar Coordinates

DEF:

Let R be the region defined as : R=(r,0):a <0< , g,(0) <r<g,(06)

, then the area can written as :

Example 13 :

Find the area inside the curve defined by : r =2 — 2sinf

Solution :

A= ﬂ dA , such that dA D
R

27 2—2sin@ —

Y A -1
ﬂdA— j j rdrd 1
\ -2

2T e

]2 2sinf
0

A—]’"Z
B 2
0

j (2 — 25in0)?*dO = 6m

Example H-W :

Find the Area of the region bounded by the given curves :
1) r =3+ 2sinf
2) r=2—2cos6
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The Double Integpal X (1s Applications

8: Volumes in polar Coordinates

DEF:
Let R be the region defined as : R=(r,0):a <0< , g,(0) <r<g,(06)

, then the volume can be written as :
= ﬂsz , suchthat z = f(x,y), dA = rdrdf

Example 14 :

Find the volume inside the paraboloid z =9 — x* —y?> and the cylinder

x2 +y%2 =4 and above the xy plane (z=0)

Solution : [ \

x2+y?=4->12=4 >r=2

z=9—x2—y2>50=9—-x%2—-y%2 50=9—-r2>r=3

2t 3 2t 3
V=f f(x,y)dA=J J(9—r2)rdrd0=J f(9r—r3)drd0
R 0 2 0 2
2m
j‘) rt _25
2 4 -2
0
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The Double Integpal X (1s Applications

LEC-33-

Example 15 :

Find the volume cut out the sphare x>+ y?+z> =4 by the cylinder

=
N
+

<
X

Il
N

<

Solution :

22=4—x*—y? 5 z=TF4—x2—y2

V=2f J4—x2 —y2dA

0:0,n

x*+y? =2y > r?=2rsin@ - r = 2siné

T 2sinf %Zsine
V= 2[ — r2 rdrdf = 4j j rv/4 — r2drd@
0 0 0 0
T n
4 2 2sin@ 4 2
§f (4 — rz)z do = §j(4 4sm29)2 — (4)2 do
0 0
T T
2 2
= 32] 26)2 — 1d = 32] 39— 1d0 = — 4=
= 3 cos = 3 CcoS = 9 3 T
0 0

L
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LEC-33-

The Double Integpal X (1s Applications

Example H-W :

Use the polar coordinates to evaluate volumes :

O
7) Below z = x?+ y? above z=0 , inside x* +y* =9 oo

2) Belowz =+/1—x2—y2inside x? + y? = % above the xy plane
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LEC 34

— The Toigple Integpal Yits Applications

Triple Integral :

Def: Suppose that f(x,y,z) is continous on the region Q@ defined by

Q={(x,y,2):a<x<b,c<y<d,e<z<f}, then we can write the
triple integral over @ as a triple iterated integral :

fdob

ﬂ f(x,y,z) dv = jjjf(x,y,z)dxdydz
Q

e c a

Note : dv may be dxdydz , dxdzdy , dzdydx , ---

Example 1 : Evaluate the triple integral ([ fQ 2xeYsinz dv , Where @ is the
rectangle defined by :

Q={(x,y2):1<x<2,05y<1,0<z<m}

Solution :

T 1 2
fﬂ 2xeYsinzdv =fjj2xe3’sinz dxdydz
Q 001

w1
Ysi 2|2
e’sinz x |1 dydz
00

T 1 T T
Berysinz dydz = 3 feysinzl(l)dz = 3(e — 1)Jsinz dz
00 0 0

= 3(e —1)(—cosz)|g =6(e—1)

X 7
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The Toigple Integpal Yits Applications

LEC 34

Note :the triple integral may be transform to double integral by :

g2(x,y)

jf f(x,y,z)dv = ﬂ f f(x,y,z)dzdA
Q

R gi1(xy)

Example 2 : Evaluate the triple integral || fQ 6xy dv , Where Q is the

tetrahedron bounded by the planes x=0 , y=0 , z=0 and 2x+y+z=4% :

Solution :

4-2x-y

[Jowan = | erstca

U6xyz|g_zx_ydA = ﬂ 6xy(4 — 2x — y)dA
R R

Now this integral is double integral and lies in xy-plane (z=0)

z=4-2x—-y >>z=0-y=4-2x >>y=0->x=2

24-2x
f f 24xy — 12x%*y — 6xy? dydx = leJucy2 — 6x2y% — 2xy3|

0

64
= ] 12x(4 — 2x)% — 6x%(4 — 2x)? — 2x(4 — 2x)3dx = —

0

0

2

2

0

5

Try this Question use integrating respect to x at first ?

4-2x

0

dx
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LEC 34

— The Toigple Integpal Yits Applications

Volumes Using Triple Integral

The volume on the region Q is defined by :

=J(ﬂdv

Example 3 : use the triple integral to find the volume of the solid Q

bounded by the graph of y = 4 — x* — z*> and the xz-plane

Solution :

24-x2 Ja-xZ-y

S Ea [ st

Ja-x2-y
2 4—x? 2 4—x?
V—ff z| 44xzxz dydx—ij V4 — x2 — ydydx
2 4—x2 4-x®
—4 3 4 3
VZTJJ (4 — x* — y)2 dydx=§(4—x2)2dx=8n
2 0 0

Example 4 : use the triple integral to find the volume of the solid @

bounded by the graph of z=4—y> and x+z=4 x=0,z=0

Solution :

X 3
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— The Toigple Integpal Yits Applications 0 LEC3 E
24~y 42
ﬂ dv—ﬂj ddi—ff fdxdzdy
2a-y2 |*77 2 4-y2
Vz_jz(! x0 dzdy—_fzf (4 —z)dzdy
7 z? A (4 — y?)? 128
V= j24z—7 = j24(4—y2)—Tdy=T
- 0 -
Example H-W :

7) Evaluate the triple integral ([ fQ fx,y,z)dv :

@)
A) f(x,yz2) =2x+y-z, Q={(x,y,2:0<x,z<2,-2<y<2} o

B) f(x,y,z) =3y*>—2z , Q is the tetrahedron bounded 3x+2y-z=6 , and

the coordinate planes -
2) compute the volume to :
A) z=x*,z=1,y=0andy = 2

B) z=y*,z=1,2x+z=4,x=0

2 4
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LEC 34

— The Toigple Integpal Yits Applications

Mass and Center of Mass

let m be the total mass and given by :

m = ﬂj p(x,y,z)dv
Q

And the moment in the yz-plane is :

M, = jﬂxp(x,y,z)dv
Q

And the moment in the xz-plane is :

My, = nyp(x,y,Z)dv
Q

And the moment in the xy-plane is :

M., = jﬂzp(x,y,z)dv
Q

And the center of mass given by the point (X,y,z) such that :

m m m

X =

X 5
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LEC 34

— The Toigple Integpal Yits Applications

Example 5 : Find the center of mass of the solid of constant mas density

“ 7 “ bounded by the graphs of the right circular cone z = \/x?> + y?> and

the plane z=% -

Solution :

= [ o= jldm

JxZ+y?
2t 4 2t 4
m= ﬂ — /x2 +y2 dA =j j(4 rrdrdf = j j(4r—r2)drd0
rdrde 0 0
2
ot 64
mzf 2rc ——| d@ =—m
3 3
0 0
M,, ﬂ]zp(x y,z)dv—ﬂ j zdzdA = ﬂ dA
JxZ+y? xity?
1 2t 4
ﬂ 16 — (x* +y*) dA =—j f(16—r2)rdrd0
r2 rdrd@ 2 0
2w 4 2
1 ; 10 o
=—f J(16r—r )drd0=—f 8r“«——| do =64n
2 2 4
0 0 0 0

X 6
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— The Triple lotegral Ylts Applications 0 LEC3- E

As same we find M,, ,M,, =0

M,, M,, M,
E: y:O’yz :0,Z= y=3

m m m
Then the center of mass is (x,y,z) = (0,0,3)
Example H-W :

1) Evaluate the mass center for p(x,y,z)
A) p(x,y,z) =4 ,solid bounded by z = x* + y* ,z = 4 Oo

(-]

A) p(x,y,z) =10 + x ,solid bounded by tetrahedron x + 3y + z = 6 and the

coordinate planes -

X 7
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LEC-3S-

The Compler Integral Lits Applications

Euler Formula :

if 6 is the angle (Arqument ) of the components of the complex function
then Euler formula can written as :
el = cosO +isinf , 0<0 <2m
e = cosh — isind , 05606 <2
Note : z =x + yi = rcos6 + irsinf = r(cos@ + isinf) = re'?
|z| = |rei9| =r ,such that |ei‘9| =1
The graph of function |z| =1 is a circle with center is the origin and
radius is r , while the graph of function |z —z,| =71 is a circle with center

is the z, =(x,Y,) and radius is r -
Direct Integral :

Let f(t) =u(t) +iv(t) where u and v be real valued function , the
definite integral of f(t) on the interval a <t <b is defined as :

b b b
jf(t)dt =fu(t)dt+i fv(t)dt

X 7
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The Compler Integral Lits Applications

LEC-3S-

Example 1 : Evaluate [, (1 + it)%dt

Solution :

1
I= j(l + 2it — t¥)dt
0

1 1
I=j(1—t2)dt+iJ2tdt
0 0

1

.t2|1_2 .
0+l 0—3+l

t3
I=t——
3

Example 2 : Evaluate [} e't dt

Solution :

n n
4 4

I=fe“dt=fcostdt+i jsint dt =
0 0 0

NE

T T

I= sintlg — icostlg =—+i(1- _2)

V2

Example H-W :

1) Evaluate the following integral :

2 n ] ,
A) [, (;—1i) dt , B) [Se*tdt , c) [} e+t dt

MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Usiversity / Mathematics



The Compler Integral Lits Applications

LEC-35-

Integral on Regions

Example 3 : if C is the region defined by a circle z — z, = re'® such that

0<0<2m, and z,is the center of the circle , r is the radius , find

j dz
z—2z,

C

Solution :

z—z,=re"’ —dz=iredo

2w , 2w
dz ire'®de , . _
j =j - =Jld9=19|0 = 2mi
zZ—2z, re
C 0 0

Example 4 : if C is the region defined by right half of a circle |z| =1 ,

find [. |z|dz

Solution :

z| =1,z=¢€"* - dz=ie?%do

jlzldz =
C

.IT .IT
Jo lzldz = €2 —e™"2 = 2i

T

. 090 — ,i0|2Z
1.ie'%dO = e'?|=;
Z

R E,

_n
2

(check another method by Euler formula expansion integral )
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The Compler Integral Lits Applications

LEC-3S-

Example 5 : if C is the portion of circle defined by T and 3™ Quarter of

circle |z| =2 , find fc |z| dz

Solution :

The region C divided into two sub-regions C:C+C,

|z| =2,z =2e" - dz=2ie'%do

jlzldz= flzldz+ jlzl dz
C 1 C,

€1

w
2
, L)
flzldz = f 2.2ie'%dg = 4el9|g =4(i—1)
0

3m
2

3n
f |z|dz = f 2.2ie'%do = 4ei6’|n2 =4(1-1i)

)

/4

flzldz=4i—4+4—4—i=0

C

MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Usiversity / Mathematics
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LEC-3S-

The Compler Integral Lits Applications

Example 5 : if C is the upper half of circle |z| =2, find |, z* dz

Solution :

|z| =2,z =2 - dz=2ie'%do
T

]zzdz=fzzdz
C

0

T
j z%dz = j(Zei")Z. 2ie'®d6 = 4€'|2 = 4(i - 1)
Cc

/4

. 8 ..

f z’dz =8 f ie*?d6 = - e
4 0

V3

= 3o =

0

Example 6 : if C is the upper half of circle |z| =1, find |, %dz

Solution :

1zl =1,z=¢€" —>dz=ie'%do

T . T
—dazZ = ; = le
J \/E elB/z )

X 5
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LEC-35-

The Compler Integral Lits Applications

Example 7 : if C is the upper half of circle |z| =1, find [. z"dz

Solution :

z|=1,z=¢€" - dz=ie"%do

2

fz"dz=] zZ'dz
I

0

2m

jz"dz= f (ei")n. iel®do
0

C

2m _ pi+10|™ 1
f z"dz == f iefmtbgg — =——(1-1)=0
n+1 0 n+1
C 0

Notes :

1) If the given region represent straight line ( horizontal) then the
value of y stay constant (dy=0) and x is changing

2) If the given region represent straight line ( vertical) then the value
of x stay constant (dx=0) and y is changing

3) If the given region represent straight line ( italic) then x and y
changing and we will find a relation connecting x with y by slope and

point rule -

X 6
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LEC-3S-

The Compler Integral Lits Applications

Example 8 : Find the numerical value to fc xdz , if C:CHC,+C; defined

in the given figure : (1,1)
c3

) A
Solution :

cl: (0,0) > (1,0) >

(0,0) C1 (1,0)

y=0 >dy=0 , x:0->7

jxdz = j x(dx + idy)

C1 C1
1
[ 3] -
xdz = xx—2 =3
C1 0 0

c2: (1,0) > (1,1)

x=1 >dx=0 , y:0->1

fxdz= Jidy

c2 Cc2

j xdz =iy|§ =i
%)

X 7
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LEC-3S-

¢3: (1,1) > (0,0)

—vy1 A
y—J =m , suchthatmz—y
x—x1 Ax
y—0 0-1
x—0 0—1 Y=r¥dy=dx

jxdz = .[ x(dx + idy)

C3 C3

0 0
jxdz= fx(dx+idx) = (1+i)jxdx
C3 1 1

0
2

X
f.X'dZ= (1+l‘)7
c3

1

ﬁ\

xdz = jxdz+ jxdz+ jxdz
c1 C2 C3

[ xd i lasp=]
o xZ—z l 2 l—2
C
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The Compler Integral Lits Applications

Example 9 : Find the numerical value to [. Zdz , if C:CH+Cy+C; defined

in the given figure :

(0,1) Cc1 (2,1) (3,1)

Solution : —>

Cc2

Zz=x+yi > Z=x—yi,dz=dx+idy c3

cr: (0,1) > (2,1)

(3,0)

y=1 >dy=0 , x:0->2

f zdz = f (x —yi)(dx + idy)
c1 c1

2 _ 22 N2
f?dzzf(x—i)dxz(x 2 =(2 ) _|_1
0

2 0 2 2

c1

c2: (2,1) > (3,0)

y-1 0-1
x—2 3-2

-»y—-1=2-x->y=3—-—x »>dy=—-dx

f zdz = f (x —yi)(dx + idy)
c2 c2

j zdz = j(x — (3 —x)i)(dx — idx)
c2

c2

X 9
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The Compler. Integpal Llts Applications

3
jZdzz (1—i)f(x—3i+xi)dx
c2 2

— xz xz 3
— _ Il r - -_ =?
J,Zdz = (1 1){2 ix + i |2} 7

€3: (3,0) > (3,1)

x=3 >dx=0 , y:0->7
1

j zdz = f(3 — yi)idy

Cc3 0

1
f?dz = J(3i+y)dy

c3

=?

2
f?dz=3iy+y—

2
C3 0
fidz= ]2dz+ jidz+ jidz
C c1 C2 C3
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THE MATHEMATICAL INDUCTION

LEC-28-

1) The Mathematical Induction :

Mathematical induction means use a concluded method to prove some

thing and to do this method we follows these three steps :

7) We suppose presume that the relation is true when n=1

2) We presume that the relation is true when n=k

3) We prove that the relation is true when n=k+I

Example 1 : use the mathematical induction to prove the series

1+2+3+ - +n="00
Solution :
7) n=1 =1=22 51 =1 s true -
2) We assume the series is true when n=k
k(k + 1)
1+2+3+thk=—"—
3) We prove the series is true when n=k+1
? k(k +1)
1+2+3++k+(k+D)E———
step 2
k(k+1)

_ +(k+1)=(k+1)(§+1)

(k+1)(k+2)

=R.H.S
2
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THE MATHEMATICAL INDUCTION o LEC-38-

Example 2 : use the mathematical induction to prove the series

3n+1 —3n

3+9+27+ - +3" ="

Solution :

) n=1=3="2=3=3 s true -

2) We assume the series is true when n=k

3k+1 —3
3+9+427+--+3k= >
3) We prove the series is true when n=k+7
?7 2k+2 __ 3
3+9427+ 4343412
: 2
step 2
k+1 k+1 k+1
3 —3+3k+1=3 —3+42(3%H)
2 2
3(3k+1)_3_3k+2_3_R o
2 — 2 — . .

Example 3 : use the mathematical induction to prove the series

4_n+1_4_
4+16+ 64+ +4" = ——

Solution :

) n=1=4="=4=4 is true -

2) We assume the series is true when n=k

X 2
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4k+1 — 4
4+ 16 + 64 + -+ 4* = 3
3) We prove the series is true when n=k+7
? 4_k+2 — 4
44+16+64+ -+ 4K 4kt
ste'pZ 3
4k+1 — 4 N 4k+1 _ 4_k+1 —4 4+ 3(4k+1)
3 3
4(4k+1) — 4 4_k+2 — 4
3 = 3 =R.H.S

Example 4 : use the mathematical induction to prove the series

D" Inn+1)

(1)2 — (2)2 -+ (3)2 _ (4_)2 4o+ (_1)n+1(n)2 _ ;

Solution :

—1)\2
7) n=1 =>(1)2=w = 1=1 is true -

2) We assume the series is true when n=k
(-1 1k(k + 1)
2

(1)2 - (2)%2+ (3)2 — (4)2 + e 4 (—1)k+1(k)2 —

3) We prove the series is true when n=k+7
2 o GO+ 1) (k +2)

W -2+ B - W+ + DR+ (D) + 1) 2 >

step 2
_1\k+1
1 : T D) 4 Ce2ge s 192 = (—DR K + 1) [; - G+ D]
(=1 (k + 1) [k—22$] = (—D)*(k + 1) [_kz_ 2] = (—1)k+2 (k + 1)2(k *2 _RrHS

X 3
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Example 5 : use the mathematical induction to prove

5"t2 — 5" js divided by 3 , Yn € N*

Solution :

n+2_5n

e Nt ?
3

We shall prove that

125-5 .
=40 e Nt = /s true -

7) n=1=

2) We assume the expression is true when n=k
5k+2 _ 5k

e N*
3

3) We prove the expression is true when n=k+7

5k+3 _ 5k+1
3 € N*?
5k+3_5k+1 5k+2_5k
3 =5 ;€ N+
—————

eNt

. 5" 5" s divided by 3

2 4
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Example 6 : use the mathematical induction to prove

5" — 2" js divided by 3 , vn € N*

Solution :

5n_2n

We shall prove that € Nt ?

7) n=1 =>5—;2=1€N+=> is true -
2) We assume the expression is true when n=k
5k _ zk
3

3) We prove the expression is true when n=k+1
5k+1 _ 2k+1

3

e N

e Nt ?

skil_pk+1 g5k oktl (34 9ygk pk+1
3 - 3 o 3

skl_pk+1 35K 9 gk _pk+1

3 3
sk+1_gk+1 3 gk N 2.5%_2k+1
3 T3 3
5k+1_2k+1 k 5k_2k

=5k 42 )
3 . 3
eN eN*t
5k+1_2k+1
eNT

3

» 5" —2" s divided by 3

X 5
MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Usiversity / Mathematios ::g



THE MATHEMATICAL INDUCTION o LEC-38-

Example 7 : use the mathematical induction to prove

9"+l _ 1 js divided by & , Yn € N*

Solution :

n+1_1

8

We shall prove that € Nt ?

) n=1="-=10€N" = is true -

2) We assume the expression is true when n=k

9k+1 -1
€ N*
8
3) We prove the expression is true when n=k+]
9k+2 -1
€ N*?
8
okt2_1  99oktl_g1 (gy1)0ktl_1
8 8 o 8
ok+2_q1  goktl ogktl_4
8 8
ok+2_g  goktl N 9kt1_q
8 8 8
gk+2_q k+1  9F 11
=9 +
eN eN*t
9k+2_1
eN"

X 6
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Example 8 : use the mathematical induction to prove

8" — 1 js divided by 7 , Vvn € N*

Solution :

We shall prove that g e N*t?

7) n=1 =>8;71=16N+=> is true -
2) We assume the expression is true when n=k
gk —1
7
3) We prove the expression is true when n=k+1
8k+1 -1
7

gktl_1 ggk-1  (7+1)8%-1
7 7 7

e NT

e Nt ?

gktl_q  7g8kygk—q
7 7

gktl_q1 78k gk_q
+

7 7 7
ghtl_1 Kk, 81
= 8k 4
7 — 7
eN ent
8k+1_1
e Nt

7

~ 8" —1 s divided by 7

X 7
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Example 9 : use the mathematical induction to prove

13™ — 6" js divided by 7 , Vvn € N*

Solution :
We shall prove that 1326 eNt?
7) n=1 =>$=1EN+=> is true -

2) We assume the expression is true when n=k
13k — 6*

€ Nt
7

3) We prove the expression is true when n=k+
13k+1 _ 6k+1

7

e Nt?

130+ gkt 1313% 61 (716)13F—6*"!
7 - 7 o 7

130+ gkt 713k 613F_6Ft1
7 o 7

13k+1_gk+1 713K 613F_gkT1

7 7 7
13k+1_gk+1 k 13%—6k
———=13"+6 ( )

— 7
eN eNt
13k+1_6k+1
B % eNt

7

~ 13" — 6" s divided by 7

MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Usiversity / Mathematios
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Example 10 : use the mathematical induction to prove

7" — 5™ js an even number , Yn € N*

Solution :

n_en
775 e Nt?

We shall prove that

7) n=1 =>%5=16N+=> is true -

2) We assume the expression is true when n=k
7k _ 5k

€ N*
2
3) We prove the expression is true when n=k+7
7k+1 _ 5k+1
€ N*?
2
7hti_gk+l 7 gk_gktl 5 gy7k_gktl
2 - 2 o 2

7ki_gk+l 2 7k g7k _gktl
2 - 2

7k+i_gk+t g7k g5 gk_gktl

2 2 2
gk+1_gk+1 k 7k_gk
5 — 7% 45 )

2 eert 2

eN eNt
7k+1_5k+1
eN'

2
~ 7" —5" js divided by 7

. 7" — 5" js an even number

X 9
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Example 11 : use the mathematical induction to prove

(10)**1 —9n — 10 s divided by 9 , vn € N*

Solution :

(10)"*1-9n-10
9

e Nt ?

We shall prove that

7) n=1 ﬁ@=9EN+=> is true -
2) We assume the expression is true when n=k

(10)k+1_9k—10
9

€ Nt

3) We prove the expression is true when n=k+7

(10)k*2_9(k+1)-10

e Nt ?
9

(10)K*2_9(k+1)-10 _ (10)*+2-9k—9-10 __ (9+1)10FT1_5kK+1

9 9 9
(10)%*2-9(k+1)-10 _ 10(10)**1-9k-9-10 __ 9+1)10* 1 _9x—9-10
9 - 9 - 9

10)¥*2_9k+1)-10  9.10*T1+10*"1 _9k—_9_10
9 9

10)*2_9k+1)-10  9.10*t1  10**1_9k_9_10

9 9 9
(10)**2-9(k+1)-10 _ _ p4q , 10K*1-9k-10 9 _ 4.4  10K1-9k-10

9 =107+ 9 9 1‘—’2}\]_‘_ 9 e;+

eNt

(10)*+2_9(k+1)-10 eNt

9
~ (10)*1 —9n—10 s divided by 9

X 10
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Example 12 : use the mathematical induction to prove

2"<n! ,vneN" n>4

Solution :

1) n=4 =2*<4=16<24 is true -

2) We assume the expression is true when n=k
2k <kl , k>4

3) We prove the expression is true when n=k+7
2k < (k+1)! ?

From step (2) we have
2k < k!, multiply two sides by (k+1) we conclude
(k + 1)2k < (k + 1)k!

(k+12k<(k+1)! cucec.... (D)

v2<k+1 , multiply two sides by 2% we conclude
2k2 < 2k(k + 1)
2L < 28k + 1) oo (2)

From equation T and 2 conclude :

21 <« (k+1)2k<(k+1)! , A<B<C-A<C

o 2 < (K + 1)

X 77
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Example H-W :

7) use the mathematical induction to prove :
A) 1x11+2x2143x3l+-+nxn=m+1)-1

B)
¢)

n(6n?+3n-1)
2
n(n+1)(2n+1)(3n%+3n-1)

22+5%2+8%°+--+(Bn-1)%=

1+ 24+ 3% +...nt =

30

2) use the mathematical induction to prove :

A)
8)
¢)
D)
£)
F)
6)
H)
D

J)
K)

4" —1 divided by 3 ,vn € N*

5" —4" — 1 divided by 4 ,vn € N*

7" — 2" divided by 5 ,vn € N*

9" + 7 divided by & ,vn € N*

4"+ 6n—1 divided by 9 ,vn e N*
34n+2 4 5201 divided by 74 , vn € Nt
25n+1 4 5742 divided by 27 , Yn € N*
52" — 1 divided by 24 , ¥n € N*

49" + 16n — 1 divided by 64 , Vvn € N*
112 + 1227%1 djvided by 133 , vn € N*
28™ — 2" divided by 26 , vn € N*

3) use the mathematical induction to prove :

2"<n!l<3®™ ,vneNt n>4

X 72
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7- Combinations:

We can define the combination at the numbers of method to choosing r
things from n things , such that n is greater than or equal zero , and

combination can be written as :

n! N
n —_
C, _—r!(n—r)! ,n=r meN",reN
- 3! _6_
G=1=773
s 5L _20_
5731200 2
. 66
CO=0rei "8
gL
272151 2
C¢ = Not available
Notes:
S Cr=Cr=1
CC =0 =
enl=nn-1)n-2)..3.2.1
e 0l=1

G =Gy

X 7
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2-The Binomial Theorem :

You must have multiplid a binomial by itself , or by another binomial ,

let us use this knowledge to do some expansions ,

consider the binomial (x +y) :
(x+y)=x+y
x+)=+y)(x+y)=x%+2xy +y?
(x+y)2=@+y)(x+y)? =x3+3x%y + 3xy? + 3
x4+ =@+y)(x+y)° =x"+4x3y + 6x%y? + 4xy> + y*

(x+9)° =@ +y)(x+y)*=x>+5x*y + 10x3y? + 10x%y3 + Sxy* + y°

nn—1) I nn—1)n-2) .

2' 3' n—3y3+.“+yn

(x +y)" = x"+nx""1y +

The last expression (n is positive integer) can be written as :

(x + y)" = Crx™+C]x™ ly + Clx™2y% + CFx™ 3y3 + - 4+ CRy™

%’ CSL:C,,?:

(x +y)" = x"+Cx"y + CFx"2y% + CPx"By3 + - Y

Notes
% in each equation above , the right hand side is called the binomial

expansion of the left hand side -

X 2
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% The numbers of terms in the expansion is one more than the
exponent of the binomial(n+7) , for example , in expansion of
(x+y)* the numbers of terms is 5=(4+1) -

% The exponent of x in the first term is the same of the exponent
(n) of the binomial , and the exponent decreases by T in each
successive term of the expansion -

& The exponent of y in the first term is zero (as y°=1) , and the
exponent of y in the 2™ term is T , and it increases by 1 in each
successive term till it becomes the exponent of the binomial in the
last term of the expansion-

% The sum of the exponent of x and y in each term is equal to the
exponent of the binomial-

< The coffecient of the 1°* term is 1 (as C} ) always , and the 2™
coffecient is n (as C{* ) and so on , the term before last have the
coffecient n (as C}_, ) , and the coffecient of the last term
is 7 (as C}} ) -

% The value of the middle terms (combinations) are equal and so on
till the T°* and the last terms -

% If the signal between the terms in expansion is negative then the
odd order terms positive always , and the even order terms s

negative , i-e whenthe terms are alternating -

X 3
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Example 1 : write the binomial expansion of (x + 3y)° -

Solution :

(x +3y)5 = C5 x> + C2 x*(3y) + €3 x3(3y)? + €3 x2(3y)® + €3 x(3y)* + €2 (3y)°
-1 =5 =10 =10 =5 -1

(x + 3y)° = x5 + 5x*(3y) + 10x3(3y)? + 10x2(3y)3 + 5x(3y)* + (3y)°>

(x + 3y)® = x° + 15x*y + 90x3y? + 270x%y3 + 405xy* + 243y°

Example 2 : write the binomial expansion of (2a — 3b)* -

Solution :

(2a - 3b)* = (5 2a)* — C (2a)°(By)* + €5 2a)*(3y)? — €5 2a)* (3y)° + 4 B)*
=1 =4 =6 =4 =1

(2a - 3b)* = 2a)* — 4(2a)*(3y)' + 6(2a)*(By)* — 4(2a)' (By)* + (By)*
(2a — 3b)* = 16a* — 4(8)a®(3y)! + 6(4)a?(9)y? — 4(2a)(27)y® + (81)y*

(2a — 3b)* = 16a* — 96a3y + 216a%bh? — 216ay® + 81 y*

Example 3 : write the expansion of (¥+§)4 , X, y+0 -

Solution :

G+ =G +a(D) <§) +4(3) (E) 4 () <§> +€i“(5)
=1 =4 =6 =* -
4 3 2

Y a_Y y1 4 4 .

(x+y) 2T x3y+ x2y2+ xy3 +y4

2 4
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Example 4 : By using the binomial theorem , evaluate (101)3

Solution :

(101)* = (100 + 1)* = €3 (100)* + 7 (100)*(1)* + €3 (100)* (1) + €3 (1)?

=1 =3 =3 =1
(100 + 1)3 = (100)3 + 3(100)2(1)* + 3(100)1(1)% + (1)*

(100 + 1) = 1000000 + 30000 + 300 + 1 = 1030301

Example 5 : By using the binomial theorem , evaluate (0.99)3

Solution :

(0.99)3 = (1 —-0.01)3 =C3 (1)3 - gﬁ (1)2(0.01)* + 5,23 (1)1(0.01)2 — g (0.01)3

=1 =3 =3 =1
(0.99)3 = 1 —3(0.01) + 3(0.0001) — (0.000001)

(0.99)3 =1 —0.03 + 0.0003 — 0.000001 = 0.970299

Example H-W :
1) write the expansion of : (3a+ 2b)%,(4z —w)®, (g - §)4 O
0)
2) By using the binomial theorem , evaluate : °

(102)%,(97)°,(1.01)3

X 5
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THE BINOMIAL THEOREM AND APPLICATIONS =

LEC-39-

Pascal’s Triangle :

We start to generate pascal’s triangle by writing down the number T

then we write a hew row with the number 1T twice -

We then generate new rows to build a triangle of numbers -

’

Each new row must begin and end at T , the remaining numbers in each

row above which lie above left and above right -

S0 adding the two 1’s in the 2™ row gives 2, and this number goes in

the vacant space in the 3™ row , and so on pascal’s tringle is :

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
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LEC-29-

Example 6 : use pascal triangle to find (x+y)*

Solution :

“n =4 ,therowis the 5th row

The pascal numbers are : 1, 4, 6, 4,17

() = 106 + 4@ ) + 6D () + 4@ + 1079

S (x+ )t =xt +4x3y + 6x%y? + 4xy3 + yt

Example 7 : use pascal triangle to find (x — 2y)3

Solution :

“n =3 ,therowis the 4th row

The pascal numbers are : 1,3, 3,17

a(x=2y)% = 1(x*) = 3(x»)(2y) + 3(x)(2y)* — 1(2y)°

o (0 —2y)3 =x3 — 6x%y + 12xy* — 8y?3

Example H-W :

7) By using Pascal’s Triangle find the expansion of :
> (3x —y)*
> (2x + 3)°
> (6)7

00
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4- General Terms and the Middle Terms :

If we want to find one term of the expansion , this term called as general

term and denoted by T, , and calculate from the following relation :
Tr — C;}—l (X)n—r+1(y)r—1

Where X is the first term in binomial (not expansion) , Y is the second
term in binomial (not expansion) , r is the order of the required term

n is the power of the binomial

Example 8 : Find the 3™ Term of the expansion (2x + 3y)°

Solution :

n==6, r=3,X=2x,Y =3y
Ts = C7 (2x)°7>*1(3y)*

T5 = 15 (2x)*(3y)?

T; = 15 (16)(9) (x)*(y)? = 2160x*y?

Example 9 : Find the 5% Term of the expansion (1 —§x3)6

Solution :

X &
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2
TS — Cf (1)6—5+1(_§x3)5—1
N
=15 (5) o

16 80
T- =1 - 12 _ — , 12
5 =15 (81>x 27"

Notes :

% To find the middle term in any expansion we depended on the power
% If the exponent of the expansion is even ( the number of terms is odd ) ,
then he middle term is the term of order %—I— 1 -

% If the exponent of the expansion is odd ( the number of terms is even ) ,

then he middle terms is the terms of order nTﬂ , nTH

% Calculate the middle term by formula of general terms -

Example 10 : Find the Middle Term of the expansion (x* — y?*)38

Solution :

Since n=8 (‘even) , then the number of terms is 9

The middle term is : r = g +1=5
n=8,r=5,X=x%,Y =y?

TS — CE (x2)8—5+1(y2)5—1

Ts = 70 (x*)*(y?)*

T = 70 x8y8

X 9
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Example 11 : Find the Middle Terms of the expansion of (2x2 +-)°

Solution :

Since n=9 (odd) , then the number of terms is 10

The middle terms is : r = %,% =56

1
n=9,r=5,6,X=2x2,Y=§

1 1
TS — C;f (2x2)9—5+1(;)5—1 T6 — C;) (2x2)9—6+1(§)6—1
Ts = 126 (2x2)>(x~1)* T =126 (2x2)*(x~1)5
Ts = 126 (32)x1%%~* = 4032x° T =126 (16)x8x~> = 2016x3

Then the middle terms are 4032x°,2016x3 -

Note

Sometimes required a coffecient of determinate term without its order then we
apply the formula of general term without subistituting the value of r , and later

we equalize the powers of required term with the power of resulting term-

X 10
MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Usiversity / Mathematics ::g



— THE BINOMIAL THEOREM AND APPLICATIONS o LEC-39-

Example 12 : Find the Term that includes x* of the expansion (x + 3)°

Solution :

Let the order of the required term is r

Then the term is Tr

T, = C, (X)) (y) !

n=6,r=? X=x,Y=3

T. = CS_, (x)5 T+ (3)1

T, =CS , (x)”""(3) 1

Required term is x* , result term is x""
it =T s A= T —p = =3

Then the required term is the 3™

T; = C2 (x)*(3)? = 15x*(9) = 135x*

Example 13 : Find the Term that includes a® of the expansion (3 + a*)3

Solution :

Let the order of the required term is r

Then the term is Tr
T, =Cr, O ()

n=8,r=? ,X=3,Y =a?

X 77
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T, = Cr8—1 (3)8—r+1(a2)r—1
T, = C8_, (3)%"a? 2

Required term is a® , result term is a2
a®=a""? =28=2r-2=r=>5

Then the required term is the 5%

Ts = C8 (3)*a® = 70(81)a® = 567048

Example 14 : Find the Term that free from x of the expansion (x* —

Solution :

Let the order of the required term is r

Then the term is Tr

T, = Cly (X))

-1
n=15,r =? X = x? ,Y=7

-1
TT — C‘}El (x2)15—r+1(7)r—1
T, = CI5, (2216 (—x 1)y
T. = C151 x32—2r (_1)r—1 x—r+1
T Tr—
T‘r‘ — Cﬁfl x33—3r (_1)7‘—1
Required term is x° , result term is x°33"

x0=x33"3 =0=33-3r=r=11

X 712
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Then the required term is the 171

Ty, = CLy x° (=1)1° = 3003

Example H-W : O
o

o
7) Find the specified terms in each the following expansions :

C 3 1 7
o (x ——) ,5th term

xZ
6
o (x+%) ,4th term
<% (5x —2y)° ,6thterm
2) Find the Middle term(s) in each the following expansions :

¢ (3x3 —2y%)7
3) Find the Term that includes x> of the expansion (x3 + xz—z)9

4) Find the Term that free from x of the expansion (x* +x£3)10

X 13
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5- Conjugate Terms Binomials

If we want to find the sum of difference of two binomial , the two
binomial have the same terms but are different at the middle signal as

x+y)" , (x—y)" , then we can every binomial seperately

(x+y)" — T1 +T2 +T3 +T4+ "'$Tn+1 (1)
(x—y)" - T1 _TZ +T3 —T4_+ "‘$Tn+1 (2)
Case 1:

If the require binomial is the sum of two conjugate binomials then from
the equations (1) & (2) we have :

(x + y)n + (x - y)n = 2T1 + 2T3 + 2T5 + -+ 2T(n+1)0r(n)

i‘e the result of the sum of the binomials is twice the sum of odd order

terms in binomial -

Case 2:

If the require binomial is the difference of two conjugate binomials then

from the equations (1) & (2) we have :

(x + y)n - (x - y)n = 2T2 + 2T4_ + 2T6 + -+ 2T(n+1)0r(n)

i‘e the result of the difference of the binomials is twice the sum of even

order terms in binomial -

X 74
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Example 15 : simplify the expression : (2 + a)* + (2 —a)*

Solution :

2+a)' =T, +T, + T3+ T, +Ts
QRQ-a)*=T,—-T,+T;—T,+Ts
Q2+a)*+2—a)*=2T, +2T; + 2Ts = 2(T; + T3 + Ts)
Now we must find the terms T,, T, Ts
T, = Gty (XM )

n=4,r=135 ,X=2,Y=a

T, = Cy Q)* (@)

T, = (1)(16)(1) = 16

T3 — Cél (2)4—3+1(a)3—1

T; = (6)(4)(a®) = 24a?

Ts = Cy (2)* > (a)>!

T; = (D(1D(a*) = a*

~2+a)t+ (2—a)*=2(16+ 24a* + a*)

MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Usiversity / Mathematics

«:E:g



— THE BINOMIAL THEOREM AND APPLICATIONS LEC-39-

Example 16 : Find the value of : (102)* — (98)*

Solution :

(102)* =100+ 2)* =T, + T, + T3 + T, + Ts
(98)*=(100—-2)* =T, — T, + T3 — T, + T
(102)* — (98)* = 2T, + 2T, = 2(T, + T,)

Now we must find the terms T, , T,
T, =Cry (XM
n=4,r=24, X =100 ,Y =2
T, = Cf (100)4-2+1(2)21
T, = (4)(1000000)(2) = 8000000
T, = C} (100)*4+1(2)4-1
T, = (4)( 100)(8) = 3200
5 (102)* — (98)* = 2(8000000 + 3200) = 16006400

Example H-W :

7) Find the value of the following expansions :
< (2+v3) - (2-v3)’ 2
v 69 _ 4_9
v (101)° + (99)°

X 16
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)

Binomial Theorem for Rational Exponent

S0 far you have applied the binomial theorem only when the binomial has
been raised to a power which is a natural number - what happend if the

exponent is negative integer or if it is a fraction ?

We will stat result that allows us to still have a binomial expansion , but

it will had infinite terms in this case -

The result is a generalised version of the earlier binomial theorem which

you have studied -
If n is a rational number and |§| <1 , then

n _ .n n—1
x+y)t*=x"+nx""'y+ 5 3

Example 17 : Write the expansion : (1 +x)"!,when |x| <1

Solution :

(-1)(=2)
2!

(—1)(=2)(=3)
3!

1+ =D+ DM + (D72()* + (D)% + -

A+x) T=1—-x+x2—-x3+x*—x>+-

X 17
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Example 18 : Write the expansion : (x+y) ?,when |x| > |y|

Solution :

volx]l > |yl - |¥| <1

(=2 )(— ) (=2)(=3)(=4)

(070 +

()~ ()* +

x+Y) =)+ (=2))PW) +
(x+y) 2 =x"2—-2x3y +3x"*y? —4x>y3 + ...
y _y*

1
(x+y)? —x——2—+3ﬁ—4—+

2
Example 19 : Write the expansion : (3 + 5p)5,when |p| <§

Solution :
5
3 3
<= 3 <1
pl<g = ‘ 3 ‘

) E)

3!

(3+5p)5 = (3)F + ()3T (5p) +9L 5L (3)5 (5p)* + (35 G5p)* +

6 (_3)

(3+5p)5—(3)5+(3)5(229)—(3)529 +(3)5 7p° +-

X 18
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Example 20 : Write the expansion : %

Solution :

% =@ =2+

@+D7 =@ + @70 +

1 1 1
@+ =

(-1)(-2) (-1)(=2)(=3)

2! 3
1

4 ...
4 8 16

Example H-W :

1) Write all the following as expansions :
» 02 o
> V26 °
> V35
> (0.99)*
> (4 -2y)2 ,y<2
1

> ()t x>

2x—1

(2)72()*+ ! (2)7*(1)% + -

MOHAMMED SABAH MAHMOUD ALTAEE / Mol Usiversity / Mathematios
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Principles:

Vertical Asymptotes

We’ve had several occasions to encounter acertain specific type of
singularity called a vertical asymptote , the following three functions are

common examples of this type of behavior , all have a vertical asymptote

S (/

These three examples all show the same basic fact : the function is

discontinous at x=0 because it blows up nearby but they do have

different behavior since they blow up in different directions -

Singular Point

Is the point that makes the value of the function is undefined so as \/x
when x is negative number , and logarithim function when x=0 and

fractional function when denominator equal zero at any point -

X 7
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One sided infinite limit

We know introduce the following notations to distinguish situations like

this

lim, .+ f(x) = o : will mean that f(x) becomes arbitrary large for values

X > ¢ sufficiently close to c -

lim,_ .+ f(x) = —oo : will mean that f(x) becomes arbitrary negative for

values x > c sufficiently close to c -

lim,_.- f(x) = o0 : will mean that f(x) becomes arbitrary large for values

x < ¢ sufficiently close to c -

limy .- f(x) = —co : will mean that f(x) becomes arbitrary negative for

values x < ¢ sufficiently close to ¢ -

Arithemetic of infinite limits

The following are some informal rules for computing limits involving at

inifinity , after | state them i will give a more formal version of each

statement -
k k k k . .
=0, —-=—0 ,—= O,zz 0,00+ 00 00,00 , since Kk is +ive constant-

X 2
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Example 1 : Find the following limits

2)
3)
4)

5)

1 ] 1
lim — = lim — =
x-0t x 0o+ 0t

1 ] 1
lim —=1lim—=—

lim — = lim% = oo ( for both sides )

x—0 x2 x—0

lim L = -
Jim, Ln(x) = —oo

lir(n)n_ Ln(x) has no meaning since Ln(x) is undefined for x <0 -
X—

Note :

Students are often tempted to do much more arithemtic with o« than is

possible for example all seven of the following expressions cannot have any

. 0 ©0 .
meaning : ~,— % — 0. 0,00,1% ,0° these are called Indeterminate

Forms ( IF )

Example 2 : Find the following limits from two sides :

1)

Ii x2-3x+2 T 6 _
x—}P}*' x+1 x_}EI11+ 0+
o x2-3x+2 6
lim = lim — = —o
x—>—1~ x+1 x->-1- 07

MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Usiversity / Matbematios
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We note that the limit for f(x) at x=-1 doesn’t exists because the limit
from the right don’t equal the limit from the left -

X e—Z

e
2 lim = lim — =
) x——2% (x+2)2  x5-2+ 0F
- ex - e_2
lim = lim — = o

x—>-2= (x +2)2  x->-2- 0F

we note that the limit for f(x) at x=-2 equal to «

. x2-13x+42
3) 32%1 x2-12x+36
p G=OE-7) L x-7) -1
= = —_ = —O00
16t (X — 6)2 <6t (X—6) 0
li x%2-13x+42
xL21 x2-12x+36
i XOG-7 L (x=7) -1
T i (X—6)2  xo6t(x—6) 0"

we note that the limit for f{(x) at x=6 doesn’t exists -

Note :
e® = cos0O + isind
e® = cosh@ + sinh6

cosh2nm=1 ,neZ

2 4
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4) lim
x—=2nmt 1-cosx
. eZnTl' 1
= 1m = — =00
x-2nmt Q7 (1
. e*
lim
x—=2nm— 1—cosx
’ eZnn 1
= 1m = — =00
x-=2nn- Q1 0t

we note that the limit for cosx at x = 2nm

even function -

5 lim ex
x—07t
= lime® = o
x—-0t
1
lim ex
x—0~

= lime =0
x-0~

we note that the limit for f(x) at x=0 doesn’t exists -

MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Usiversity / Matbematios
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LIMIT INVOLVING AT INFINMTY

Example H-W :
Find the following limit from two sides if available : O
o
. x3—7x+7 ©
) xol X2 — 3x + 2
S x3—7x+7
)M 2 3k 42
cosx
3) lim

x-2 In(x? + 1)

Limit at infinity :

% let f(x) be a function in its domain , then if f(x) near to © when x
near to o« , then we write lim,_. f(x) = o

% let f(x) be a function in its domain , then if f(x) near to © when x
near to —o , then we write lim,__. f(x) = o

% let f(x) be a function in its domain , then if f(x) near to — when
X near to o , then we write lim,_ . f(x) = —

% let f(x) be a function in its domain , then if f(x) near to — when

X near to —wo , then we write lim,__, f(x) = —

X 6
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Classical Limits

lim x™ = o
X—00
: n © nis even
lim x™ = ]
X——00 —00 nis odd
lim Vx = o
X—>00
_ 1
lim —=20
x—Foo xT
li ! 0
im— =
X—00 \/}
li !
im — = o
x—-0% \/E
_ 1
lim — = o
x—0t xM
1 © neven
lim — =
x>0— xM —o0  nodd
lim Vx =0
x—-0*t

lim vx = not exists
x—0"

lim Vx = not exists

X——00
li ! t N3
Im — = not exists

x—>—oo\/;

li ! t st
Im — = not exists

x—>0_\/§
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Notes :

1, . : "
s small and positive when x is large and positive -
1, " : -
s large and positive when x is small and positive -
1 . . . .
s large and negative when x is small and negative -

D)

1 . . . .
X ~is small and negative when x is large and negative -

We summarize these facts by saying :
% As x tends to o« then i approaches O -
% As x approaches O from the right , then i tends to o -
% As x approaches O from the left , then i tends to —oo -

% As x tends to —oo then i approaches O -

Theorem :

if A(x) and g9(x) are polynomials A,B,--- , a,b,--- are constant such

that :

f(x) = Ax" FBx" 1 F Cx™" 2 F -

g@) =ax™F bx™ 1t Fex™EF -

Then :

x->to g(x) n>m

A
f@ _Jg n=m
(00

0 n<m

X &
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Example 3 : Find the following limits:

1) lim

2)

4x%2+3x-5
x>0 3x2-5x+1
2
X X 5
. 4x*+3x-5 Y3 a 2
lim = lim
x—»o 3x2 —5x+1 x>0 _ X2 X 1
X xXc X
3 5
Mt -3 440-0 4
lim X~ — = —
x—>w3_§+i 3—-0+0 3
X x2

5x3—4x2+3x—1

lim >
X——00 4x“+3x—2

3

X X X 1
. 5x3—4x?+3x-1 . 5343 t33-3
lim = lim 5
X—>—00 4'x2 + 3x - 2 X—>—00 X X 2

X X
4 3 1

. 9 %tx2"33 5-0+0-0 5
lim X X X _ _2_
X2—® ﬂi+.ji___jé_ 0+0-0 0

X 9
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3 i 2x2—4x+7
) xl_fg 4x3-3x2+5x+2
2
X 4x 1
, 2x* —4x+7 . 23" 3773
oo 4x3 —3x2 + 5x+2  xow 18 _ A2 X | 2
4-—3 -3 —3 + 5—3 + —3
X X x% X
2 _2 ’ 0-0+0 0
x 2173 —0+
lim —* X~ _Xx° _ =—=
x—>oo4_§ i 1 4-0+0+0 4
x x2 x3
Theorem :
For the function f(x) =a* , then :
lim a¥ = | if a>1
X— 00
lim a* =0 , if a>1
X——00
lima*=0 , if 0<ax<l1
X—>00
lim a¥ = | if 0<ax<l1
X——00

Example 4 : Find the following limits :
1 tim (5)

_ 4
2) lim (g)

X

0.0)

X

0

X 10
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Example H-W :

Find the following limits :

iy

2)

3)

4)

2x+3

lim
x—oo 3X—1

High Infinity Limit

Example 5 : Find the following limits :

1)

1
lim(7x° + 3 + —
lim( Vx

2) lim (1 - 0)%(5 - 2x%) = (1 + 0)(5 — 00) = 00, (~00) = 0o

)=0+3+0=o0
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2
Example 6 : if the function f(x) = b:%

3 and lim,_, f(x) = -2

lim,, f(x) =1 , Find the value of a,b € R

Solution :

lim 2~

e bx? —3

2 5a=-2p

b =

_ ax? a

lim 1

= >
x»1bx2—3 b-—3
a=b-3 , -2b=b-3

~b=1,a=-2

MNotes

< When x > o then |x| = x and x| = Vx?

< When x > —o then |x| = —x and |x| = Vx?

@ /7 many function as the radical function or fractional Function wew try
to avord the result that /s indetlrimmate form (1 F ) by multiplying

by the coryugate or by the common factor -

X 712
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Example 7 : Find the limit of

lim v/3x2 — 5x + 4

X— 0O

Solution :

5
: 2 _ — 1i 209 _— 4
J161_>13>10\/3x 5x + 4 )lcl_)lg\/x (3 x+x2

X— 00 X—00

5
lim /3x2 — 5x+4—11mx\/(3——+ —) =0(3-0+0) =00

Example 8 : Find the limit of

lim+vVx2+x—x

X— 00

Solution :

[VaZ + x — x][VaZ + x + x]

lim+/x? + x —x =lim

x>0 x>0 [Vx2 + x + x|
’ o ’ x% + x — x?2 s
imvxZ+x—x=1lim - = lim
X0 oo [\Vx2 4 x+ x| x0 [\/x +x + x|
X

lim+/x? + x — x = lim

X— 00 X—00 [ 1
x2(1 +2)+x
X
lim+yVx2+x—x=1lim - = lim

/ 1+2)+ x] 1+ E) + 1]

X 13
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lim+/x% + x —x = lim

1 11
X—00 X— 00 1 N 1 _2
(1+§)+1 1++1

Example 9 : Find the limit of

limvx2+x+x

X— 0O

Solution :

lim+yVx2+x+x=+002% 00+ 00 =0

X— 0

Example 10 : Find the limit of

limvx2+1—x

X—00

Solution :

[VaZ + 1 — x][VaZ + 1 + x]

limyx%? +1—x=Ilim

x—00 x—00 [Vx2 + 1 + x|
’ Tl ’ x2+1—x? . 1
im+/x —x =lim - = lim
X—00 oo Va2 +1+x]  ** [VaZ 4+ 1+ x|
1
limyVx2+1—x=1lim -
X—00 X—00 1
\/xz(l + F) + x]

L

X 74
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1

lim+yx?+1—x=Ilim
X— 00 X— 00

b (1+x—12)+x

_ 1 1
limvx2+x—x== =
X— 00 1 002

00 1+5+1

Example 11 : Find the limit of

lim2x+1— Va2 + x — 2

X— CO

Solution :

lim2x+1—Vax2+x—2

X— 00

[y

=lirrgo
* [ (1+1)+1

=0

[2x+1—-Va2 +x—2|[2x+ 1 + Va2 + x — 2]

— i
xoe [2x+1+\/x2+x—2]

y [4x% + 4x+ 1 —x* —x + 2]

= lim

o [2x+ 1+ VaZ + x — 2]
[3x% + 3x + 3]

= lim

oo [2x 4+ 1+ Va2 + x — 2]
x [3+§+—]

= lim

[x(2+%)+\/ 2(1+—— )‘

x2[3+§+—]

= lim

o [x(2+%)+\/ 2(1+—— )‘

X 15
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x? [3 +%+%]

= lim

x(2 +%)+x\/(1 +%—%)‘

x? [3 +%+%]

= lim
X—>00

X

2 +%)+\/(1+%—%)‘

x[3+%+%] 0.3

= lim

X— 00

K
l(2+%)+\/(1+%—%)‘

Another method

. ) 1 2
11m2x+1—\/x2+x—2=llm2x+1— x2(1+———2)
X=0 X—00 X X

X— 00

= lim 2x + 1 1+1 2
= lim 2x x |( o xz)

= lim x

X— 00

x2

1 \/ 1 2‘
2+-—- |A+=—-)|[=02-1)=w
X X
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Example 12 : Find the limit of

Tim x+2+/x% +x
Solution :
xl_i)l_noox+2 +\/T-I—x
[x+ 2 + VaZ + x][x + 2 — VaZ + «]
G [x+2 — VaZ + x|

[x? + 4x + 4 — x? — x]

T T kv 2 —Var e A
_ [3x + 4]
o [x 2 — Va2 + 2]
= lim x[3+§]
x_)_oo[x(l +Z)—\/x2(1+1
~ lim x[3+
s 00[ 1+ +x/ 1+ ]
= lim x[3+§]
xﬁ_mx[(1+2)+ (1+%)
= lim [3+x] E

x—>oo[1+ +\/(1T] 1+1
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LIMIT INVOLVING AT INFINMTY LEC40-

Example 13 : Find the limit of

lim 4x%2 + x + 2x

X——00

Solution :

lim 4x% + x + 2x

X——00
4x- + x + 2x||V4x= + x — 2x
i A2 A2
X~ [V4x2 + x — 2x]

[4x% + x — 4x?]
= lim = lim

T oo[/xz(4+—)—2x] T Oo[—x/(4+ =) — 2x]

[3x + 4]
= lim
x—= °°[x+2—\/x2+x]

= llm = llm

S e R e R

Example 14 : Find the limit of

—1

] 2x+ 3
lim
x-»o | x—1

Solution :

X 18
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LIMIT INVOLVING AT INFINMTY

S
E

Example 15 : Find the limit of

V5 4+ x2

lim
X——00 X
Solution :

2, D 5
1/5_|_x2 X(F-Fl) —X P+1)

lim — = lim = lim
X—>—00 X X—>—00 X X—>—00 X

V5 4+ x2 _ 5

lim = lim — [(z+1)=-1
X—>—00 X X—>—00 X

Example 15 : Find the limit of

|13 —2x|+5
lim
x—oo  4x =7
Solution :

3-2x x>
|13 — 2x| =

2x — 3 x<§

2

X 79
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— LIMIT INVOLVING AT INFINITY 1 LEC40-
I |3—2x|+5_l_ 3—-2x+5 = 8-2x
o Ax—7  xo» 4x—7  xowdx—7
8 8
i 1322145 xx—2) . G-2) 2 -1
xl—glo 4x — 7 _xl—glo (4_2) xl—>r<l>lo(4_z) _Z 7
X X
Example 16 : Find the limit of
lim+x2+4x—1—x
X— 00
Solution :
lim+x2+4x—1-x
X—> 00
o [VXr +ax— 1 — x][Va? + 4x — 1 + x]
= lim
X0 [\/Jnc2 +4x—1+ x]
o [x*+4x—-1-x%] [4x — 1]
= lim = lim
oo Va2 +4x—1+x] % [VaZ +4x—1+ x|
1 1
xX|4—= xX|4—=
= lim [ x]l = lim [ xl
X—00 X—00
[\/x2(1+%—p+x] x\/(1+%——2+x]
1 1
x[4—= 4 —— 4 -0
= lim [ x] = lim X 1+1=
X—00 X—>00
Jari-Fed] " Jari-Zea

A
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LIMIT INVOLVING AT INFINMTY

LEC40-

Example 17 : Find the limit of

. V8x3 + 5x — 2
ro%  3x+ 2

Solution :
y V8x3 + 5x — 2 y \/ (8+__x3)
e 3x+2  xow 3x + 2
3 5 2
o lern-B  Jerg-% 38
= lim > = lim 3
X—00 X—00
.X'(3 + E) + .
Example 18 : Find the limit of
. Vx®+2x3-3
lim
x>0 /9x3 4 x2 — 1
Solution :
Vx® + 223 - \/ °( + x6)
an V9x3 + x2 1 1 1
\/ O+tx~
3 4 2 3 2 3
X \/1+x3_F . \/1+x3_F Vi
= lim 7 = lim — = 75 =
X—00 3 X—00
xf\/(9+§—x—) \/(9+§——3
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— LIMIT INVOLVING AT INFINTTY A LEC40-
Example H-W :
Find the following limits :
: 2

1\5
3) lim x[(Z +—> —32]
X— 00 X
o 14+2+3+-+x
4) lim

X— 00 xz

A

K 22
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LIMIT AT INFINTTY ( LOHPTIAL'S RULE ) o LECW-

Indeterminate form :

Is the expression has no meaning and it is :

0 o©
~ _100_00)0'001000)100)00

0
Lohiptal’s Rule

suppose that f and g are differentiable functions on an open interval
containing x=a except possibly at x=a and that :

limx_,a% is one of the seven indeterminate forms then :

lim Jx) = lim [
x~ag(x) x-ag'(x)

This statement is true in the case of limit as x > a* ,a” ,0,—00
Note :

e In Lohiptal’s Rule the numerator and denominator are differentiated

separately which is not the same as differentiating of f(x)/9(x) -

(0.0

.0
oo'O

,0% ,00,00,00 4+ 00,—00 — 0 gre not indeterminate forms -
To applying lohiptal rule you must apply the following three steps :
7) Check the limit of G is indeterminate form , if it is not then

g(x)

lohiptal rule can not be used -

X 7
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LIMIT AT INFINTTY ( LOHPITAL'S RULE )

LECp-

2) Differentiate f and g separately -

3) Find the limit of [ ()

g'(x)

, If the limit is finite © or — oo then its

equal the limit , if its not finite then apply lohiptal rule again -

7) Indeterminiate Form %

Example 1 : Find the following limits:

. x%-4 _ 40
1) lim ~— =)
2x
lim == 2(2) =4
. sin2x _ 2
2) lim == =@
2c0s2x —2(1) = 2
M —y 2=
. 1-sinx . 9
3) l;_l)lgl cosx o <0)
. —Ccosx ]
lim = 11111% cotx =0

T —sinx n
X737 )

MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Usiversity / Mathematics

=



LIMIT AT INFINTTY ( LOHPITAL'S RULE )

LECp-

4)

7)

lim

. e*—1
lim —;
x-0 X

0

= (5)
ex

3x2

(0]
x—0

-4

. x3 0
lim 1 = (-)

x—0 sin() 0

lim
X— 00 . 1 X— 00
sm(;)
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LIMIT AT INFINTTY ( LOHPITAL'S RULE )

0 LECy-

2) Indeterminiate Form g

Example 2 : Find the following limits:

1) lim = =)

X—00 eX

11
lim —=—=0
x—>ooex (0.0)

2) lim =X =

x—0t cscx

~"

1

lim X = lim —
x-0t —cscx cotx  x-0*

cosx

lim —
x—-0t

Example H-W :

Find the following limit:

o x3—7x+6
)gn& x%2—3x+2

sinx

2) lim
x-0 tandx

. V2—x—x
3) lim

xX—2 x—1

4) lim x%e™™

X—00

. In(x —2)
) xozt Ln(x? —4)

tanx = lim —

1 xl_l){)l} tanx = (-1)(0) =0

sinx

Jdim tanx

X x-07t

2 4
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LIMIT AT INFINTTY ( LOHPITAL'S RULE )

LECp-

3) [Indeterminiate Form (0.x)

Example 3 : Find the following limits:

1) lim xLnx = (0. o0)
x—07t
] Lnx ] % ]
lim —=lim==1lim —x=0
x—0+ 1 x—0+ =1 x-0*t
X xz

. . T
2) lim x%sin-— = (0. o)
X— 00 X
w T
. osink —gcosy @ xd 0@
lim = lim = lim ——cos—
X—> 00 1 X—00 —2 X— 00 x2 2 X
x2 x3

114 /4
lim S X C0s_ = (0)(1) = o

X—00

3) lim x?%e™* = (0. )
X— 00
x? . 2x
Iim —=1lim —=1lim —=0
x—oo @ x—oo eX x—co eX
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LIMIT AT INFINTTY ( LOHPITAL'S RULE )

4) Indeterminiate Form (oo — o)

Example 4 : Find the following limits:

1

1
1) lim -— = (00 — 0
) x—>0 x e*-1 ( )
o ef-1—-x . e*-1 . e*
lim = lim———— = lim
x>0  x(eX-1) x—0 x(eX)+(e¥*-1) x—0 xe* + eX + e*

X

. 1
li = lim ==
x—0 eX*(x+2) x—0 (x+2) 2

2) lim vx?+1—2x = (00 — o)

X— 00
y (VxZ2+1-2x)(Vx? + 1+ 2x)
im
X=00 Vx? 4+ 1+ 2x
o (x*+1-4x> . (1-3x%
lim = lim
o0 \x2 4+ 142x Vx4 14 2x
. —6x ] —6x ] —6x
lim = lim = lim 1 = —00

X—00 X +2 X—00 X + 2 X—00

vxz +1 1
X

X 6
MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Usiversity / Mathematics ::g



LIMIT AT INFINTTY ( LOHPITAL'S RULE ) g LECy-

Example H-W :

Find the following limit:

/[
1) lim xsin—
X—00 X

X
2) xllr7rr1_ (x — n)tanz

3) lim Lnx.tanx
x—-0%

4) lim (x — m)cotx
X—TC
5) }Cl_r)l(l) (cscx — ;)

6) lim (x —Ln(x? + 1))

X—00

7) lim (Ln(x) — x)

X—00

8 Ii Lnx
im
X—00 W

9) lim (Vx?—x—x)

X—00

X 7
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LIMIT AT INFINTTY ( LOHPITAL'S RULE )

LECp-

5) Indeterminiate Form (1% , %, 09)

Example 5 : Find the following limits:

1) 9_{% 1+ x)% = (1%)

Let y=(1+ x)% by taking Ln for the right and the left side

1
Lny = ;Ln(l + x)

] o LIn(1+x)
limLny = lim —————
x—0 x—0 X

1

i (D) T
Lny = xl_l})n T = Lny = xl_l)%n T

Iny=1=y=c¢e

. In(1+x)
Iim—=e
x-0 X
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LIMIT AT INFINTTY ( LOHPTIAL'S RULE ) o LECW-

2) lim (Lnx)* = (eo¥)

Let y = (Lnx)* by taking Ln for the right and the left side
Lny = xLnLn(x)

lim Lny = llm xLnLn(x)
x-0t -0t

1
Lny = lim in L ~ = Lny = lim £ = Lny = lim —

x—-07 x—0t — x—0* Lnx
x xz

0 1
Lny=$=>Lny=O.;=0.0=O=>Lny=0=,~y=1

lim (Lnx)* =1

x—0t

3) gclfll (x _ 1)sinnx — (00)

Let y = (x — 1)S™"™ by taking Ln for the right and the left side

] In(x —1)
Lny =sinixIn(x —1) = Lny = ——
CSCTTX
In(x—1)
limLny = lim ———
x—1 x-1 CSCTTX
1
_ . —1 _ .___ sinmx tanmx
Lny - xl—l>r1n —mcscxcotmx = Lny o xl—l>r1n -m(x—1)

2

. mn(sinmx sec”mx + tanmx cosTXx )
Lny = lim
xo1 —m (1)

X 9
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LIMIT AT INFINTTY ( LOHPITAL'S RULE ) g LECy-

lim (x — 1) =1
x-1

Example H-W :

Find the following limit:

1) i 13"
) lim (1-2)

X—00

1
2) lim (Lnx)x

X—00

A
3) lim (x? — 1)°%°2*
x—1

X 10
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THE SEQUENCES LEC-43-

The Sequence :

Is a function whose domain is a set of integers specifically , we will regard

, the expression (a,) to be an alternative notation for the function
fm)=a, ,n=123,..

A Sequence is an infinite list of numbers written in a definite order :
2,4,8,16,32,:-- ,

The numbers in the previous list are called the terms of the sequence , in
the sequence above the T°* term is ‘2’ , the 2™ term is ‘4’ , the 3™ term

is ‘8’ and so , with each successive term being twice the previous term -

S0 the general term can be writting as : 2" , n=1,2,--

Writting Sequence :

Case 1: (from the general term )

Example 1 : Consider the sequence whose general term is :

A) f) =,
B) (an)=(n’+n-1)

X 7
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THE SEQUENCES

LEC43-

Solution :

Case 2: (formulas for sequence )

The trick to finding the formula for a sequence is to recognize the pattern

and figure out how to describe it in terms of n -

Example 2 : Find the formulas for the following sequences :

111
A) 10,55
B) 4,56,7,8,..

¢) 1,4,916,25,..

Solution :
A)
nl|l 71 2|3| 4|5
1 1] 1] 1
a“ | T 1313 | 2|5

The general term of this sequence is (%)

X 2
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THE SEQUENCES

LEC43-

B

|\

n

7

2 | 3

4

5

a,

4

5| 6

7

&

The general term of this sequence is (n + 3)

¢)

n

7

2 | 3

4

5

a,

7

4 | 9

6

25

The general term of this sequence is (n*)-

There are certain sequences that you should know on sight :

(2")

2,4,8,16,
(3%) 3,9,27,81,
(n®) 1,4,9,16,25,
(n!) 7,2,6,24,120,

Example 3 : Find the formulas for the following sequences :

A) 1,-,
B) +/3,4,3V5,4V/6,5V7, ...

¢) 16,25,36,49,64, ...

27

6

81 243

247 120 7
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THE SEQUENCES

LEC43-

Solution :
A)
n 7 2 3 4 5
3_30 9 32|27 3% 81 3*| 243 3°
@n 1112 2116 31124 4!'| 120 5!
The general term of this sequence is (%) .
B)
n 7 2 3 4 5
a, |[V3=1V3| 4=2v4 | 3V5 | 4V/6 |5V7

The general term of this sequence is (nVn + 2)

¢)

a,

16 = 4% = (1 + 3)?

25 =52 = (2 + 3)?

36 = 6% = (3 + 3)?

49 = 7% = (4 + 3)?

| RIWIN |~ |3

64 = 8% = (5 + 3)?

The general term of this sequence is ((n + 3)°)-

MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Usiversity / Mathematios
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Example H-W :
Find the formula of the general term an of the sequence:
. 11 1 1
0‘0 —_— —_— — —
39’27’81’ C%
. 111 1
0’0 —_ j— — —_
2’4’6’8’
. 3 4 5 6
’0’ - _— - - ™
16 '25 "36 '49 ’
o2 13 6 24 120
4’97’16’ 25 ’
< 3,2.5,2,1.5, ...
0:0 1 1 l l
3’5’7’9’

Special Sequences

Two types of sequences that we will encounter repeatedly are

arithmetic sequence and geometric sequence -

1) Arthemitic Sequence
is a sequence for which each term is a constant plus the previous
term - for example the sequence :

5,8,11,14,---
each term is obtained from the previous term by adding 3 , this
number 3 is called the common difference , since it can be obtained
from subtracting any two consecutive terms -

the formula for an arthemitic sequence is always a linear function -

X 5
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THE SEQUENCES

LEC43-

Arthemitic Sequence :

if (a,) is an arthemitic sequence with common difference ‘d’ then :

a, =k+nd

for some value of k -

Example 4 : Find the formulas for the following sequences :

A) 5,8,11,14,17, -
B) 9,5,1,-3, -7, -

Solution :

A) the common difference d =8-5 =3

when n=1 any apply the arthemitic formula

a;=k+13)->5=k+3 - k=2
~(ay) =(2 + 3n)

B) the common difference d =5-9 =-4

when n=1 any apply the arthemitic formula

a;=k+1(-4)>9=k—-4 > k=13
~ {ay) = (13 — 4n)

MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Usiversity / Mathematics
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THE SEQUENCES LEC43-

2) Geometric Sequence
is a sequence for which each term is a constant multiplied by the
previous term - for example the sequence :

6,12,24,48, -
each term is exactly 2 times the previous term , this number 2 is
called the common ratio , since it can be obtained by taking the ratio
of any two consecutive terms -

the formula for a geometric sequence is always an exponetial function

Geometric Sequence :

if (a,) is a geometric sequence with common ratio ‘r’ then :
a, =kr"

for some value of k -

Example 5 : Find the formulas for the following sequences :

A) 6 ,12,24, 48, 96, -

B) 12,6,3,15, 075, -

X 7
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— THE SEQUENCES A LEC43-
Solution :
A) the common ratio r =12+6 =2
when n=1 any apply the 9eometric formula
a,=k2)!->6=2k -k=3
= {ay) = (3. 27)
B) the common ratio r =6+12 =0-5
when n=1 any apply the geometric formula
a; =k(0.5'>12=0.5k > k=24
_ n 24
- {an) = (24, 0.5") = (53)
Example H-W :
Find the formula of the general term an of the sequence:
< 13,10,7,4,.. @)
1 3 Oo
o -,1,-,2,..
2 2
< 10,50,250,1250,..
B E l 1 i
Y 3’3’6’12"""
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THE SEQUENCES

LEC43-

The Limit of the Sequence

you can take the limit of a sequence as (a,) as n - « jn the same
way that you take the limit of the function f(x) as x involving to
infinity - the only difference is that there is one term a, for every
positive integer n , while there is one value of f(x) for every real

number -

Convergence And Divergence

We say that the sequence (a,) convergence if lim,_, . a, is real

number , if lim,_ a, is infinite or doesnot exists , then the

sequence is diverges

Example 6 : Does the sequence (n’) converges or diverges ?

Solution :

lim n? = «

n—->oo

Since the limit is infinite then the sequence diverges -

241 )
>) converges or diverges 7

Example 7 : Does the sequence G

Solution :

X 9
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. n®+1
m =
N 3n? 4+4n+ 2

(00)
(00)

By using lopital rule we have :

. n+1 1
now3nZ +4n+ 2 3

Since the limit is real finite then the sequence converges to % .

Example 8 : Does the sequence ((—1)™) converges or diverges ?

Solution :

(-H»=-1,1-1,1-1,1,..

As n approaches to infinity the sequence will continue to oscillate between
-7 and 7 , and therefore have no limit ( it approaches neither -1 nor 1)

so the limit does not exist , then the sequence is diverges -

Example 9 : Does the sequence (nTH) converges or diverges ?

Solution :

. n+1
lim—=1
n—oo n

Since the limit is T , then the sequence is converges -

X 10
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Example 10 : Does the sequence (1 + (_71)") converges or diverges ?

Solution :

-1
lim1+(7)"=1+0=1

n—>oo

Since the limit is 1, then the sequence is converges -

Example 11 : Does the sequence ((—1)" ﬁ) converges or diverges ?

Solution :

lim (—1)"
m (-1 51

)
Since the limit is alternating between % and _71 , then the sequence is

diverges -

Example 12 : Does the sequence (Z—n) converges or diverges ?

Solution :

tim 7 = tim ()

n

. . n .
Since the expression 7 <1, then the sequence is converges to zero:

X 77
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LEC43-

Example H-W :

Does the sequences converges or diverges ? o
* (), (Vn),(nPe™)

) 3
o (n sm%} ) (cos;) ,{cos ?)

& (), (LnE)),
() (12" @+ o (- 2

Monotone Sequence

a sequence (a,) is called increasing if : a; <a, <a; <--<a,

and the sequence called decreasing if : a4 = a, > az > - > a,

2 3 ] ) mmsn I I q

11 1 1 . : . .
—2.3,= 7 (D™= Neither increasing nor decreasing:

X 712
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Testing for monotonicity

7) Difference Technique :

In order for a sequence to be increasing all pairs of successive terms a,

and a, ., must satisfy a, < a,,, or a,,4—a, >0

monotone sequence can be classifed according this technique as follows :
a,;1 — a, > 0 sequence is increasing

Ani1 — A, <0 sequence is decreasing

Example 13 : show that the sequence (ﬁ) increasing ?

Solution :

( )_(123 n )

W=y nr1

. n n+1

=1 nt1 =712
_n+1 n

nt1 = = S T
(n+1)?> —n(n+2)

a,.1—a, =

ntl — Tn m+1)(n+2)

MOHAMMED SABAH MAHMOUD ALTAEE / Mosul Usiversity / Mathematics
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n+2n+1-n?-2n
n?+3n+2
1
=n2+3n+2>0

Anty1 — An =

An+1 — aAyn

The sequence is increasing -

Example 14 : show that the sequence (%) decreasing ?

Solution :
111 1
(ay) = (1,5,5,1,...,;,...)
1 1
an=; ) An+1 T hn+1
1 1
Une1 = An =777 7 4
n-n-—1
Ap+1 — An = nm+ 1)
-1
Api1 — Ay = 2t <0

The sequence is decreasing -

L
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Testing for monotonicity
2) Ratio Technique :

If a, and a,.q are any successive terms in increasing sequence then

a, < a,.1 , if the terms in the sequence are all positive then we divide
both sides of this inequality by a, to obtain =1 > 1

an

More generally monotone sequence with positive terms can be classifed
according this technique as follows :

ani1
an

> 1 sequence is increasing

An+1
an

< 1 sequence is decreasing

Example 15 : show that the sequence (niﬂ) increasing ?

Solution :
123 n
(dn)=<i,§,z,...,n—+1,...>
n n+1
a"_n—-l—l ) an+1=n—+2
n+1
av1 n+2z n+1 n+1
a, M T n+2  n
n+1

X 15
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LEC43-

an+1_n2+2n+1>1
a, n?+2n

The sequence is increasing -

Example 16 : show that the sequence (3 +%) decreasing ?

Solution :
( )_(47 10 3+1 )
an - )2;3)-") n;'"
1 1

an=3+; , an+1=3+n—+1

1 3n+4
a+1=3+n+1_ n+1
a, 3+1 In+1

n n

a1 3n+4 n
a, n+1 3n+1

a 3n? + 4n
n+1 _ <1
a, 3n’+4n+1

The sequence is decreasing -

L

X 16
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Testing for monotonicity
3) Differentiation Technique :

If a, is the termin increasing or decreasing sequence , then can you test
the increasing or decreasing by transform the general term a, to a
function f(x) by instead every n in general term to x , and calculate the

f'(x) to the function f -
monotone sequence can be classifed according this technique as follows :
f'(x) > 0 sequence is increasing

f'(x) < 0 sequence is decreasing

Example 17 : show that the sequence (ﬁ) increasing ?

Solution :
(@) = 2 rm e )
I =93 nr1
f® =

x+1—x 1

0

fix) = (x + 1)2 =(x+1)2>

The sequence is increasing -

X 17
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Example 18 : show that the sequence (ﬁ) decreasing ?
Solution :
@y=2> L
) =35 g 1
f(x) = 7% — 1
,()_Zx—l—Zx_ -1 <0
F ) =57 = 2x-12
The sequence is decreasing -
Example H- W :
Does the sequences increasing or decreasing ? 0o

S (1-1), (Z=),(n—2"),(n—n?)

10"
(2n)!

) &)

o 2n 5" —n
‘e <1+2n> ’ <27) ) (ne ),(

o (nnt2) ! 1 ~2n -1
* Tz ) Sy 83 ) (meTT) (tan” x)

X 18
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Eventually sequence

If discarding finitely many terms from the begining of a sequence produces
a sequence with a certain property then the original sequence is said to

have the property : eventually

Example 19 : show that the sequence (lnlln) Is eventually decreasing ?

Solution :
10n 10n+1
=" 7 TG
10n+1
Apy1  m+ 1! 10™1
a, 10"  (m+1)! 10"
n!
An+1 _ 10

<1, lln>10
a, n+1 foralln

The sequence is eventually decreasing -

Example H-W :

Does the sequences eventually increasing or decreasing ?

o 2 _ 3 _ A2 n 7, @)
* <2n 7n> ) <n 4n >)<n2+10> ,<n+ n) 1<3n> (@]

X 79
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The Series :

an infinite series is an exppression can be written in the form :
(00
Zuk =u1+u2+u3+---+uk+---
k=1

the numbers Uy, Uy, U3, ..., u; are called the terms of the series -
let (a,) be a sequence with partial sum of the series u+u,+:--+u,

if the sequence (a,) convergent to a limit S then the series is said to be

convergence to S and S is called the sum of the series , we denote by :

S = Zuk
k=1

Note :

the sequence of partial sum is diverges then the series is said to be

diverges , a divergent series has no sum -
Geometric series
If the initial term of the series is ‘a’ and each term is obtained by

multiplying the preceding term by r then the series has the form :

Eark=a+ar+ar2+ar3+---+ark+---,a¢0
=0

X 7
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Such series are called geometrical series and the number r is called the

ratioof the series , for examples :

“1+2+4+8++2k+. ja=1r=2

3 1
—+m+m+ HiEta=g o T=g
o’ol__ - — k+1_ —1 —_l
2 4+8+ + (—1) xTa=s,r=

Tests of Convergence & Divergence

1) The Convergence of Geometrical series :
the geometry series :

Zark=a+ar+ar2+ar3+---+ark+---,a¢0

is convergence if |r| < 1 and divergence if [r| > 1 ,

if the series is convergence then the sum of the series is :

(00)
-
k=0

Example 1 : Test the convergence or divergence of the series , and find

sum if it is convergence

is 5+ — +5+5+ LI
_4_ 4 42 4k

X 2
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Solution :

. . ) 1
The geometrical series with a=5 and r = 7 <1,

then the series it is convergence and its sum is

Example2 : Test the convergence or divergence of the series , and find sum

if it is convergence

2 32k g1-k
k=0

Solution :

The geometrical series can be written as :

. . . 9
The geometrical series with a=9 and r = =>1,

then the series it is divergence and its no sum

X 3
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Example 3 : Find the rational numberrepresent by repeating decimal for

0.784784784784 ...

Solution :

The number 0-784784784784% --- can written as a series
0-784784784784 ---=0-784 + 0-000784 + 0-000000784 + ---
previous expression is geometrical series with a=0-784 and r = 0.001 <1 ,

then the series it is convergence and its sum is

a 0.784  0.784 784

S =17 "1-0001 0999 999

Example H-W :

1) Determine the convergence or divergence of the following

-00

series , and find sum if it is convergence :

Cwe (-3\K1 BN o -\ k+1 o fenk-1

*a(3) o EG) L I(3) ()
4_k+2 3 2

o 00 00 00 3k 1-k

** 2k=1 7k-1 ? 2k=1ﬂ+5k—1 ’ Zk:l5 +7

2) express the given reapeating decimal as a fractional :

0-9999--- , 0-159159159--- , 0-782178217821--- , O-45114141414---

2 4
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2) The Integral Test

Tests of Convergence & Divergence

Let Y u; be a series with positive terms and let f{((x) be a function that

result when k is replaced by x in the general term of the series ,

If £ is decreasing and continous on the interval [a,©) then :

(0e]

Z u; ,and foof(x)dx

k=a

Both convergence or both divergence

Example 4 : use the integral test to determine the convergence or

divergenc of the series :

Solution :

1 1
we =, = f)=-

X
00
1

R | =

& =

o
k=1

b
1
T - — 1 b
dx = gLTojxdx Il)l_)rglo Ln(x)|{
1
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J %dx = lim Ln(b) — Ln(1) = Ln(x) = o

The integral is divergent and consequently so does the series -

Example 5 : use the integral test to determine the convergence or

= 1
2—2

divergenc of the series :

Solution :

1 1
W =17 > f) =3
00 b
1 1 -1
f—dx— lim | —dx = lim —

xZ b—oo xZ b—>o X 1
1

b

1
j—dx—11m1—3=1—0=1

The integral is convergent and consequently so does the series -

X 6
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Example H-W :
confirm that the integral test is applicable and use it to o
o)
Determine whether the series convergence or divergence : °

1 1 k 1
/ oo oo (00} (00}
 Lk=1gksz + Lk=1Tgpz * 2k=13z;7 * Zk=1

3
(4+2k)Z

Tests of Convergence & Diverqgence

3) P - Series convergence

The series :
i U R NI
kv T 2 3P et

Is convergence if p > 1 and divergent if p <1

Example 6 : use the P series test to determine the convergence or

divergenc of the series :

1
1+—+—+ =

2 B Uk

Solution :

X 7
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. — . : 2
This series is p-series with p =<1

S0 it is divergence -

Example 7 : use the P series test to determine the convergence or

divergenc of the series :
1 1 1

1+—F—+ - t—+-
8 64 k3

Solution :

This series is p-series with p =3 >1

S0 it is convergence -

Example H-W :
Use P-series toDetermine whether the series
@)
) o
convergence or divergence : o

1 -2 —4
’:‘ Zlocozl\/_E ’ Zlo(ozlks ’ Zlo(o:]_k 3

X &
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Tests of Convergence & Divergence

4) Comparsion Test

Let Y a; and Y b; be a series with non-negative terms and suppose that :

aq Sbl,az sz,ag Sbg,...,akﬁbk,...

1) if the bigger series Y. by convergence , then the smaller series ), a; also

convergence -

2) if the smaller series Y a, divergence , then the bigger series Y, by also

divergence -
Example 8 : use the comparsion test to determine the convergence or

>

1
=

divergenc of the series :

Solution :

V> vk~

X 9
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(4 1 I [J (4
The series = is diverges by P-series

(4 1 (4 .
S0 the series = is also divergent -
2

Example 9 : use the comparsion test to determine the convergence or

Z 2k + k

divergenc of the series :

Solution :

2k? + k > 2k?

1 < 1
2k% + k LkZ
xag 2 by

1 (4
The series — is converges by P-series

. 1 [
50 the series —— is also convergent
Example H-W :
Test the convergence or divergence of the series by comparsion o
1 3 k+1 2 S
Zk 15k2 ’Zk 1k4’zk 1k2 ’Zk 1k4+k’
5 sin?k o ILnk
IARERLLIN LI
' 2—

k2-1

X 10
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Tests of Convergence & Divergence

5) Limit Comparsion Test

Let Y a; and Y. b; be a series with positive terms and suppose that :

. Qg
H = lim —
k—oo bk

if H is finite and H > 0 then the series both convergence or both

divergence -

Example 10 : use the limit comparsion test to determine the convergence

or divergenc of the series :

Z k3+2k2+k

Solution :

3k3 + 2k? + k > 3k3

1 3 1
3k3 +2k2+ k 3_{&3
Y ay 2 by
1 3
o 3K3+2K2+ k 3 _
H=m"1 Mg izerr 170
3Kk3

Since H=1 >0 and finite ,

X 77
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(4 1 I .
The series Y. i_15.5 is convergence ( By P-series )

1 .
- Lk=133 5525 1§ also convergent

Example 11 : use the Limit comparsion test to determine the convergence

or divergenc of the series :

(0¢]

Z 3k3 — 2k% + 4
— k3 +2

Solution :
3k3-2k%+4 w 3Kk3 3
Let ak—zk 1 7 _13+2 ’ bk=2k=17=F
3Kk3 —2k% + 4 317 — 2K 4 4k
L kK7 —k3+2 _ —2k° + 4 B
H_llcl_f?o 3 llcl_f?o 3k7 —3k3 + 6 =1>0
LA

Since H=1> 0 and finite ,
: 3 :
The series Y15 is convergence ( By P-series )

3k3-2k%+4
 Yk=1"7 354 IS also convergent -

Example H-W : OO

Test the convergence or divergence of the series by limit comparsion

o 4k2-2k+6 g yroo 1 g 1 yroo k(k+3)
k=1"gy7+)—g *=k= 13k+1 k=137 3 *“k=1(2k+3)17" “k=1 (ki1)(k+2)(k+5)

X 712
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Tests of Convergence & Divergence

6) The Ratio Test
Let Y u, be a series with positive terms and suppose that :

. Uk
R = lim
k—oo uk

7) if R <1 then the series convergence:
2) if R > 1 then the series divergence-

3) if R =1 then the series may be convergence or divergence , so that

another test must be tried -

Example 12 : use the ratio test to determine the convergence or divergenc

= Kk
D 7
k=1

of the series :

Solution :

k+1
R — Tim 2 _ s —2k+1_l_ k+12k—1' k+1_1<1
T o0 w,  kow k kow 26k koo 2k 2

2k

. 1 . .
Since R =3 <1, then the series is convergence -

X 13
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Example 13 : use the ratio test to determine the convergence or divergenc

o) kk
2.7
k=1

of the series :

Solution :
(k + 1)k+1

R lim et _ i (DU (kA 1)1 k!

= l1m = 11m = 11m —
koo  koe KK koo (k+1)! kK
k!

R (k+ D+ Dkl k+1\¢ )

T kb KE(k+ DKl koo (%) =e>

Since R =e > 1 , then the series is divergence -

Example 14 : use the ratio test to determine the convergence or divergenc

— (2k)!
)
k=1

of the series :

Solution :
(2(k+1))!
R — Tim 2 _ s T (2k+2)! 4%
=t Uy Toe (2K 188 gkt (2k)!
4_k

X 74
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1
R=_lim@2k+2)(2k+1) =

Since R is infinite , then the series is divergence -

Example 15 : use the ratio test to determine the convergence or divergenc

of the series :

Solution :
1
u — 2k —1
R = lim k+1=lim2(k+1) 1=lim =1
k—oo Uy k—coo 1 k-o2k + 1
2k —1

Since R =1 , then the test is fail

We try another test such as ( Integral Test )

o) b
1 1 1
sz dx = lim dx ==lim Ln|2x — 1| =
1

2x —1 b-ow | 2x —1 2 b
1

The integral is divergent ,

S0 the series is divergent -

X 15
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Example H-W :
Test the convergence or divergence of the series by Ratio Test o
08} 3k (oe} 4'k [o'e) 1 [o%0) 1 k Oo
Yk=17; + Xk=13z o+ k=1g; 7 Zk=1k(§) ,
o k o0 k
Lk=133 + Zk=132]

Tests of Convergence & Divergence

7) The Root Test

Let Y u; be a series with positive terms and suppose that :

1
Q = lim k u; = ,l(im (up)k

k— oo
7) if Q <1 then the series convergence:

2) if Q > 1 then the series divergence:

3) if Q =1 then the series may be convergence or divergence , so that

another test must be tried -

X 16
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Example 16 : use the Root Test to determine the convergence or divergenc

of the series :

( )
k—z

Solution :

1
. (4k—5)k"_l_ 4k—5_2>1
e=lmlzk+1) | M 2k+1-

Since Q =2 > 1, then the series is divergence -

Example 17 : use the Root Test to determine the convergence or divergenc

of the series :

Z (Ln(k + 1))k

Solution :

1

k 1 1
Ii —lim——=—=0<1
koo l(Ln(k n 1))kl koo Ln(k+1) o

Q:

Since Q =0 <1, then the series is convergence -

X 17
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Example H-W :

Test the convergence or divergence of the series by Root Test

v (B2 ve, (X)L Itk L Smaa-er

Tests of Convergence & Divergence

&) Alternating series Test

Series whose term is alternate between positive and negative value is called
alternating series in general an alternating series has one of the following

forms :

oo

2(—1)"+1ak =a;—a;+az—a;+ -
k=1

Or
Z(—l)kak =—a;+a,—az+a;—
k=1

Alternating series of the two forms above convergent if the following

conditions are satisfied :

X 18
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1) ai;=2a,>2az3=>a, = >2a, =

2) limk_,oo ap = 0

Example 18 : use the alternating series Test to determine the convergence

or divergenc of the series :

(0e]

Z(_l)k+1%

k=1
Solution :
1 1
MWTY T kr1 | Ut
li 1 =0
e x

the series is convergence *

Example 19 : use the alternating series Test to determine the convergence

or divergenc of the series :

(00]

., k+3
;(—1)" 1 k(k + 1)

Solution :

X 79
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Aps1 k+ 4 k(k + 1)
a, (k+1)k+2) k+3

A1 K+ 4k k* + 4k -1
aj " kK2+5k+6 K +ak+k+6

g > Qg

po k+3 k3
koo k(k+1) kook®+k

the series is convergence -

Example H-W :
Test the convergence or divergence of the series by Alternating Test 5
o
_ 1 \k+1 k1 ank+1 k1
Zk=1(—1) 3k+1 ’ Zie=1(—1) Vi+1
00 — Lnk
Zk:1(_1)k+1 ek ’ Zk:3(—1)k %

A

K 20
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Tests of Convergence & Divergence

9) Absolute Alternating series Test

A Series Y uy is said to be convergent absolutely if the series of the

absolute values

(0.0)

D Tl =l + g+ fag | + 4 ] + -
k=1

Convergent , and is said to be divergent absolutely if the series of the

absolute values divergent -

Example 20 :Determine whethere the following series convergent absolutely

Solution :

7 614 rypr 1
The series of the absolute value is :1+-+ 5+ +5+5+

14 . . 4 [ 1
This series is convergent ( geometry series with a=7 , r = 5 )

X 27
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Example 21 :Determine whethere the following series convergent absolutely

1 1 1 1 1

1=2%373%5 76 7

Solution :

) ) 1 1 1 1 1
The series of the absolute value is : 1 to+s ottt

This series is divergent ( P- series with p=1 )

Note :
if Y a, and Y b, are convergent series with sum A and B respectivly then :
7) Y(a, ¥ b,) is convergent and its sum A+ B

2) ¥.Ca, is convergent and its sum is CA

Example H-W :

Test the convergence or divergence of the series by Absolutely ®)

Alternating Test

(2k-1)!

S (DR D SN -

A

g 22
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[terates of function :

Suppose that we press key 2 into a calculater and then repeatedly
depress the xX* buttom , the calculater would display the numbers :
2,4,16,256,+ one after another , these numbers called iterates of x,
for f and represented by : x, ,f(xo),f(f(xo)),f(f(f(xo))),

X, is the initial point

f(x,) is the T*° iterate for f

f(f(x,)) is the 2™ iterate for f and can write as f*(x,)

f(f(f(x,))) is the 3™ iterate for f and can write as f>(x,)

And etc---

Orbit of function :

The sequence {f™(x,)) = (x,,f(xo), F2(x,), F3(xp), e, f(Xp), ... ) OF all

iterates is called the orbit of x, -

Example 1 : Find the orbit of the following function at the point x,

Solution :

X 7
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F(x) X, Orbit of f at x,

f(x) = x? 7 7,1,1,1,1,--
fx)=x*-1 -7 -1,0,-1,0,-1,0,-1, -+
f)=x*+1 -2 -2,5,26,677, -

f(x)=x*>+0.25 o 0, 025, 0-3125 , 01347656 ,--
f(x) = 4x — 4x? 1/3 0-333--- , 0-888+-+ , 0-395067--+, +-

Note

The orbits seems to have very different behavior , indeed the orbit of T in
the T function is constantly 7, next the orbit of -1 for the 2™ function
is alternating between -1 and O , the orbit of -2 in the 3™ function

unbounded ( increasing ) , and its no clear how the iterates of O and 1/3

in the last functions behaves -

Fixed Points

A point whose iterates are the same point is called a fixed point , fixed

points are very important in the study of the dynamics of functions -
Def :

Let p be in the domain of £, then p is called a fixed point of f if
fw=p

X 2
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Graphically a point p in the domain of f is a fixed point of f iff the graph

of f touches or crosses the line y=x at (p,p)

Example 2 : Find the fixed point to the following functions :

7) f(x) =3x—-6
Solution :

f=p
3p—6=p

2p=6 - p=3
(3,3) fixed point

2) f(x) = (x—2)*
Solution :

fp)=p
(p—-2)°=p
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p*—4p+4=p
p*—5p+4=0
P-D@P-4=0,p=1,4
(1,1),(4,4) are fixed points

3) f(x) = 6x*—-15

Solution :

f)=p
6p> —15=7p

6p>—p—15=0

5 -3
Bp-5@p+3)=0, p=5,—

3 2
(5 5) (—3 —3) ved Doint
3'3) '\ 2732 are fixed points

4) f(x)=x3+x>*—-9x+8

Solution :

fe)=p
p’+p*-9p+8=p

p2+p?-10p+8=0

2 4
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@-D@P*+2p—8)=0
pP-D-2)P+4)=0
p=1,2,4

(1,1),(2,2),(3,3) are fixed points

Example 3 : if the function f(x) = Ax*> + 11x — 7 touch the line y=x at
x=0-5 , find the value of A ?

Solution :

Since the function touch line y=x , then the function having fixed point at
x=0-5 , so the point satisfy the equation f(x) :
(0.5,0.5) € f(x)

1_1A+11 .
2 4 2
2=A+22-28 >A=8

X 5
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Attracting & Repelling Fixed Points

By applying graphical analysis , we can see diverse behavior for the iterates
of various points - Indeed in figure A the iterates of x approaches to fixed
point p , where as in figure B tends towards infinity , the iterates of x in

figure C have each of these characteristics depending on the x value -

> Ty 7Y

L ke P 18 neither attracting
7 IS 8 I3
p i$ attracting p tsrepelling nor repelling

(1) (b (&)

It follows from the figure above that the fixed point in figure A is
attracting and that the one in figure B is repelling , that not every fixed
point is attracting or repelling is demonstarted in figure C where points to

the left of p are attracted to p and point to the right of p are repelled -

Theorem :

Suppose that f is differentiable at a fixed point p then :

I- If|f'(p)|<1, then p is attracting
Il- If|f'(p)|>1, then p is repelling
- IF|f'(p)| =1, then p is neither attracting nor repelling

X 6
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Example 4 : Find the fixed point and determine its type (Attracting or
Repelling )for the following functions ?

1) f(x) = 3x — 3x?

Solution :
fp)=p
3p—3p°=p
2p—-3p*=0

2
p(2—-3p)=0, p=0,§

2 2
(o, 0),(§,§> are fixed points
To know type of this points we find £(x)
f'(x) =3 —6x
1If'(0)| =13—-6(0)] =3>1, the point is repelling at x=0

F(G)|=|3-6(3)|=1-11=1, the point is neither attracting

nor repelling at x=2/3

X 7
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2) f(x) = x*
Solution :

f)=p
p>=p

p—p°=0
p(1-p)=0, p=0,1
(0,0),(1,1) are fixed points

To know type of this points we find £(x)
ff(x) =2x
If'(0)| =12(0)|=0< 1, the point is attracting at x=0

If'(D)]=12(1)| =12 =2 > 1, the point repelling at x=1

Eventually Fixed Points

Let x be in the domain of f, then x is an eventually fixed point of f if

there is a positive integer n such that £”(x) is a fixed point of f -

i-e:

fl@=b,f(b)=c,f(c)=d,..,f(z) =z

X &8
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THE FIXED , EVENTUALLY , PERIODIC POINTS

0 LeCls-

Example 5 : Show that w is an eventually fixed point to f(x) = sinx

Solution :

f(m) =sint=0

f(0) =sin0=0

Then m is eventually fixed point -

Example 6 : Show that % is an eventually fixed point to

2x OSxS%
f(x) = .
2 . 1

Solution :

1
fA)=2-21)=0
f(0)=2(0)=0

Then % is eventually fixed point -

X 9
MOHAMMED: SABAH MAHMOUD ALTAEE / Mosul Usiversity / Mathematics ::g



THE FIXED , EVENTUALLY , PERIODIC POINTS o LEC4S-

The Periodic points
Let x, be in the domain of f, then x, has a period-n if : f™(x,) = x,

And if in addition : x,,f(x,),f? (x,), f®(x,), ..., f* V(x,) is a periodic

orbit and is called an n-cycle - i-e :
fl@=b,f(b)=c,flc)=4d,... f(z)=a

Note : Every fixed point is period-1 or T-cycle

W

\;

Example 7 : Show that {—1,1} is 2-cycle to f(x) = —x3

Solution :
f(-1)=1
F) = -1
Then {—1,1} is 2-cycle -

X 70
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THE FIXED , EVENTUALLY , PERIODIC POINTS =

LEC-GS-

Example 8 : Show that

2Xx
m:{
2 —2x

Solution :

—~—
SN

N s
N o

, } is 3-cycle to :

)

<x

N = &
IA
= N =

<X

IA

NN
NN

s
/N
N—"

Il
N
/N

I
N
I

~—
I

\H
- J| 00

~,
N

—
U
~— ——

I
N
!
~|
I
NqN

Then {

4 6] ,
,7,7} is 3-cycle

Sq0N

Example 9 : classify the periodic cycle containing O for the

_ X9,z 2%
f(x)=1 3+2x 3

Solution :
f(0)=1
fﬂ)=1—1+2—3=2
3 3
f@)=1—3+8—19=3
3 3

function :
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— THE FIXED , EVENTUALLY , PERIODIC POINTS A LECLS-
f3)=1-1+18-18=0
Then {0,1,2,3} is 4-cycle -
Example H-W :
7) Find the orbit of the function o)
o

f(x) =x*-2x+3 at x=2

2) Find the fixed point of the functions :

Af(x)=x*+5x+3
Bf(x)=x3—4x*+6x—2
C f(x)=2x*+x3-3x*+1

3) Classify the type of the fixed points of the function :
flx) =«

4) Show that % and g are eventually fixed points for the function :

( 4x 0Sx<%
1 1
fx) = 1_ 3
4x—-2 2=%<2
4 —4x 3
& ZSXSI

X 72
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THE FIXED , EVENTUALLY , PERIODIC POINTS o LEC4S-

5) prove that % ,

U1 | =

,g is a periodic point and find the cycle for every point

in the function :

IA
AN

X

fx) =

_ N =

2x—1

IA
IA

X

N = O

6) Find the value of ¢ such that {0,c} is 2-cycle such that ¢ be a

constant and let the function be :

f(x)=x3-3x+c

X 73
MOHAMMED: SABAH MAHMOUD ALTAEE / Mosul Usiversity / Mathematics ::g



SOLVING LINEAR EQUATION SYSTEM LEC-Y&-

Gauss Method for solving Linear Equation System

This method uses to solve linear equation system , to solve system we
must follow the steps :
7) Transform the system to the formula [A: B] such that A is
cofactor Matix , B is the result vector -
2) Equations must be arranged so that the first element of the
first row and the first column a,, are non-zero value -
3) Convert the matrix to upper or lower triangular matrix , and
this converting needs to :
a) Use a;; to zeros the elements below it (a;,as; )
b) Use a,, to zeros the elements below it (as; )
¢) The row to be zeroed is called the secondary row -
d) The row using to zeros the secondary row called the
primary row -
e) A mechanism to zeros any element in particular row that

is by the rule :

secondary row element cofactor R R
- . * , +
primary row element cofactor primary T Tisecondary

f) multiply the last row by the number remaining inverted -

4) solve the produced in a reverse gradient method -

X 7
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SOLVING LINEAR EQUATION SYSTEM

LECY6-

Example T :

Solve the system

by

2
bs

A Qg3
Az, QA3
asz; Aass

11 CR, + R,
a
21 dR, + R
p s

asq

x1+x2—x3:3
_2x1+x2_4‘X3 =3

x1_2x3:3

Solution :
11 -141315p 4R,
-2 1 —4|3| L p
1 o0 -2I3] "t 73
1 1 —1|3]4
0 3 —6{9;R;+Rs
0 -1 -110
1 1 -1|3
0 3 -—-6/9
0 0 -3I3
—3x3=3 - x3=_1

3x2—6x3=9 =

x1+x2—x3=3 —r
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SOLVING LINEAR EQUATION SYSTEM

LEC46-

Note :

If it is possible to simplify the numbers of any row , we divide or

multiply this row by a certain number for the purpose of

simplification -

Example 2 :

Solve the system
X1 + sz + X3 = 5
2x1 - 4'x2 + 7x3 = —-16

3x1+x2_x3=13

Solution :

1 2 1] 5

—2R{+R
[2 -4 7|-16 _3R1iR2
3 1 -1l 13 Lo
1 2 1| 5 ]_g
0 -8 5|-26(5R;+R;
0 -5 —4| -2

1 2 1 5
0 -8 5 |-26 —8R
—57| 114 |57 3

8| 8
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— SOLVING LINEAR EQUATION SYSTEM A LECY6-
1 2 1| 5
0 -8 5 —26]
0 0 1l -2
X3 = —2

—8x2+5x3 = -26 = X2 =2

x1+2x2+x3=3 = x1=3

Example 3 :

Solve the system
2x1 + 3x2 - 4'x3 = -9
X1 + Xy — X3 = -1

5x1_2x2_x3=4

Solution :
2 3 —4|1-9
1 1 -1|-1|R; <R,
5 -2 -1l 4
1 1 -1]-1
] —2R; + R,
5 _2 _1| —5R; + R;3

2 4
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— SOLVING LINEAR EQUATION SYSTEM H  LEC-US-
1 1 -1|-1
0 1 —2[-7|7R,+Rs
[0 -7 4lo9
11 -1]-1
[0 L 2 _7]
0 0 —10l-40

—10x; = —40 = [x; = 4

x2—2x3=—7:x2=1
x1+x2—x3=—1 = x1=2
Example 4 :

Solve the system
2x1 + 3x2 — 5x3 = -7
3x1 — X2 + X3 = 9

6x; —2x,; +2x3 =10

Solution :
2 3 —5|-7]-3
[3 -1 1|9 PR
6 —2 2110l 3R1+R3

X 5
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— SOLVING LINEAR EQUATION SYSTEM q LECYs- E

2 3 —5|-7

0 —-11 17|31

2 3 —5| -7

[0 11 17|39|-R, + Rs

0 —-11 17131

2 3 —5| -7

[0 —11 17|39|- R, + Rs

0 0 01-8

0=-8

The system is wrong , then the system dont have any solution -

Note :

/7

% If the number of variables = the number of equations then there is
only one solution for the system -

% If the number of variables smaller the number of equations then there
is many solution for the system -

% If the number of variables greater the number of equations then the

solution for the system is dependence -

X 6
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SOLVING LINEAR EQUATION SYSTEM

LECY6-

Example 5 :

Solve the system
X1 +2x, —x3=17
X1 +x, —2x3=3
3x1 —4x3; + x3 =-5

5x1 +x2 - 3x3 =10

Solution :
SR
3 a1l |-3Ri+Rs
5 1 -3l10/ >Rt Rs
1 2 —11 7
0 —-10 4 |-26]| —9R, + R,
0 -9 2 1-25
1 2 =117
0 -1 -1|_4|-11
[0 0 14|14 12 Rzt Ra
0O 0 11111
1 2 -117
0 -1 -—-1|—-4
0 0 14|14
0 O 010
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SOLVING LINEAR EQUATION SYSTEM

LECY6-

14x3=14$ x3=1

—X;—X3=—4 = |x

2 =3

X1 +2x, —x3=7 =

Example 6 :

Solve the system

x1=2

x1+2x2_x3=2

2x1 +x2 +4'x3 =16

Solution :
1 2 -1| 2
2 1 4ligl-2Ri+R:
1 2 —-11271-1
[0 -3 6|12]?R2
1 2 -1 2]
0 1 -21—-4
x2—2x3=—4‘ = x2=2x3—4‘
x1+2x2—x3=2 = x1=10_3x3

Letx3=3=>x2=2 =>x1=1
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SOLVING LINEAR EQUATION SYSTEM

LECY4¢-

Gauss - Jordan Method

This method transforms the matrix A to a Diagonal matrix using two

techniques :

First : is the Gauss Method techniques whish we explained earlier -

Second : is Jordan techniques , which zeros the remaining elements in the

upper triangle ( above the main diagonal )

a) Use az; to zeros the elements below it (a,3,a;3 )

b)Use a,, to zeros the elements below it (a,; )

¢) The produced matrix is Diagonal and solved by bijective -

Example 7 :

Solve the system
X1 + X2 + X3 = 1
le — sz - 3x3 = -3

5x1+x,—x3=17

Solution :
F 12 13 11-2r, +R,
5 1 —1| 7 —5R; + R;3
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SOLVING LINEAR EQUATION SYSTEM H Lec ks
1 1 111
[0 —4 —-5|/-5|—R; +R;
0 —4 -6l 2
11 111 —5R; + R,
0 —4 -5|-5 R.+ R
0 0 -1l7 30
1 1 0| 8 11
[0 —4 0]|-40 TRZ
O 0 -11 7
1 1 0] 8
0O 0 -—-117
1 0 0]-2
[O 1 0 10]
0O 0 -—-117
X1 = -2 = X1 = -2

x2=10 = x2=10

—x3=7=> x3=_7

X 70
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SOLVING LINEAR EQUATION SYSTEM

:

Example 8 :

Solve the system
3x1 — X2 + X3 = 5

2x1 + 3x2 + 5x3 = 28

xl—xz—x3=—5
Solution :

3 —1 115
[2 3 5|28|R; < Ry
1 -1 -11-5
L -1 —1-5]_5p, +R,
2 3 5|28| _5p . p
3 -1 115 1o
1 -1 —1]-5]_,
0 5 7|38| - Ry+R;
0 2 4120
1 -1 -1|-5 =
0 5 7(38|2p,

6 | 2416
0O O = | =

X 7
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SOLVING LINEAR EQUATION SYSTEM 1 LECYG-
1 -1 —1)-5]_p 4R
0 5 738
[0 0 1]4] Btk
1 -1 0]-1]4
[0 5 0|10|zR:+R;
0 0 1|4
1 0 0]1
[0 5 010]
0 0 1l 4
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SOLVING LINEAR EQUATION SYSTEM

Example 9 :

Solve the system
2xq +3x; +2x3 =2
3x1 + X2 + X3 = 5

x1—2x2—x3=1

Solution :
2 3 212
[3 1 1]|5|R; & R;
1 -2 -1l1
1 -2 -111 _3p 4R,
3 1 115 Hp +R
2 3 212 Lo
1 -2 -1|1
0 7 4|2|-R,+R;
0 7 4lo
1 -2 -1|1
0 7 4|2
0 0 01l-2

The system dont have any solution -

L
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SOLVING LINEAR EQUATION SYSTEM

Inverse Matrix Using Gauss — Jordan

The summary of this method is to transform the extended matrix
(A|Dto the another extended matrix (I\B) by performing the gauss
and jordan steps for rowsas explained earlier , such that A is the
cofactor matrix , | is the identity element and B is the inverse of

the matrix A and denoted by A~1 -

Example 10 :

Find inverse matrix if available :

137
A_[z 5]
Solution :

L3 7.1 0]-2

[A:I]—[z tio 1]?R1+R2

[3 7 1 0]3R

0 172 1

3 7,

[0 1° —2 1] 7Ry + Ry

X 74
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SOLVING LINEAR EQUATION SYSTEM

LECY6-

3 0.15 -2171
0 1 -2 1]§R1

10,5 -7
0 1°-2 1
A-1=[_52 _17]

To check the result :

AA 1 =1

B A% 716

Example 17 :

Find inverse matrix if available :

1 3 2
A=]10 5 -1
2 3 4

Solution :

[AEI]=[O 5 —1:0 1 0

X 75
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SOLVING LINEAR EQUATION SYSTEM

LEC46-

O 5 -1:0 1 0

[132100
O -3 0 -2 01

3
2R, + Ry

13 2 1 00
0 5 -1:0 1 0|gp
00 3 —2 3 1 °
5 5
1 3 2 100%1R3+R2
05 -1: 0 1 0|,
0 0 -3 —10 3 5/3R3+ Ry
-17 10
13 0 3 2 3
OSOEQO—_S%R2+R1
0 0 -3 3 3
-10 3 5
-23 5 13
10 0 3 3| IR,
0 5 0 20__5—51
o0 0 -3 3 3?R3
-10 3 5

X 76
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— SOLVING LINEAR EQUATION SYSTEM A LECYG-
I “23 o 137
1 0 0 3 3 lRZ
.2 -1| 5
0 1 0: § O ? 1
—R
0 0 1 10 1 5|3 3
i 3 =3
—23 13-
3 %2 3
-1 _ 2 -1
10 -5
| 3 -1 3
To check the result :
AA1 =1
—23 o 137
13 23 3l oo
2 3 4lji0 . 5 looo1
'3 3 -

X 77
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SOLVING LINEAR EQUATION SYSTEM

Example H-W :

7) Solve the following systems using qauss Method and

using Gauss - Jordan Method

7)
2x1+3x2—x3 =1
3x1+x2 — X3 = 0
x1+x2+4’x3 =18
2)
3x2—x1+x3 = -1
4x1+x?,+x2 =1
5x1 + 2x2 — X3 = —4
3)
4x; +x3 =8
Xy +2x3 =11
xq+3x, =10
4)

X1+ 2x; +x3 =12
X1 —2x,+x3=0

X1 +x,—x3=-1
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SOLVING LINEAR EQUATION SYSTEM

LECY6-

2) Find inverse matrix using Gauss — Jordan Method if available

3 4
5o
-2 4
2 -1
2 o
0 1
1 -2
2 0

-1 -3

8
—4

L
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LINEAR DIFFERENTIAL - BERNOLI EQUATIONS B LEC-4)-

Linear Differential Equation (T order T°° degree) L-D-E

The general form of L-D-E from T°° order and T*° degree can be written

as .

First case ( x is independent variables )

d
= Py = Q)

dx
And this equation can solved by finding integral cofactor | such that :
I = efp(x)dx

And the solution of L-D-E is :
y. I =JQ(x).I dx

second case ( y is independent variables )

dx _h
dy +9()x = h(y)

And this equation can solved by finding integral cofactor | such that :
[ = e/ 9dy

And the solution of L-D-E is :
x.I:jh(y).Idy

X 7
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LINEAR DIFFERENTIAL - BERNOLI EQUATIONS

LEC4)-

Example 1 :

Solve the D-E : % +§ = x?

Solution :

1 2
p)=—, Q) =x
| = e/ Pdx — ef%dx — elnx —
yI = jQ(x)Idx
yx = szx dx

x4
yx = 7 +C
X N C
Y= 4 x
Example 2 :

Solve the D-E

Solution :

By dividing on dx

dy+ .
xdx Yy = Xxsinx

2

: xdy + ydx = xsinx?* dx
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d
Y Y sinx?
dx x

LINEAR DIFFERENTIAL - BERNOLI EQUATIONS

LECH)-

1
p)=—, Q)= sinx?

| = e/ Pdx — ef%dx — elnx —
yI = jQ(x)Idx

yx = j xsinx? dx

-1 )
yXx = 7cosx +C

__1 2_|_C
y = 2xcosx .

Example 3 :

Solve the D-E : dy + 2xydx = xe ™ dx

Solution :

By dividing on dx

W\ oxy = xe-
3, T 2Xy = =xe

x2

p(x)=2x , Q(x) = xe

| = e/ P@dx — gf 2xdx _ e;\c2
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LINEAR DIFFERENTIAL - BERNOLI EQUATIONS

LECH)-

yI = fQ(x)Idx

2

2 22
ye* =jexxexdx

ye"2 = jxdx
2 X xle 2
ye =7+C cyE— +Ce
Example 4 :

Solve the D-E : yz_;_|_ 2x = y°

Solution :

By dividing on y

dx+2x_
dy 'y

yZ

2 2
gy)==, h(y) =y
y
fzdy 2
xI = fh(y)ldy

xy? = f y2y* dy
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LINEAR DIFFERENTIAL - BERNOLI EQUATIONS

LECH)-

Example 5 :

Solve the D-E : Z—; + 2xy = 4y

Solution :

gy) =2y , h(y) =4y

[ = el 90y — pf2ydy _ o¥?
xI = jh(y)ldy
xe¥ = j4-yey2 dy

xeY’ =2eY’ +C

x=2+Ce‘3’2
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— LINEAR DIFFERENTIAL - BERNOLI EQUATIONS B LEC-4)-

Example H-W :

Solve the following D-E 5
. (o)

7) y +y=sinx °

2) x% — 2y = x3cos4x
3) x%=y+x3+3x2—2x
4) Z—; + x = 4cos2y
5) % + ycotx = 5e%%*
Bernoli Equation
The general form to bernoli equation is :
Lip@y=Q@®)y" nE1 e (7)
Such that p and @ functions for x only -
method of solution :
transform eq(1) to L-D-E by multiplying by y
Yy pyt = Qx) e (2)

— d _nd 1 d _nd
Let z=yl™" > d—i=(1—n)y "d—z Z’Ed_izy"d_z eee(3)

X 6
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— LINEAR DIFFERENTIAL - BERNOLI EQUATIONS g LEC-H-

Subistituting eq(3) in eq(2) we get :

1 dz

T-ndx p(x)z = Q(x)

The last equation is L-D-E and its solution is :
z.I = jQ(x).Idx
By the same method ,The general form to bernoli equation is :
SHIX=hG " mEl e (1)
Such that g and h functions for y only -

method of solution :

transform eq(1) to L-D-E by multiplying by x"

_nd -
x nd_;_l_g(y)xl n _ h(y) ...... (2)
—_ l_n E— — _nﬂ LE— _nﬂ XKl
let z=x"""> o 1—n)x o S iamn =X & 3)

Subistituting eq(3) in eq(2) we get :

1 dz

1-ndy +9g(y)z = h(y)

The last equation is L-D-E and its solution is :

z.1=fh(y).ldy

X 7
MOHAMMED: SABAH MAHMOUD ALTAEE / Mosul Usiversity / Matbematics ::g



LINEAR DIFFERENTIAL - BERNOLI EQUATIONS

LECH)-

Example 6 :

Solve the D-E : xy— % — y3e‘x2

Solution :

multiplying by (-1)

D _ v = _v3e % ...
Xy =-y’e (7)

Eq(1) is bernoli equation , multiply (1) by y=3

_3d _ 2
y3d_i'_xy 2 — _p7*" ... 2)

let z=y " =5 —-—=-2y°= =>——-=y

dx dx 2 dx dx

Subistitute eq(3) in eq(2) we get :

Multiply by (-2)
% +2xz=2e* s L-D-E
p(x) =2x , Q(x)=2e"

[ = e/ P@dx — o) 2xdx _ exz

zI=fQ(x)Idx

2 dz —3dy -1dz -3dy
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LINEAR DIFFERENTIAL - BERNOLI EQUATIONS

LECH)-

2 2 2

ze* = fZe‘x e’ dx
ze"2 = jde

ze"2 =2x+C = z = er"‘2 +C e_"2

Example 7 :

Solve the D-E : % —y=—xy°
Solution :

dy

Eq(7) is bernoli equation , multiply (1) by y=°

_ed _
ySd_i’_y‘t:_x ..... 2)

vt 92 ,-5dy _ -1dz_  _s5dy
Lebz-y :>dx_ 4‘)’ dx:4dx_y dx

Multiply by (-4)
% +4z=4x is L-D-E

p(x) =4, Qx) = 4x
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LINEAR DIFFERENTIAL - BERNOLI EQUATIONS LEC-)-

| = e/ PXdx — pf4dx _ p4x
zlsz(x)Idx
ze** = j 4x e** dx
4x 4x 1 4x
ze™ = xe —Ze +C

4x
e 1
_y4 = xet* —Ze“x +C

Example 8 :

Solve the D-E : dx — xdy = yx*dy

Solution :

Dividing by dy

dz dx dz dx
let z=x1 == x222 = _Z=x2=2 .....
© dy dy dy dy 3)

Subistitute eq(3) in eq(2) we get :

X 70
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— LINEAR DIFFERENTIAL - BERNOLI EQUATIONS

LECH)-

dz B
dy Z=y

Multiply by (-1)

Stz=-y is LDE

gy)=1, h(y) =-y

[ =el90dy — pfdy — gy
zI = jh(y)ldy

ze? =j—y e’ dy

ze? =—(ye?¥—eY)+C

ey
7=—yey+ e’ +C

Example 9 :

Solve the D-E : dx —2xydy = 6x3y%e 2 dy

Solution :

Dividing by dy

dx _ — 6x3y2e 2V .eeen
2 2xy = 6x°y“e Y ()

Eq(1) is bernoli equation , multiply (1) by x~3
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— LINEAR DIFFERENTIAL - BERNOLI EQUATIONS B LEC-4)-

—33_; 2x" % = 6y2e‘23’2 ..... 2)
Let z = x 2 — %2 — g, 3% -1dz_  -3dx . (3)

dy dy 2 dy dy

Subistitute eq(3) in eq(2) we get :

—1dz 2
_ — 2,2y
2 dy 2zy = 6y“e

Multiply by (-2)

Z—; +4zy = —12y%e " s L-D-E

gy) =4y , h(y) = —12y%e 2"

[ = el iy — o2¥?

zI = fh(y)ldy

ze?" = j—lZyze‘zyzezy2 dy
ze?" = j—lZy2 dy

ze? = —4y3 4+ C

x"2e? = —4y3 4+ C

X 72
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— LINEAR DIFFERENTIAL - BERNOLI EQUATIONS B LEC-4)-

Example H-W :

Solve the following D-E 5
o

7) xdy + ydx = x3y°® dx °

2) %+xy=6x\/§
d
3) t+y=y

4) dx + xdy = x*e” dy

d -1
5) d—; = zx_y = — (cosy)x®

X 73
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={  2* ORDER D.E “ REDUCTION TO 1" ORDER “ LEC43-

2" Order Differential Equation (T° order T** degree) L-D-E

The general form of D-E from 2™ order can be written as :
fx,y,y,y")=C
Reduction to T°* order Method

The type of D-E can be solved by transform it to 1°* order by missing
variables x or y :

First case ( y is missing variables )

, , dp
= - = —
y=p Y dx

And this equation will transform to the T** order D-E and solving it

for x , p, then back y’=p and solve it for x and y -

,_dp _dpdy dp

y = ———= p_

second case (X is missing variables) <:: dx dydx =~ dy
dp

Yy =p =Y =P @
And this equation will transform to the T°* order D-E and solving it

for y , p, then back y’=p and solve it for x and y -

Example T :

Solve the D-E : xy' =y

Solution :

/ 144 d
lLet y=p =y =d—z

X 7
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2 ORDER D.E “ REDUCTION TO 1* ORDER “

LECY8-

dp_
Yax P

dp ﬂ
P x by .[
Ln(p) = Ln(x) + Ln(cy)
Ln(p) = Ln(xcq)

Example 2 :

Solve the D-E : yy' +(y)3=0

Solution :

!/ 14 d
Let y'=p =y'=py

dp 3
— 4+ =0
yp dy P

dp )
— =0
p(ydy+p )

dy

L
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— 2* ORDER D.E “ REDUCTION TO 1 ORDER “ A LECYS-
y;—’; +p*=0
dp )
yd_y =P
dy dp
Y= ]
1

1
» = Ln(y) + ¢4

dx

d_y = Ln(y) + ¢4

dx = (Ln(y) + ¢, )dy , by j

x = j (Ln®) + ¢y )dy

x2
x=yLln(y)—y+cy + Czy=701+cz

Example 3 :

Solve the D-E : x*y" — (y)*—2xy' =0

Solution :

Let y =p =y =2

dx

X 3
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2* ORDER D.E “ REDUCTION TO 1° ORDER “ LEC-48-

2 2_2 :O
b dx 4 xXp
d
xzd—z—prsz , %ox?
dp 2 2
d_z — 719 = % is Bernoli eq. , multiply by p~>
dp 2 1
-2 _ = -1_ =
P ax %P x?
dz dp dz dp
L =p1 —=-—p2— ——=pt=
et z=p = dx P ax = Tax P ax
dz 2 1
__——Z=—
dx «x x2
dz+2 _ 1
dx  x’ x2
2 1
p(x) = Pl Q(x) = X2
2
[ = effdx — e2lnx — 2

zI=jQ(x)Idx

2
zx*=—-x+c¢,
dx N
—x*=—-x+c
dy 1

x*dx = (—x + ¢y)dy

2 4
MOHAMMED: SABAH MAHMOUD ALTAEE / Mosul University / Mathematics ::g




— 2* ORDER D.E “ REDUCTION TO 1“ ORDER “

LECY8-

x? x =—x—c;+ ‘i
—x+c1dx=dy —x+c¢ 17 —x+ ¢
2
+ “1 dx =dy byj
—Xx—cC = ,
1 — +C1
2
X 2
—7—c1x+c1Ln|—x+c1|=y+c2
Example 4 :

Solve the D-E :yy' +2y —2(y)*=0

Solution :

! 144 d
Let y=p =y =pd—’;
dp
— —2p2 =0
ypdy+2p p
dp+z 2p) =0
p(ydy p) =

p=0 :»azo = y=cC

dp+2 2p=0
ydy b=

dp—z 1
ydy— p—1)

ydp = 2(p — 1)dy

d d
p . y ’byf
p—1 y

L
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2* ORDER D.E “ REDUCTION TO 1“ ORDER “ LEC-43-

Ln(p — 1) = Ln(y*cy)
p—1=y°c

p=1+y"c,

dy
dx
dx=— 4 bj
T 1vy2e, Y Y

1
x=——tan"(/c;y) + ¢
\/C_l (\/—1}’) 2

=1+ y?c,

Note :

In some untegrals the solve being hard then re-write the function as a

series to integrate it easily

Example 5 :

Solve the D-E :y' —2xy'+x=0

Solution :
/ 17 dp
Let y'=p =y"=_
d
d—z —2xp+x=0
dp

— —2px = — isL.D.E eq.
P 2 x is eq

X 6
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2* ORDER D.E “ REDUCTION TO 1° ORDER “ A LEC-US-
p(x) =—-2x , Qx) =—x
I=ef—2xdx=e—x2
plsz(x)Idx
pe"‘2 =j—xe"‘2 dx
1

pe‘xzzze‘x2+c1

1
p=E+Cle
dy 1 x2 x* «x®
ax ztall-qpta gt

1 x2 x* x°
dy—idx+c1 1—F+5—§+~- dx byf
=24 x3+x5 x7+ +
Y=27\* "3 710 22 €2

X 7
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— 2* ORDER D.E “ REDUCTION TO 1“ ORDER “

LECY8-

Example 6 :

Solve the D-E :y' —3x%*y = x*

Solution :

!/ 14 d
Llet y=p =y =d—z

d
d—Z— 3x%p = x?

p(x) = -3x* , Q(x) = x*

I =el —3x%dx _ e—x3

pl =jQ(x)Idx
pe ™ = j 2% gy

pe* = —§e‘x2 + ¢4

P = 3 ci1€

x3

6 9

dy 1+ X x3+x x°
dx 34 11721 3

x3 x® x

1 9
dy=—§dx+c1(1—F+E—§+--->dx , byJ

x xr  x7 10
y=—+c1<x——+———+--->+c2

X &8
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={  2“ORDER D.E “ REDUCTION TO 1 ORDER “ LECL3.

Note :

If the equation from the 3™ order then :

no__ nro__ dq
y - q ) - dx
Example 7 :
Solve the D-E : xy' —2y"' =0
Solution :
17 " dq
Let y' =q= y'"" = -
a9 _ 5 _
x— 2q=0
dq
_ = 2
xdx 1
dx dq
2—=— b
S|
Ln|x*cy| = Ln|q|
q = J‘526'1
17 2 ! x3 x4
y =x°c1 =Yy =?cl+cz =>y=Ec1+czx+c3

X 9
MOHAMMED: SABAH MAHMOUD ALTAEE / Mosul University / Mathematics ::g



={  2“ORDER D.E “ REDUCTION TO 1 ORDER “ LECL3.

Example § :

Solve the D-E : x*y'"" —2xy"' =0

Solution :

Let yllzq: ylllzﬂ

dx

x22 _2xg=0

2

dx

dq

— =2
X Ix xq

dq_Zd b j
qg x Y

Ln|q| = L|x*c4]

— 42
q = x*cy

x3 x?

y”=x2c1=>y’=?c1+cz =S y=—cy+Cx+C3

12

X 70
MOHAMMED: SABAH MAHMOUD ALTAEE / Mosul University / Mathematics ::g



— 2* ORDER D.E “ REDUCTION TO 1° ORDER “

LEC-43-

Example H-W :

Solve the following D-E

7) xy" —y’2 —2y'=0
2) y’y'—3y'y'=0
3) yy'=3y=0

4) y'y'—2y'=0

5) xy" +2xy =x3
6) y'+2y =4x

7) 1+yy"+(»)*=0
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