Shifting and Scaling Graphs

In this section we look at the main ways functions are combined or transformed to form
new functions.

Sums, Differences, Products, and Quotients

Like numbers, functions can be added, subtracted, multiplied, and divided (except where
the denominator is zero) to produce new functions. If f and g are functions, then for every
x that belongs to the domains of both f and g (that is, for x € D(f) N D(g)), we define
functions f + g, f — g, and fg by the formulas

(f +2)x) = flx) + gx).
(f =9 = fx) — glx).
(fe)x) = flx)g(x).
Notice that the + sign on the left-hand side of the first equation represents the operation of
addition of functions, whereas the + on the right-hand side of the equation means addition
of the real numbers f(x) and g(x).

At any point of D(f) M D(g) at which g(x) # 0, we can also define the function f/g
by the formula

<f>(x) fi ; (where g(x) # 0).
Functions can also be multiplied by constants: If ¢ is a real number, then the function
cf is defined for all x in the domain of f by
(cf)x) = cf(x).

EXAMPLE 1  The functions defined by the formulas
flx) = Vi and gx)=VI—x

have domains D(f) = [0, o) and D(g) = (—o0, 1]. The points common to these do-
mains are the points

[0, )N (=00, 1] = [0, 1].

The following table summarizes the formulas and domains for the various algebraic com-
binations of the two functions. We also write f - g for the product function fg.

Function Formula Domain

f+g (f+ @) = Vx+ V1I—x [0, 11 = D(f) N D(g)
f-g (f =) =Vx—V1—x [0, 1]
g—f (g— N =V1—-x—-Vx [0, 1]

f-g (f-g)x) = flx)glx) = Vx(1 —x)  [0,1]
1lg §< ) = f&-)) e [0, 1) (x = 1 excluded)
g/f f( x) = iéx)) ! ; X (0, 1] (x = 0 excluded)

The graph of the function f + g is obtained from the graphs of f and g by adding the
corresponding y-coordinates f(x) and g(x) at each point x € D(f) N D(g), as in Figure
1.25. The graphs of f + g and f - g from Example 1 are shown in Figure 1.26.
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Combining Functions; Shifting and Scaling Graphs
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FIGURE 1.25 Graphical addition of two
functions.

Composite Functions

y
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g =V1—x f) =Vx
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FIGURE 1.26 The domain of the function f + g is
the intersection of the domains of f and g, the
interval [0, 1] on the x-axis where these domains
overlap. This interval is also the domain of the
function f - g (Example 1).

Composition is another method for combining functions.

DEFINITION
posed with g”) is defined by

lies in the domain of f.

If f and g are functions, the composite function f o g (“f com-

(f o g)x) = f(gx)).

The domain of f ° g consists of the numbers x in the domain of g for which g(x)

The definition implies that f o g can be formed when the range of g lies in the
domain of f. To find (f ° g)(x), first find g(x) and second find f(g(x)). Figure 1.27 pic-
tures f ° g as a machine diagram and Figure 1.28 shows the composite as an arrow di-

agram.

X — g(x) o — flg)

FIGURE 1.27 Two functions can be composed at

x whenever the value of one function at x lies in the
domain of the other. The composite is denoted by

fesg

- f(8(x))

8(x)

FIGURE 1.28 Arrow diagram for f ° g.

To evaluate the composite function g ° f (when defined), we find f(x) first and then
2(f(x)). The domain of g ° f is the set of numbers x in the domain of f such that f(x) lies

in the domain of g.

The functions f o g and g © f are usually quite different.
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FIGURE 1.29 To shift the graph
of f(x) = x% up (or down), we add
positive (or negative) constants to
the formula for f (Examples 3a
and b).

EXAMPLE 2 If f(x) = Vxand g(x) = x + 1, find
@ (f ° 2 M) (g°Hx) (@ (foNHx) @ (g°gx).

Solution

Composite Domain
@ (f°2)x) = flgx) = Vek) = Vx + 1 [-1, 00)
) (g° Nx) =g(f(x) = f&x) + 1= Va+1 [0, 00)
© (f > H&) = f(fx) = VIx) = VVa =2 [0, 00)

@ (g°gk) =ggkx) =gl) + 1=+ +1=x+2 (-00,00)
To see why the domain of f o gis[—1, ©0), notice that g(x) = x + 1 is defined for all

real x but belongs to the domain of f only if x + 1 = 0, thatis to say, whenx = —1. =

Notice that if f(x) = x? and g(x) = \/;c, then (f ° g)(x) = (\/);)2 = x. However,
the domain of f o gis [0, 00), not (—00, 00), since \/);requires x = 0.

Shifting a Graph of a Function

A common way to obtain a new function from an existing one is by adding a constant to
each output of the existing function, or to its input variable. The graph of the new function
is the graph of the original function shifted vertically or horizontally, as follows.

Shift Formulas

Vertical Shifts

y=fx)+k Shifts the graph of f up kunits it k > 0
Shifts it down | k| units if £ < 0

Horizontal Shifts

y=fx+h) Shifts the graph of f left h units if A > 0
Shifts it 7ight | h|units if h < 0

EXAMPLE 3

(a) Adding 1 to the right-hand side of the formula y = x2 to get y = x> + 1 shifts the
graph up 1 unit (Figure 1.29).

(b) Adding —2 to the right-hand side of the formula y = x? to get y = x> — 2 shifts the
graph down 2 units (Figure 1.29).

(¢) Adding3toxiny = x>toget y = (x + 3)? shifts the graph 3 units to the left (Figure
1.30).

(d) Adding —2tox in y = |x|, and then adding —1 to the result, gives y = |x — 2| — 1
and shifts the graph 2 units to the right and 1 unit down (Figure 1.31). ]

Scaling and Reflecting a Graph of a Function

To scale the graph of a function y = f(x) is to stretch or compress it, vertically or hori-
zontally. This is accomplished by multiplying the function f, or the independent variable x,
by an appropriate constant c¢. Reflections across the coordinate axes are special cases
where c = —1.
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FIGURE 1.32 Vertically stretching and
compressing the graph y = Vx by a
factor of 3 (Example 4a).

1.2 Combining Functions; Shifting and Scaling Graphs

Add a positive Add a negative

constant to x. constant to x.
-« >
y=0+3)7 y=x [y=(x-27

! X
1= -4
] 1 1 1 L
-3 o 1 2 *

FIGURE 1.30 To shift the graph of y = x? to the
left, we add a positive constant to x (Example 3c).
To shift the graph to the right, we add a negative
constant to x.

FIGURE 1.31  Shifting the graph of
¥ = |x| 2 units to the right and 1 unit
down (Example 3d).

Vertical and Horizontal Scaling and Reflecting Formulas
For ¢ > 1, the graph is scaled:
y = cf(x) Stretches the graph of f vertically by a factor of c.
y = % f(x) Compresses the graph of f vertically by a factor of c.
y = f(ex) Compresses the graph of f horizontally by a factor of c.
y = f(x/c) Stretches the graph of f horizontally by a factor of c.
For ¢ = —1, the graph is reflected:
y=—f(x) Reflects the graph of f across the x-axis.
y = f(—x) Reflects the graph of f across the y-axis.
EXAMPLE 4  Here we scale and reflect the graph of y = V.

(a) Vertical: Multiplying the right-hand side of y = Vi by 3togety = 3V/x stretches
the graph vertically by a factor of 3, whereas multiplying by 1/3 compresses the
graph by a factor of 3 (Figure 1.32).

(b) Horizontal: The graph of y = \V/3x is a horizontal compression of the graph of
y = Vi by a factor of 3, and y = Vx/3 is a horizontal stretching by a factor of 3
(Figure 1.33). Note that y = V3x = V/3Vx so a horizontal compression may cor-
respond to a vertical stretching by a different scaling factor. Likewise, a horizontal
stretching may correspond to a vertical compression by a different scaling factor.

(c) Reflection: The graph of y = — Vx is a reflection of y = \V/x across the x-axis, and

y = V —x is a reflection across the y-axis (Figure 1.34). [
y y=Vx
4 -
3 y=V3x
compress
oL -Vx 1 1 1
_, stretch -3 -2 -l
v y="Vx/3 e
| | | | |
T o 1 2 3 a4 y=-Vx

FIGURE 1.34 Reflections of the graph
¥ = VXx across the coordinate axes
(Example 4c).

FIGURE 1.33 Horizontally stretching and
compressing the graph y = Vx by a factor of
3 (Example 4b).
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EXAMPLE 5  Given the function f(x) = x* — 4x> + 10 (Figure 1.35a), find formulas to

(a) compress the graph horizontally by a factor of 2 followed by a reflection across the
y-axis (Figure 1.35b).

(b) compress the graph vertically by a factor of 2 followed by a reflection across the x-axis
(Figure 1.35¢).

y y=16x*+32x3+10 Y X

fo) =x*—4x3 + 10
20+ 20+ — L3
1ok y=—3x +2x7 =5
10+ /\
| | | |
oo 1 3 Ja 2 7 o 1 1o 172 s
-10F -10
—10+

(a) (b) ()

X

FIGURE 1.35 (a) The original graph of /. (b) The horizontal compression of y = f(x) in part (a) by a factor of 2, followed by a
reflection across the y-axis. (c) The vertical compression of y = f(x) in part (a) by a factor of 2, followed by a reflection across
the x-axis (Example 5).

Solution

(a) We multiply x by 2 to get the horizontal compression, and by —1 to give reflection
across the y-axis. The formula is obtained by substituting —2x for x in the right-hand
side of the equation for f:

y = f(—2x) = (—2x)* — 4(—2x)> + 10
= 16x* + 32x3 + 10.

(b) The formula is

y=—%f(x)=—%x4+2x3—5. [

Ellipses

Although they are not the graphs of functions, circles can be stretched horizontally or ver-
tically in the same way as the graphs of functions. The standard equation for a circle of
radius » centered at the origin is

x2 + y2 = r2,
Substituting cx for x in the standard equation for a circle (Figure 1.36a) gives
cix? + yz = 2. (1)
y y y
2.2 2 _ .2
r X2+ y2=72 r cxtty =r A NI R J
—-r 0 r * r 0 r * r 0 r *
c C c C
—r —r —r
(a) circle (b)ellipse, 0 < c < 1 (c) ellipse, ¢ > 1

FIGURE 1.36 Horizontal stretching or compression of a circle produces graphs of ellipses.
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FIGURE 1.37 Graph of the ellipse
2 2
r = 1, a > b, where the major

a’> b2
axis is horizontal.

Exercises 1.2

1.2 Combining Functions; Shifting and Scaling Graphs

If 0 < ¢ < 1, the graph of Equation (1) horizontally stretches the circle; if ¢ > 1 the cir-
cle is compressed horizontally. In either case, the graph of Equation (1) is an ellipse
(Figure 1.36). Notice in Figure 1.36 that the y-intercepts of all three graphs are always —r
and r. In Figure 1.36b, the line segment joining the points (+r/c, 0) is called the major
axis of the ellipse; the minor axis is the line segment joining (0, +r). The axes of the el-
lipse are reversed in Figure 1.36¢: The major axis is the line segment joining the points
(0, +£7), and the minor axis is the line segment joining the points (+7/c, 0). In both cases,
the major axis is the longer line segment.
If we divide both sides of Equation (1) by 72, we obtain

S}

x2

=+
a

=1 )

%l

where a = r/cand b = r.1f a > b, the major axis is horizontal; if @ < b, the major axis
is vertical. The center of the ellipse given by Equation (2) is the origin (Figure 1.37).
Substituting x — 4 for x, and y — k for y, in Equation (2) results in

(x —h)?  (y—k)?
: a? * b? -

1. (3)

Equation (3) is the standard equation of an ellipse with center at (4, k). The geometric
definition and properties of ellipses are reviewed in Section 11.6.

Algebraic Combinations 1
9. =V 1, = , h(x) =+
In Exercises 1 and 2, find the domains and ranges of f, g, f + g, and 1) * g(x) x + 4 () =y
/g x+ 2 x2
L) =x g)=Vx-1 10. f(x) =5—, gb) = 247 h(x) = V2 —x

2. fx) = Vx+1, gx) = Vx -1

In Exercises 3 and 4, find the domains and ranges of f, g, f/g, and

g/f

Let f(x) =x — 3, gx) = \/);, h(x) = x3, and j(x) = 2x. Ex-
press each of the functions in Exercises 11 and 12 as a composite in-
volving one or more of f, g, &, and ;.

3. f(0) =2, glv) =2+ 1 1. a y=Vx -3 b y=2Vx
= x4 d. y=4x
4 f) =1, gx) =1+ Vx . y=x .y
" . ) e.y=Vix-3) f.y=(2x—6)
Composites of Functions 12. a. y=2x =3 b. y = x?
5. If f(x) = x + Sand g(x) = x* — 3, find the following. e y=x° d y=x—-6
a. f(g(0) b. 2(/(0)) e y=2Vx—3 £y Vo3
c. f(gx) d. g(f(x) 13. Copy and complete the following table.
e. f(f(=95)) f. 2(2(2)
g f(fx) h. g(g(x) 8 fe) (f ° &)
6. If f(x) = x — land g(x) = 1/(x + 1), find the following. a. x — 7 \/); 2
a. f(g(1/2)) b. g(f(1/2)) b x +2 3x 9
c. flg) d. g(f(x) c. ? x—5 Vxi-5
e. f(f2)) f. g(g(2) A x )
g f(f(x) h. g(g(x)) x— 1 x— 1
In Exercises 7-10, write a formula for f o g © A. e. ? 1+ % X
7. fx) =x+ 1, glx) =3x, h(x) =4 —x |
8. f(x) =3x +4, gx) =2x—1, h(x)=x’ f. 5 9 X
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14. Copy and complete the following table. 22. The accompanying figure shows the graph of y = x? shifted to

8x) fx) (f ° 9x) two new positions. Write equations for the new graphs.
1 0 y
a. P— |X| ! Position (a)
9 x—1 X
b. X x+1 | y=x2
¢ 2 Vix |x|
d. Vi ? |x| -
15. Evaluate each expression using the given table of values | J | N
0
B Position (b)
x | =2 | -1 0 1|2 i
) 1 0 -2 1 2 B
5
2(x) 2 1 0 -1 0
23. Match the equations listed in parts (a)—(d) to the graphs in the ac-
companying figure.
a. fa(=1)) b g(f(0)) e f(f(=1)) A y=(r—17—4 b y=(x—272+2
d. g(g(2)) e. g(f(=2)) f. f(g(1)) ¢ y=(+27+2 d y=(+3)7-2
16. Evaluate each expression using the functions Y
—X, 2=x<0
fx)=2—x gk = {xx 1 0= i =9 Position 2 Position 1
a. f(g(0)) b. g(f(3)) c. glg(=1))
d. f(f(2)) e. g(f(0)) f. f(g(1/2)) 3
2 —
In Exercises 17 and 18, (a) write formulas for f © g and g ° f and (,__2’ 2)
find the (b) domain and (c) range of each. P,OSH,I on ,3
-4 -3 -2/-1\ 0 1 2
17. f(x) = Vx + 1, gx) = % Position 4,
18. f(x) =x% g(x) = 1 — Vix (-3.-2)
19. Let f(x) = ﬁ Find a function y = g(x) so that (1)
(f e @) =x.

24. The accompanying figure shows the graph of y = —x? shifted to
20. Let f(x) = 2x> — 4. Find a function y = g(x) so that four new positions. Write an equation for each new graph.
(feogx=x+2

y
1,4
Shifting Graphs -23)
21. The accompanying figure shows the graph of y = —x? shifted to (b @
two new positions. Write equations for the new graphs.
(2,0
-&- X
3 4.1/
| | | | | | | | | | | x
7 0 4
(© (d)
Position (a) y= —x2 Position (b)
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Exercises 25-34 tell how many units and in what directions the graphs
of the given equations are to be shifted. Give an equation for the
shifted graph. Then sketch the original and shifted graphs together,
labeling each graph with its equation.

25. x2 + y2 =49 Down 3, left 2
26. x> +y2 =125 Up3,left4
27. y = x> Left1,down 1

28. y = x*3 Right 1, down 1

29. y = Vx Left0.81

30. y = —Vx Right3

3. y=2x—7 Up7

32. y = %(x + 1) +5 Down 5, right 1

33. y=1/x Upl,right1
34. y = 1/x* Left2, down 1

Graph the functions in Exercises 35-54.

35. y=Vx+4 36. y=V9 —x
37. y = |x — 2| 38. y=|1—x| -1
39. y=1+ Vx—1 40. y=1— Vx
41. y = (x + 1) 42. y=(x — 8)%°
43. y=1-x? 44, y + 4 = x5
45. y=Vx —1-1 46. y = (x +2)* + 1
1 1
47 y=— 48. y =5 —2
9. y=1 42 50. y=
YT X YTy T2
1 1
51 y=—"— 52 y=——1
7 (x — 1)? Y x2
53 p= L 41 54 p=— L
i x2 Y (x +1)?

55. The accompanying figure shows the graph of a function f(x) with
domain [0, 2] and range [0, 1]. Find the domains and ranges of the
following functions, and sketch their graphs.

y
i y=f)
0 2
a. f(x) +2 b. f(x) — 1
c. 2f(x) d. —f(x)
e. f(x+2) f. fx—1)
g f(—x) he —f(x + 1) + 1

1.2 Combining Functions; Shifting and Scaling Graphs

56. The accompanying figure shows the graph of a function g(¢) with
domain [—4, 0] and range [—3, 0]. Find the domains and ranges
of the following functions, and sketch their graphs.

y

L L t
4 -2 0
y =g
,3—

a. g(—1) b. —g(?)
c. g(r)+3 d. 1 -g()
e. g(—t+2) f. g(t—2)
g g(l—1) h. —g(t —4)

Vertical and Horizontal Scaling

Exercises 57-66 tell by what factor and direction the graphs of the
given functions are to be stretched or compressed. Give an equation
for the stretched or compressed graph.

57. y = x> — 1, stretched vertically by a factor of 3

58. y = x> — 1, compressed horizontally by a factor of 2

59. y =1+ L compressed vertically by a factor of 2
X

29

60. y =1+ i, stretched horizontally by a factor of 3
X

61. y = Vx + 1, compressed horizontally by a factor of 4
62. y = Vx + 1, stretched vertically by a factor of 3

63. y = V4 — x% stretched horizontally by a factor of 2
64. y = V4 — x2, compressed vertically by a factor of 3
65. y =1 — x> compressed horizontally by a factor of 3

66. y =1 — x3, stretched horizontally by a factor of 2

Graphing

In Exercises 67-74, graph each function, not by plotting points, but by
starting with the graph of one of the standard functions presented in
Figures 1.14—-1.17 and applying an appropriate transformation.

67. y= —V2x + 1 68.y=1/1—§

69. y=(x—-17>+2 70. y = (1 —x)® +2
I _2

7l.y—2x 1 72. y x2+1

73,y = Vi 4. y = (—20)%3

75. Graph the function y = |x? — 1].
76. Graph the function y = \/|;|

Ellipses
Exercises 77-82 give equations of ellipses. Put each equation in stan-
dard form and sketch the ellipse.

77. 9x? + 25p% = 225
79. 3x2 + (y —2)*=3

78. 16x% + 7y? = 112
80. (x + 1) +2y? =4
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22

81. 3(x — 12 +2(y +2)> =6

3\ 1y _
(e +2) +ofo-1) -

Write an equation for the ellipse (x2/16) + (y2/9) = 1 shifted
4 units to the left and 3 units up. Sketch the ellipse and identify its
center and major axis.

Write an equation for the ellipse (x2/4) + (y2/25) = 1 shifted
3 units to the right and 2 units down. Sketch the ellipse and iden-
tify its center and major axis.

82. 54

83.

84.

Combining Functions

85. Assume that f is an even function, g is an odd function, and both
f and g are defined on the entire real line R. Which of the follow-
ing (where defined) are even? odd?

| Trigonometric Functions

a. fg b. f/g ¢ g/f
d. f*=ff e. g’ =gg f.feog
g g°f h. fof igeg
86. Can a function be both even and odd? Give reasons for your
answer.
87. (Continuation of Example 1.) Graph the functions f(x) = Vi

88.

and g(x) = V1 — x together with their (a) sum, (b) product,
(c) two differences, (d) two quotients.

Let f(x) = x — 7 and g(x) = x2. Graph f and g together with
fogandgeo f.

FIGURE 1.38 The radian measure of the
central angle A'CB’ is the number 6 = s/r.
For a unit circle of radius » = 1, 0 is the
length of arc AB that central angle ACB
cuts from the unit circle.

This section reviews radian measure and the basic trigonometric functions.

Angles

Angles are measured in degrees or radians. The number of radians in the central angle
A'CB’ within a circle of radius r is defined as the number of “radius units” contained in
the arc s subtended by that central angle. If we denote this central angle by 6 when meas-
ured in radians, this means that § = s/r (Figure 1.38), or

s =rb (6 in radians).

(1)

If the circle is a unit circle having radius » = 1, then from Figure 1.38 and Equation (1),
we see that the central angle 6 measured in radians is just the length of the arc that the an-
gle cuts from the unit circle. Since one complete revolution of the unit circle is 360° or 27

radians, we have
7r radians = 180°

(2)

and

1 radian = 1;.40 (~ 57.3) degrees or 1 degree = ﬁ(% 0.017) radians.
Table 1.2 shows the equivalence between degree and radian measures for some basic

angles.

TABLE 1.2 Angles measured in degrees and radians

Degrees —180 -—-135 —-90

=37

0 (radians) 4 2

-

—-45 0 30 45 60 9 120 135 150 180 270 360
-T ., T T 7 m 27 37 Sm 3™,
4 6 4 3 2 3 4 6 2
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