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In this section we illustrate various additional applications of the Bernoulli 

equation. Between any two points, (1) and (2), on a streamline in steady, 

inviscid, incompressible flow the Bernoulli equation can be applied in the 

form,

3

Obviously, if five of the six variables are known, the remaining one can be 

determined. 

………(1)
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One of the oldest equations in fluid mechanics 

deals with the flow of a liquid from a large 

reservoir. The basic principles of this type of 

flow are shown in Fig. A. Where a jet of liquid of 

diameter d flows from the nozzle with velocity 

V. 

(A nozzle is a device shaped to accelerate a 

fluid.) Application of Eq. 1 between points (1)

and (2) on the streamline shown gives 

Figure (A)

a- Free Jets

………(2)

We have used the facts that z1 = h, z2=0, the reservoir is large (V1≈ 0) and open 

to the atmosphere (p1=0 gage), and the fluid leaves as a “free jet” (p2=0). 

Thus, we obtain 
………(3)
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Once outside the nozzle, the stream continues to fall as a free jet with zero 

pressure throughout (p5=0) and as seen by applying Eq. 1 between points (1)

and (5), the speed increases according to 

where, as shown in Fig. A, H is the distance the fluid has fallen outside the 

nozzle. 

Figure (A)

………(4)
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Equation 3 could also be obtained by writing 

the Bernoulli equation between points (3) and 

(4) using the fact that z4=0, z3=l. Also, V3=0

since it is far from the nozzle,

and from hydrostatics, p3 =𝜸 𝒉 − 𝒍 . 

If the streamlines at the tip of the nozzle are straight (𝑅 = ∞) it follows that 

p2=p4. Since (4) is on the surface of the jet, in contact with the atmosphere, 

we have p4=0. 

Figure (A)
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As learned in physics or dynamics and illustrated in the figure (B), any object 

dropped from rest that falls through a distance h in a vacuum will obtain the 

speed 𝑉 = 2𝑔ℎ, the same as the water leaving the spout of the watering 

can shown in the figure (C). 

Figure (C)

Figure (B)

This is consistent with the fact that all of the 

particle’s potential energy is converted to 

kinetic energy, provided viscous (friction) 

effects are negligible. 

In terms of heads, the elevation head at 

point (1) is converted into the velocity 

head at point (2). 

The pressure is the same (atmospheric) at 

points (1) and (2) in Figure (A). 
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For the horizontal nozzle of Figure (D), the velocity of the fluid at the 

centerline, V2,  will be slightly greater than that at the top, V1, and slightly 

less than that at the bottom, V3, due to the differences in elevation. In 

general, 𝒅 ≪ 𝒉 as shown in Figure (E) and we can safely use the centerline 

velocity as a reasonable “average velocity”.

Figure (D) Figure (E)

Horizontal flow from a tank
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If the exit is not a smooth, well-contoured 

nozzle, but rather a flat plate as shown in 

Figure (F), the diameter of the jet, dj will 

be less than the diameter of the hole, dh. 

This phenomenon, called a vena 

contracta effect, is a result of the inability 

of the fluid to turn the sharp 90o corner 

indicated by the dotted lines in the 

figure. 

Figure (F)
Vena contracta effect for a sharp-edged orifice

Figure (D)
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Since the streamlines in the exit plane are curved (𝑹 < ∞),

the pressure across them is not constant.

Figure (F)
Vena contracta effect for a 

sharp-edged orifice

It would take an infinite pressure gradient across the 

streamlines to cause the fluid to turn a “sharp” corner 

(R=0).

The highest pressure occurs along the centerline at (2) 

and the lowest pressure, p1=p3=0, is at the edge of 

the jet.

Thus, the assumption of uniform velocity with straight 

streamlines and constant pressure is not valid at the 

exit plane. It is valid, however, in the plane of the 

vena contracta, section a–a. The uniform velocity 
assumption is valid at this section provided 𝑑𝑗 ≪ ℎ as is 

discussed for the flow from the nozzle shown in Figure 

D.
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The vena contracta effect is a 

function of the geometry of the 

outlet. Some typical configurations 

are shown in Figure (G) along with 

typical values of the experimentally 

obtained contraction coefficient, 

Cc=Aj/Ah, where Aj and Ah  are the 

areas of the jet at the vena 

contracta and the area of the hole, 

respectively 
Figure (G)

Typical flow patterns and contraction coefficients for various
round exit configurations.

(a) Knife edge, (b) Well rounded,
(c) Sharp edge, (d) Re-entrant. 
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In many cases the fluid is physically constrained within a device 

so that its pressure cannot be prescribed a priori as was done 

for the free jet examples above. Such cases include nozzles 

and pipes of variable diameter for which the fluid velocity 

changes because the flow area is different from one section to 

another. 

For this situations It is necessary to use the concept of 

conservation of mass (the continuity equation) along with the 

Bernoulli equation. 

b- Confined Flows

Figure (H)
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Consider a fluid flowing through a fixed volume (such as a syringe) that has 

one inlet and one outlet as shown in Figure (I). 

If the flow is steady so that there is no additional accumulation of fluid within 

the volume, the rate at which the fluid flows into the volume must equal the 

rate at which it flows out of the volume (otherwise, mass would not be 

conserved). 

Figure (I) Figure (J)
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The mass flowrate from an outlet, ṁ (slugs/s or kg/s), is given by ṁ = ρQ, where Q

(ft3/s or m3/s) is the volume flowrate and ρ density (slugs/ft3 or kg/m3). If the 

outlet area is A and the fluid flows across this area (normal to the area) with an 

average velocity V, then the volume of the fluid crossing this area in a time 
interval δt is VA δt , equal to that in a volume of length Vδt  and cross-sectional 

area A (see Figure J). Hence, the volume flowrate (volume per unit time) is 

Q=VA. Thus, ṁ = ρVA.

Figure (J)
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To conserve mass, the inflow rate must equal the outflow rate. If the inlet is 
designated as (1) and the outlet as (2), it follows that ṁ1= ṁ2 . Thus, conservation 

of mass requires,

If the density remains constant, then 𝜌1 = 𝜌2 and the above 

becomes the continuity equation for incompressible flow 

Figure (H)

For example, if as shown by the figure (H) the outlet flow area is 

one-half the size of the inlet flow area, it follows that the outlet 

velocity is twice that of the inlet velocity, since V2=A1V1/A2 = 2V1

………(5)
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In general, an increase in velocity is accompanied by a decrease in pressure. 

For example, the velocity of the air flowing over the top surface of an airplane 

wing is, on the average, faster than that flowing under the bottom surface. 

Thus, the net pressure force is greater on the bottom than on the top—the 

wing generates a lift. 


