[POWER SERIES]

[Fourth lecture]



A.L. Raghad. S A.L. Zaidoun Muhannad

1.1 Power series method

We consider the second-order linear homogeneous differential equation for y = y(x)
POy +Q(x)y" +R(x)y =0
where P(x), Q(x) and R(x) are polynomials

The idea of power series method is to assume that the unknown function y can be

expanded into a power series:
b==]
V= Z A, X" = @y + ayx + @ X% + ax? + axt +agx® + -
n=0
y' =a, +2a,x + 3azx* + 4a,x* + Sasx* + 6agx® + -
y" =2a,+ 6a;x+ 12a,x* + 20a5x® + 30a,x* + 42a,x> + -
Substituting in the differential equation and requiring that the coefficients of each power

of x sum to zero, we can find all the constants a, ¥ n = 2,3,4,--- in terms of a, or a,.

Power Series
Define a function f on the interval (—1,1)

== ) ) l
flaz) = E F=1+r+2?+23+... = 1= for |z| <1
-z
k=0

As the Limit
[ can be viewed as the limit of a sequence of polynomials:
flz) = lm pn(x),
. . TL—
where p,(x) =1+ + 2% +2® + - + 2™

Variations on the Geometric Series (I)
Closed forms for many power series can be found by relating the series to the

1';:1_1111{:1,}'1{: :i't:riw-;
rarnples 1.

k=0
= ! 1 1

= (—;;::lk = = for x| < 1.
;ﬂ 1—(-x) 1+

flx) = Z ok k2 _ 02 o Lt 8% 4.

k=0
Y — 12

=z kZﬂ[Q:r:]k =12 for |2x| < 1.
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Variations on the Geometric Series (1I)
Closed forms for many power series can be found by relating the series to the

%‘,mnctric sOries
ramples 2.

flz) = i{—l)‘f;ﬁ* =l-z’+a' 2%+

— 7 2 k = — " f( £ { 1.
;{ z?) e Sk e R Ed
241 L1 .
— = '..+— + —x + +
f@) =3 Tg mat gt gat ot e

(2 - dr
=T - _ _ ; r . N
JE(-?) 1—(22/3) 3 —ux2 or |x7/3| <

y" + 2xy"+ 2y = 0 by power series method

Example 1: Solve

Solution :
V=ay+a; X+ a,x* + a;x*® + a,x* + a;x® + -

¥ =a,+2a,x + 3a;x* + 4a,x* + 5a;x* + 6a,x° + -
y"'=2a,+ 6ax+ 12a,x* + 20a;x® + 30a.x* + 42a,x> + -
Now
y'"'=2a, + 6a;x + 12a,x* + 20a-x* + 300 .x* + 42a,x° + -+
2xy' =0 +2a,x+4a,x* +6a,x*  +Sa.x* +12a5x% + -
- loxt 4 2asx° + -
= a3 = —(2/3)a,|

2y =2a, + 2a,x+ 2a,x*+ 2a,x?

2a,+2a,=0 = [a;=-a,] and 6a;+2a,+2a,;=0
—(1/2)a, = |a4 = (1/2)a0|

as = (4/15)a,

12a, +4a,+2a,=0 = a,

20as + 6a;+2a;, =0 = as=—-(2/5)a;, =

V=ay,+a;x—ayx?—(2/3)a,x* + (1/2)ax* + (4/15)a,x> + -

y=a (1—x2+lx“+---)+a (x—£x3+ix5+---)
° 2 : 3 15



A.L. Raghad. S A.L. Zaidoun Muhannad

Example 2: Solve y" —xy'+ 4y =0 by using power series method
Solution :
V=ay+a;x+ a,x*>+ azx® + a,x* + asx® + -
y' =a, + 2a,x + 3a;x* + 4a,x* + 5asx* + 6a x> + -+
y" =2a,+ 6azx+ 12a,x? + 20asx® + 30ax* + 42a,x> + -

Now

y" = 2a, +6a;x+12a, x* + 20as x*> +30a, x*+42a, x>+ -
—xy'=0 —-a, x—2a,x* —3a; x* —4a, x* —5a5 x°—--

4y = 4a, +4a, x +4a,x*> +4a; x* +4a, x* +4as x>+

2a2+4a0=0=> N 6a3_a1+4a1=0 = |a3=_(1/2)a1|

12a,—2a,+4a, =0 = a,=—(1/6)a, = |a,=(1/3)a,]

30a;, —4a,+4a,=0 = and ag=a,5=--=0

Y = Qo+ a;x— 2aox’ — (1/2)a,x* + (1/3)apx* + (1/40)a,x® + -

1-2 2+%4 + x3+x5+
= _ il Myl B 0
) Qg X 3 a;| x ) 20

Exercises
Solve the differential equations by using power series method
(1) xy"+y +xy=0
2 x%y"+y" +x%y=0
B) y'+3xy'-y=0
4 G-Ly"+2y'=0
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1.2 Radius of Convergence
Radius of Convergence

There are exactly three possibilities for a power series: Y ajz*.

convergence only at 0 convergence everywhere
0 0
case |: radius of convergence = 0 case |l: radius of convergence = =
divergence convergence | divergence
52 0 ;

case |11: radius of convergence = r

Radius of Convergence: Ratio Test (I)

The radius of convergence of a power series can usually be found by applying
the ratio test. In some cases the root test is easier.

Example 3.

fla) = Zkz.‘ﬂk =+ +92° + -
k=1
A Oyt (k+ 1)2a*H!
Ratio Test : =
o 0 k2gk
_k+ 1)2

|&| = |x| ask — oo

k2

Thus the series converges absolutely when x| < 1 and diverges when |z| > 1.
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Radius of Convergence: Ratio Test (II)

The radius of convergence of a power series can usnally be found by applying

the ratio test. In some cases the root test is easier.
Frample 4.

o0 3
. (_1}"* & ) 1 a ]_. 3 .
Jr(.t}—g et =loa et — st =
Ratio Test : | ~F1| = ak (k4 1)
] ak ak k)
k! .'j_:k+l
=E'E':+1}|! ak =k+1‘1’|_'”{1 for all =

Thus the series converges absolutely for all @

Radius of Convergence: Ratio Test (IIT)

The radius of convergence of a power series can usually be found by applyving

the ratio test. In some cases the root test is easier.
Frample 3.

-~

kl
fley=>" (}E - 1) ot = 2r 4 (3/2)"% + (4/3)" 2% + -

k
k=1

5 1
k1 * * k413"
Ratio Test :[|¢.1;_.|}% = ((%) J»P) = (%) ||

1 k
=(1+E) | —ele] <=1 il |x| = 1/e

Thus the series converges absolutely when |2 < 1/e and diverges when |x| =

1/e.

Interval of Convergence

For a series with radius of convergence v, the interval of convergence can be
[=r 7). (—r 7], [—r,r), or (=0, 7).

Crample 6. In general, the belavior of a power series al —r and af v 45 no
¥ le 6. 1 I, the bel i i af t
predictable. For example, the series

* (—1)% 1, 1,
Yot N ER Tt Y

all have radins of convergence 1, but the frst series converges only on (-1, 1},
the second converges on (—1, 1], but the third converges on [—1,1), the fourth
011 :—1._ 1].
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Ftenyal pf Convergence

N L

fa)y =3

k
k=1
" S | k
Ratio Test : chy g "I::: +1) =
i, vk k41

||

— ||
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Thus the series converges absolutely when ] < 1 and diverges when |x| = 1.

S0 the radins of convergence is 1

e -1
p= 1y (1) = Y T diverges
P {—1) - diverges
k= E=1
(1%t (—1)*" .
r=1: 17" = — ponverges conditionally

The interval of convergence is (-1, 1].

2 Differentiation and Integration

2.1 Differentiation and Integration

Differentiation and Integration

Theorem
Let f{x) = Y apz* be a power series with a nonzero radius of convergence v,
Then
f{x) = Z(}.kk.ﬂk_l for || <r
R Bk k41 . .
) di = — + " for x| =1
[ =Y £ "
Geometric series: ——— = Z.L for (x| <1
k=0
Differentiation: —— = kot k+1)a* for |z <
— J_ T |
k=0 k=0
Integration: —In{l —x) = — gkt = =z for |z| < 1
: S Lkt 1 E k |
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2.2 Examples

Power Series Expansion of In(l + &)

i 1 = E
Note: Ehl“ +x) = 1 = Z{—l] x” for x| < 1

TF k=10
Integration: In(l + x} = ; P Y40 = 0)
o q
- (—1F 1, 1, 4
—g 2 xro=u 2.1', +3J 4.: +

The interval of convergence is (—1,1]. At x =1,
[= 4]

, (—1)* 1 1 1
|||2=Z - =1_§+§_1+
k=1

Power Series Expansion of tan~ '«

i 1 = 2k
MNote: ¢;__; tan™! = 11 ;(—l}knﬁﬂ for |z| < 1

— (-1
Integration: tan ! o = E 3_2&-+1|:+C =

The interval of convergence is {—1,1]. At x =1,

0 I3

. (—1) 1 1
tan~' 1 = S
o g'k+1 375

o=

=1 =
=
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Practice Problems

Determine the interval of convergence of the following power series.

L l:—l]l"..{.'”

n=1

==

3. E n™a"

n=1

o 4

J-UIL:H
4 Z ”.'-:

n=1

=g
5. Z Eiip b
i '1'2”
6. (—1)"
ol
vt (2n)!
- > ol =3
" “Z:{J{ ) n+1
= n n
8y TR
n=1

Answers to Practice Problems

1. - 1<x=<1

h. =h<r<h
6., —co < <o
7. 2<x<4

8 =h<r<d

AL

10.

11.

12,

10.
11.

12.
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n=1
i n(x —4)"
e 1
— n +1
Z'ﬂ.!(zd - 1"
n=1
i (dz +1)"
2
n=1 ”
1 < 51
3573
I<x<H
1
r=—=
2

—D0 < &I < 00



