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In the previous lesson we presented the concept of parametric equations and the concept of
parameterized curve. And we graphed several sets of parametric equations and discussed how to
eliminate the parameter to get an algebraic equation which will often help with the graphing
process. Today we will apply calculus to parametric curves. Specifically, we find tangents,
slopes, lengths, and areas associated with parametrized curves.

# Calculus with Parametric Curves

Tangent is a line which locally touches a curve at one and only one point. A parametrized
curve x = f(t) and y = g(t) is differentiable at t if f and g are differentiable at t. At a
point on a differentiable parametrized curve where y is also a differentiable function of x,
the derivatives dy dt/, dx dt/, and dy dx/are related by the Chain Rule.

dy dy dx
dt dx dt
dx A . . . dx dy
Ifa # 0, we may divide both sides of this equation by — {0 solve for ol
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Parametric Formula for dy [dx
If all three derivatives exist and dx/dt # 0,

dy dy/d
dx  dx/dt

(1)

If parametric equations define y as a twice-differentiable function of x, we can
apply Equation (1) to the function dy/dx = y’to calculate d*y/dx? as a function
of t:

d r
"t

dx /dt

d’y d
ﬁ—a(}')—

Eq. (1) with y" in place of y

Parametric Formula for d*y /dx?
If the equations x = f(f), y = g(f) define y as a twice-differentiable func-
tion of x, then at any point where dx/df # 0 and y' = dy/dx,

d_z}' _dy'/dt
d®  dx/dt’

(2)

Exl1: Find the tangent to the curve o=l J8l sl odaddl 2

x = sect, y = tant, —%Stiﬁ%
at the point (/2,1), where t = E.
Sol. The slope of the curve at t is taie Jiaid) Jae
dy/
dy dt sec’t sect

dx dx/dt " secttant tant

Setting t = %gives
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dy o _seell/y)
dxle=m;, ~ tan("/,)
_L2_n

- The tangent line whena =2, b=1 and m =2

y—b=m(x—a)

y—1=\/§(x—@ 3._
y=+2x-2+1 L
y =+2x — 1.

tan 1,
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Ex.2: Find the ﬁ to the parametric curve

x = t+sint, y =t— cost
Sol.
dy

dy/
dt 1—(-sint) 1+ sint
dx dx/dt " 14cost 1+ cost

Ex3: Fine the slope of the tangent line to
x =Int, y=1+t% at t=1

Sol.

2

B
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t=1
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Ex.4: Find the equation of the tangent to the parametric curve
x =1-t3, y=t>?-3t+1 att=1,
Sol. To find the equation of the tangent we need to find the point and the slope
so to find the point when t = 1 we have,

x=1-¢3 >x=1-13=0
y=t?—-3t+1 =2y =12-3(1)+1=-1
- (0,-1)

now find the slope

dy/
dy ) 2t-3 2(1)-3 1
dx

it _dx/dt T -3tz —=3(12) 3

t=1

< the equation of the tangent is

y—b=m(x—a)

1
y+1=§(x—0)

}’—33‘

Ex 5: Find gasafunctionof tif x =t—t? y=t—t>.

Sol.
— s 4 e

dy ,
1. Express y/ = ﬁ in terms of ¢

d
, _dy y/dt_l—Stz
= T dx. T 1o
dx [qp  1-2t
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2. Differentiate y’ with respect to .

dy’ d (1—3#) _ (A=2t).(-6t)=(1-3t?).(=2)  —6t+12t24+2-6t>  2—6t+6t7

dt  dt \ 1-2t (1-2t)2 (1-2t)2 ~ (1-2t)?

3. Divide “X-by 2.

dx
dyy '
dy At (2 —6t+6t2)/(1-202 2 —6t+ 6t
dx? dx/dt 1-2¢t (1— 2t)3
Ex 6: Find %asafunction of tif x = t?, y =t3 .

Sol. using the chain rule,

dy
dy /e 3t2 3t

dx=dx/dt=E=2

Now find the second derivative,

|MI W

dy’/
ay d(dy\ 4t 3
t 4t

dx?  dx\dx _det_

(%]

dx

H.W

1. Find an equation for the line tangent to the curve at the point defined by the
given value of ¢. Also, find the value of % at this point.

x = 2cost, y = 2sint, t =E

2. Find the slope of the curve x* + 2t* = 9, 2y® — 3t* = 4 at the given
value of t = 2.



