THE DERIVATIVE OF A FUNCTIONS

The Derivative : is the slope and we can define as :

¢ (x):d_y:m _ lim f (x +Ax)—f (x)
dx AXx —0 AX

Where " m " is the slope , if this derivative exists then we say f is " differentiable "

EXAM : Find to the function g—y f (x) =x
X

Solution:
dy _f(x) = lim f (X +Ax)—f (x)
dx Ax—>0 AX
\/x +AX =X
Ax—>0

\/x+Ax—\/_\/x+Ax Jx
AHO AX \/x +AX +X

X+ AX =X
= lim = lim
Ax >0 AX (\/x +AX +4/X ) Mo0AX (\/x +AX ++/X)
1
= lim

e

EXAM : Find :—y to the function
X

) f (x)=x?
Solution :
f (X +AX)=(X +AX)* =X %+ 2X AX +A*X

£ )= lim XA =T ¥ £ 2XAX + AP — X7

AX —0 AX AX —>0 AX

2
_ i XX AT AL [2x +AX ]

Ax =0 AX Ax =0 M

= lim 2Xx + AX =2Xx +0=2x

AX —0
2 (x)=—
X
Solution :
f (X +Ax)= 1
X + AX
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1 1 X =X —AX
f(x) = lim XFAC X _ jjp XX +AX)
AX =0 AX Ax—0 AX

: -1 -1
= lim =
A=0X (X +AX) X

RULES OF DERIVATIVE :
Dy =f(x)=C=y'=0

2)y =f (x)=x=>y'=1

)y =f(x)=x"=y =nx""

4)y =f (x)=Cg(x) =y '=Cg'(x)
5)y=fX)tgx)=>y =f'(x)+g'(x)

6)y =f (X).g(x)=y" =f (x)g'(x)+g(x)f "(x)
m: ,_90)f '(x)—f (x)g'(x)

ny= 3
g(x) g(x)
8)y =f (x)=C(g(x))" =y =C(g(x))""+g'(x)
Proof :
Df (x)=C =f (x +Ax)=C
f/(x)= lim X FEA)=T ) e €=C
AX —0 AX Ax—0  AX

2) f (X)=x =1 (X +AX) =X + AX
£ r(x) = lim X X=X AX

= lim —=1
AX =0 AX Ax—0 AX

NOTE

n(nzrl)xn—zyz_'_n(n _1?3I(n_2)xn‘3y3+----+y”

(x+y)" =x"+nx"y +
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f (x)=x"
n(n-1
f(X+AX)=(X +AX)" =x" +nx "'Ax + (2| )x“‘zAzx +..+A"X
n(n-1
X7 +nx "LAx +(I)x“‘2A2x Fo A AX — X
f'(x)= lim 2!
AX =0 AX
n(n-1
A x "+ (2' )x“‘lA2x +o+ A" X
:AI)!TO - MK
: n(n-1
= lim nx " + ( )x“‘lAzx +..4+A"X
Ax —0 21

—nx"t4+04+0+...+0=nx"?

EXAM : Find d_y to the function

dx

1) y=x® = y’'=6x
2) y=3x' = y'=34x°=12x"°
3)) y=3x"+2x°-7x+10 = y'=12x°+4x -7
4) y=x+3)(x2+2) = y'=(xX+3)2x)+(x*+2).1

(x +3) , (x*+2).1-(x +3)(2x)
= j— =

(X% +2) (x % +2)°
6) y=(3x2+4x)° = y'=5(3x2+4x)*(6x +4)
7)Yy =CBx*+4x)°(x°+7)° = y'=(x*+4x)>.3(x*+7)%(3x %)+

+ (X3 +7)°5(3x * + 4x )" (6x +4)

5

5)

IMPLICIT DIFFERENTIATION ‘ (i) glandy)
Blaii) (Independent)Jiivall aial) é".ui.a Cua ¢ JSI ) o puatag AllAl) plae ) s 8 Jiesall SLEEY) padd
és: Aaixg Lg.ﬂ\ M\ EY) Adizall )s\ild\ O Cua o f_uA.».a (Blatdl agtin (Dependent)wa.d\ )..gild\ Lol ¢ f.;.a)».a

s die Al danally (335 Al i) sed Jeiuall puaiall Lol (5 jA) &) i
dy

o 7 (dependent) & X (independent)

j—; Z (dependent) &y (independent)
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EXAM
2
it x2+y2=9 Find ¥ &9
dx  dx
Solution :
2X +2yy ' =0=2yy ' =—2x = |y =—%
y
2 2 2
NV *
y”=—(y'1_xy):_ y _ y
y* y* y?
Xf+y? 9
o y3 o y3
EXAM
2
If 2y?=x7,then provethat d g _3Xx
dx= 8y
solution :

dyy'=3x2 =y =22
y

2 2yX ——
n 3Y.2X—-Xx"y' 3 4y 3 4y
y 4 E "2 y 2 2 y?
_3x(By’—3x’) _3x(8y’—6y") S-2y°
4 4y°d 16 y®
_3x(2y%) 3x
16 y® 8y
EXAM :
If y®-x®=a® ,provethat:
d’x  2ya’
dyz__ NE

a IS constant.
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2
3y2—3x2x%:0:>3y2:3x2x%:>xﬂz%7
2 4
2 2 Y A
X,,:x2.2y—y2.2xx’:2yx —-2xy X:2yx e
x4 x4 x4
C2yx*-2yt 2y(x*-y®) 2y(-a’) -2ya’
x> x> X > x>
CHAIN RULE AL factd

Let y=f(t) and x=g(t) , the chain rule may be written as :
dy

dy dy dt gt

dx dt dx dx
dt

EXAM :
If y=t>+6 , x=2t+4

2

Find gx,d z

dx dx
Solution :_
dy dy dt
dx dt dx
d_y:3t2 ’d_Xzzjd_t:l
dt dt dx 2
d—y:3t2.1 :§t2 <A
dx 2 2
d? y ci(dy) _dA dA dt
dx? dx ‘dx x Cdx dt dx

1 3t

—3t ="
2 2
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EXAM :
If y =t?+1 , x=t?-1

2
Find d_yd);
dx dx

Solution :_

dy :dy dt

dx dt dx

d—y—Zt dx a1

- =2 =
dt dt dx 2t

d—y:Zt.i =1<A

dx 2t

d’y _d dy, d, dA _dA d

dx2  dx dx x S dx dt dx
1

=0.—=0
2t

EXAM :
If y =Cost , x =sint
2

Find dy ,d g

dx dx
Solution :.
dy dy dt
dx dt dx
dy : dx dt 1

—=-sint ,— =Cost =
dt "dt dx Cost

d—=—sint.— =|—tant | < A

d’y _d dy, d, dA_dA d
dx? dx dx’ dx dx dt dx
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Partial Derivative :
DEF:
Let f be a function with two variables x, y , then the partial derivative for f respect to x

: : : : : .. of
Is the function fy or and its value at any point (x,y) in domain fis : —

OX
f(x +Ax,y)-f (x,y)
0 AX

0 :
f (x,y)=—1F (x,y)= lim
GY) =t y) = fim
DEF:
Let f be a function with two variables X, y , then the partial derivative for f respect to x

Is the function f, or and its value at any point (x,y) in domain f is :8—

oy
-0 Ay

0 i
fo(x,y)=—-TF (x,y)=1i
y (X,¥) & (x.y)=l
DEF:
Let f be a function with three variables x, y ,z then the partial derivative for f :

0  f(x+Ax,y,z)-f (x,y,z
L 00y)= S8 Gy = im EOCHAY L)

fy(x,y,z)=if (X’y’z)zlimf(x,erAy,z)—f (x,y,2)
ay Ay —0 Ay
0 . f(x,y,z+Az)-f (x,y,z)
f,(x,y,z)=—Ff (x,y,z)=lim
Z(y)(’?Z(y)Az—m A7
Note :
2 2
8—1:2:1:xx ﬂ:fxy
OX OXY
2 2
fxyzfyx
and in three variables
3 2
ot 7 = 0 (a f2):fx ......... etc.
axay OX 6y yy
EXAM :
f(x,y)=x*-5xy +y°
of
—=2X -5
OX y
of

a—:O—Sx +3y % =-5x +3y?
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o o of

oy: oy

o o of
s=—()=2

OX OX OX

ot _ o _ 0
OX oy 0y OX
EXAM :

f(x,y)=(3x +5y)°
%ZS(BX +5y)*.3=15(3x +5y )"

2i =5(3x +5y)*.5=25(3x +5y)*
y

o°f
~ 2 =60(3x +5y)3=180(3« +5y )’
o°f 3 3
PvERe 100(3x +5y)°.5=500(3x +5y)
) 2
ot __ 60(3x +5y)°.5=300(3x +5y)° = Al
Ox Oy %
EXAM :
f(x’y):xy3—5X2yZ4 ﬁzo
of 3 4 o
— =y~ -10xyz 3
ox Z—f;), = bX
y
@zsyzx —5x°z* 5%
oy —— =-120x *yz
of 2., 3 o
— =-20x°yz o°f
P =3y *-10xz*
oy OX oy
— =-10yz 4 o°f
o = —40xyz *
y OX 0z
E S = (<))
g X0yo0z OX oy 0z
9T _6ox?yz? of _ 0%,
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DEF :

Let u(x,y) , v(x,y) be a functions then we say that u & v satisfy the Cauchy Riemann
Equation (C.R.E) iff

u_v g u_ v

ox oy oy ox
EXAM
u=x2-y? .V =2xy
u =2X N = 2X u = N
OX oy oX oy
ou ov ou ov
—==-2y , —=2Y = —=——
oy OX oy OX
u&v satisfy C.R.E
DEF :
. . .o o
When the function f(x,y) satisfy Laplace equation —+— = 0
ox° oy
then f(x,y) is said to be harmonic .
EXAM :
f(x,y)=x>-3xy?
2
i:3x2—3y2 = a—f2:6x
OX OX
2
i:—6xy = a—f2:—6x
oy oy
&t o

aX2+—2:6x —6x =0

f  harmonic



THE DERIVATIVE OF A FUNCTIONS

HOMEWORK

(@ By using the definition of the derivative find to f'(x)

3x 3 Cox%+1 ., X
1 , iz , VX +1
X +1 X

2 2
d );&d )Ztothe:
dx dy
x2y2—y _7

2x %y —4y°+1=0

Find

x%+y%:a% ,ais cons.
x%+y%:a% ,a is cons.
x%—4y?+3=0

Gl

If y =t3+3t°+1
X =4t +2t2

2

then Find d’y

2




