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Limits

The limit Laws

To calculate limits of the functions that are arithinetic combinations of functions
having known limits, we can use several fundamental mles.

IfL . M. C and K are real numbers and lim f(x) = L and lim g(x) = M then
X—C xX—C

1. Sum Rule lim(f(x) +g(x)) =L+ M
xXx—c
2. Difference Rule lim(f(x) — g(x)) =L —M
X
3. Constant multiple Rule lim9k. f(x)) = K.L
e
4. Product Rule lim(f(x).g(x)) =L M
. . flx) L
5. Quotient Rule Lgtz_m— M,M =0
6. Power Rule lim[f(x)]™ = L"n a positive integer
X
- T _n — i/n .. -
7. Root Rule :]’.cl_l’)lé NEEED] VL L LT a positive integer
If n is even. we assune that lim f(x) =L = 0
X—C

Example (1)
Use the observations lim &k = k and lim x = ¢ and fundamental rules of limits to

= Xx—C

find the following limits
a) Iim(x?® + 4x* — 3)

xX—C
. xtrxZ o
b) im=————

x—ec X245

c) lim vV4x2 — 3

x——2

Solution
a) lim(x® + 4x? — 3) = lim x® + lim4x% — lim 3
xX—C X—rC X—C xX—rC

=c® + 4¢c2 — 3
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Sum and Difference Rule & Power and Multiple Rules

. et _q lim(x*+x3—1) }
b) lim = £=£ Quotient Rule
xrx—c XZ2+5 lim({x2+5)
X

lim x*+lim xZ—1lim 1 i
= X=C e X—e Sum and difference Rule

lim xZ+lim 5
x—=c X

c*+ecZ—1

= Power or Product Rule

cZ+5
c) lim vV4x2 — 3 = J Hm (4x2 — 3) Root Rule with n=2
x——2 x——2
= lim 4x2 — lim 3 Difference Rule
x——2 x——2
Product and Multiple = ,/4(—2)2 — 3 = /13
Limits at Infinity
General Rules
1. im>*=0 . lim =0
ax—oo X x—r—oo X
2. limk=kK . lim k=K
X—FOO Xx—»—oo
3. lim 2% — ¢ to prove it
KO0
1 =sinfd =1 [= 8] —F < sine =
lim — =0 and lim = =0
& — oo a —F oo

Limits at Infinity of Rational Functions
There are two methods: -

1. Divide both the numerator and the denominator by the highest power of x in
denominator.
2. Suppose that x=1/h and find limit as h approaches zero.

Note: - For rational ﬁmction@
-_— g(x)

. Fx) _
If degree of f(x) less than degree of g(x) . then xl_].)]:i]._’lm 26 0
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2. If degree of f(x) equal degree of g(x) then lim I s finite.

ax—+oo glx)

3. If degree of f(x) greater than degree of g(x) then lim S(x) is finite.

ax—+oo glx)

Example (2)

. . xF—AxZ4+7
Find lim ————

x—roo 2xZ—3
Method 1:

3 2
& 7
xT =t = x—ad+—z
1i x a a2 1i a
1111 Y=~z 3 11 ———
a—r oo 2 _3 x—oo 2
x2 a2

co—A4+0 oo
= — = — = OO
2—0 2

Method 2:
Lo G237 ey

- = lim 2~5
h—0 2(532—3 h—0 ;=53

. 1—ah+7h? 1—4(0)+7(0) 1
llm - = — = OO
h—o0 h(2—3h2%) o(z—3(0)) 0

Some Rules about Limits

lim sing = 0
8—0

lim cos8 = 1
8—0

. sin@

lim =1
8—0

litn — =1
8 —0 sind

. tan@
lim =222 =1
8—0
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L Hopitals Rule

1. Hopitals rule is a general method of evaluating indeterminate form such as 0/0 or
oo /oo . To evaluate the limits of indeterminate forms for derivatives in caleculus. L
Hopitals rule is used. L Hopital rule can be applied more than once. You can apply
this rule still it holds any indefinite form every time after its applications. If the
problem is out of the indeterminate forms. you cant be able to apply L Hopitals Rule.

Suppose that we have one of the following cases.

lim 72 — ® OR lim fGx) _ *oo

x—sa g(x) x—a Glx) +eo

Where a can be any real number, infinity or negative infinity. In these cases
we have

lim 7 ) = lim f(x)
x—a g(x) x—a g"(x)

Examples
Evaluate each of the following limits

a) lim sinx _ [E]

x—0 X ]
- CcCOos X
= lim cos x =1
x—0
. J1+x—1—1x o
b) lim = [—]
x—0 x o
1 1
. Saex)TYE— . 0
=lim3&&@——2 = |still —]
x—0 2x 0
1 3
. ma+x) 2 1
=lim*—7"—=—-
x—0 2 B
- l1—cosx 8]
¢) lim—— = [—]
x—0 xtax? [s]
. 0—(—sinx [v]
lim 2= sin®) _ 0 _ 4
x—0 1+2x 1
- l—cosx 1
Or lim—— .
x—0 e (1+x)

1
#* =
(1+0)
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