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Polar Coordinates

In this section, we study polar coordinates and their relation to Cartesian coordinates.
While a point in the plane has just one pair of Cartesian coordinates, it has infinitely many
pairs of polar coordinates. This has interesting consequences for graphing, as we will see
in the next section.

Definition of Polar Coordinates

To define polar coordinates, we first fix an origin O (called the pole) and an initial ray
from O (Figure 10.35). Then each point P can be located by assigning to it a polar coordi-
nate pair (r, #) in which r gives the directed distance from O to P and # gives the directed

angle from the initial ray to ray OP.
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FIGURE 10.35 To define polar
coordinates for the plane, we start with an
origin, called the pole, and an initial ray.
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EXAMPLE 1  Finding Polar Coordinates
Find all the polar coordinates of the point P(2, 7/6).

Solution We sketch the initial ray of the coordinate system, draw the ray from the ori-
gin that makes an angle of /6 radians with the initial ray, and mark the point (2, 7/6)
(Figure 10.38). We then find the angles for the other coordinate pairs of P in which » = 2

and r = —2.
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FIGURE 10.38 The point P(2, #/6) has infinitely many
polar coordinate pairs (Example 1).




For r = 2, the complete list of angles is

oI
6 6j:211',

For r = —2, the angles are

S S S
6 6 + 27, 6 + 41t

The corresponding coordinate pairs of P are

( ,% + znw), n=0 +1. +2....

(—2,—5%—#21177), n=20,=+1, +2.....
When » = 0, the formulas give (2, 7/6) and (=2, —57/6). When n = 1, they give
(2, 137/6) and (-2, 77/6). and so on. 0




Relating Polar and Cartesian Coordinates

When we use both polar and Cartesian coordinates in a plane, we place the two origins to-
gether and take the initial polar ray as the positive x-axis. The ray 6§ = 7/2,r > 0, be-
comes the positive y-axis (Figure 10.41). The two coordinate systems are then related by

the following equations.

Equations Relating Polar and Cartesian Coordinates
P(x,y) = P(r,0)

x=rcosh, y=rsinf, x*+y*=/7

Common
origin B
N 0=0r=0
0 Initial ray

FIGURE 10.41 The usual way to relate

polar and Cartesian coordinates.




EXAMPLE 4  Equivalent Equations

Polar equation Cartesian equivalent

rcosf =2 x =2
r2cosfsinf = 4 xy =4
r?cos’f — r?sin?6 = 1 x2 =yt =1
r =1+ 2rcosf =32 =4 —-1=0
r=1— cosé xt ot 2 + 207 + 207 — P =0

EXAMPLE 5  Converting Cartesian to Polar
Find a polar equation for the circle x> + (y — 3)* = 9 (Figure 10.42).

y
2+ (y-3)2=9
or
r — 6 sin 0 Solution

X2+ —6r+9=09 Expand (y — 3)%.
xz + yz _ 6y =0 The 9’s cancel.
72 — 6rsinf = 0

r=0 or r—6sinf =20

x?+ y2 =r?

r= 6sin6 Includes both possibilities

FIGURE 10.42  The circle in Example 5. We will say more about polar equations of conic sections in Section 10.8. u




EXAMPLE 6  Converting Polar to Cartesian

Replace the following polar equations by equivalent Cartesian equations, and identify
their graphs.

(a) rcos = —4

(b) r? = 4rcosh

_ 4
() r= 2cosf — sinf

Solution We use the substitutions 7cos @ = x, rsinf = y, r> = x? + y2.
(a) rcos = —4
The Cartesian equation: rcostl = —4
x = —4
The graph: Vertical line through x = —4 on the x-axis

(b) r? = 4rcosh

The Cartesian equation: r? = 4rcosd
X2+ y2 = 4x
x? — 4x + y2 =0
X —4x + 4+ .VZ =4 Completing the square
(x =2 +y* =4
The graph: Circle, radius 2, center (4, k) = (2, 0)




o 4
© r= 2cosf — sinéb

The Cartesian equation: r(2cosf — sinf) = 4

2rcosf — rsinf = 4
2x —y =4
y=2x — 4
The graph: Line, slope m = 2, y-intercept h = —4




Polar to Cartesian Coordinates

Find the Cartesian coordinates of the following points (given in
polar coordinates).

a. (V2,7/4) b. (1, 0)
. (0. 7/2) d. (—V2.7/4)
. (=3,57/6) f. (5,tan"'(4/3))
. (—1,7m) h. (2\@, 277/3)

Graphing Polar Equations and Inequalities

Graph the sets of points whose polar coordinates satisfy the equations
and inequalities

T.r=2 8. 0 =r=2
9. r = 1 10 | =r=2
1.0 =0 =7w/6, r=0 12. 0 =27w/3, r = -2




Polar to Cartesian Equations

Replace the polar equations in Exercises 23—48 by equivalent Carte-
sian equations. Then describe or identify the graph.

23. rcost =2 24, rsint) = —1
25. rsinf = 0 26. rcosf =0

27. r = 4csch 28. r = —3secl
29. rcosf + rsinf = 1 30. rsinf = rcosf
3. 1P =1 32. 7% = 4rsinf

_ 5 2 _
33'r_sin9—20059 34. r=sin20 = 2

35, r = cotfcsct 36. r = 4tan O sec

37. r = csc e " 38. rsinf = Inr + Incos
39. 2 + 2rcosfsinfh = 1 40. cos’ @ = sin’ 0

41. r* = —4rcosh 42. r* = —6rsinf

43, r = 8sinf 44. r = 3cosb

45. r = 2cosf + 2sinf 46. ¥ = 2cosf — sinf

47. rsin (9 + "67) =2 48. rsin (2;7 — 9) =5

Cartesian to Polar Equations

Replace the Cartesian equations in Exercises 49—62 by equivalent po-
lar equations.

49. x =7 50. y =1 5. x =y

52.x—y=3 53.x2+yP=4 54.x2—)?=1
2
X

5S. 9

2
+%:1 56. xy =2




