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Taylor and Maclaurin Series

This section shows how functions that are infinitely differentiable generate power series
called Taylor series. In many cases, these series can provide useful polynomial approxima-
tions of the generating functions.

Series Representations

We know from Theorem 19 that within its interval of convergence the sum of a power
series is a continuous function with derivatives of all orders. But what about the other way
around? If a function f(x) has derivatives of all orders on an interval /, can it be expressed
as a power series on /? And if it can, what will 1ts coefficients be?

We can answer the last question readily 1f we assume that f(x) is the sum of a power
series

f(x) %an(x —a)"
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with a positive radius of convergence. By repeated term-by-term differentiation within the
interval of convergence / we obtain
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DEFINITIONS Taylor Series, Maclaurin Series

Let f be a function with derivatives of all orders throughout some interval con-
taining a as an interior point. Then the Taylor series generated by f atx = a is
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The Maclaurin series generated by f is
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the Taylor series generated by f at x = 0.




EXAMPLE 1  Finding a Taylor Series

Find the Taylor series generated by f(x) = 1/x at @ = 2. Where, if anywhere, does the
series converge to 1/x?

Solution We need to find f(2), f'(2), f"(2),.... Taking derivatives we get

_ _ 1
fl) =, f)=2" =1

Flx) = —x2, .Nm=—§,

4 2
F'(x) = 2Ix°, fz(! ) _ 27 = %

F(x) = =374
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The Taylor series is
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This is a geometric series with first term 1/2 and ratio » = —(x — 2)/2. It converges ab-
solutely for |[x — 2| << 2 and its sum is

1/2 ] ]

I+ (x—2)/2 2+@kx-2) *

In this example the Taylor series generated by f(x) = 1/x at @ = 2 converges to 1/x for
x — 2] <2o0r0 < x < 4. 0




Finding Taylor Series

In Exercises 21-28, find the Taylor series generated by f at x = «.
21. f(x) =x—2x+ 4, a=2

22, f(x) =23 +x*+3x—8, a=1

23. fx) =x*+x*+1, a=-2

24. f(x) = 3x° — x* + 2x7 + x? — 2,
25. f(x) = 1/x%, a=1

26. f(x) =x/(1 —x), a=0

27. f(x) = e, a=2

28. f(x) = 2”", a =1




Finding Taylor Series at x = 0
(Maclaurin Series)

Find the Maclaurin series for the functions in Exercises 9-20.
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