Fifth lecture
Taylor-Maclaurin Series
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Taylor-Maclaurin Series

Consider a function f defined by a power series of the form

fO= Y aE-ar

n=0
with radius of convergence R > 0. If we write out the expansion of f(x) as

f(x)= ¢y +ci(x—a) + c;(x—a)? + c;(x—a)* + c,(x —a) + -
we observe that f(a) = c,. Moreover
f'(x) = ¢c; + 2¢c,(x —a) + 3c5(x —a)? + 4cy(x —a)® + -
f'(x) = 2c,+32¢c5(x —a) + 4 X 3ca(x — a)? + -
fFO(x)=32¢c;+ 4-3-2c,(x —a) + -
After computing the above derivatives we observe that
fl@=c

@
2!

f'(@)= 2c; =c,=

f®(a)
31

fP(a)=3%x2c; = c3=
In general we have
AR
R
Suppose that f(x) has a power series expansion at x = a with radius of

convergence R > 0, then the series expansion of f(x) takes the form:

o= YLD G g =Y o x-ar
n=0 n=0
7] (3)

F) = @) + fr@Gx—a) + L 2(!“) x—ay? +2L 3!(“) (x — a)® +
Which is called Taylor series.
If a = 0,then

x " (3)
= cxr=fo+ rox+ L2 e L0y

n=0

Which is called Maclaurin Series.
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Example 1: Compute the Maclaurin series of the following functions
1. f(x) = e* 2. f(x) = ex’
fx)y=¢e* = f0)=e’=1
fle)=e* = f'(0)=e’=1
fr)=e* = f10)= e =
P =e* = fO0)=e"=1

oo

1 x x?2 x3 x* x™
1. e* —a-l-ll-l-g-l-;-l-m-l- )
n=0
22 23 24 ®. ,2n
X X X X
2. exz _|_ _I_( ) ( )+( )_|_...= x
ol 1l 2! 3! 4! n!
n=0
Example 2: Compute the Maclaurin series of the following functions
sm(xz)
1. f(x) = sinx 2. f(x) =
f(x) =sinx = f(0)=sir1x=0

f'(x) = cosx = f'(0)=cos0 =1
f"(x) = —sinx = f"(0)= —sin0 =0
f®(x)=—cosx = fO®0)=-cos0=-1
we note that f@™*D(x) = (=1)" cosx = fEFD() = (-1
fE(x) = (-1)"sinx = f@(0)=0

) X x3+x5 X ..
- sinx =g 51 71 2n+1)!

n=0

7 *® (_1)11 x2n+1

2. sin(x?) =

(x2) (x2)3 (x2)5 (xZ)',? ® (_l)n (x2)2n+1
+ — .|. v —
n2=0

11 3! 5! 71 (2n +1)!
, x2  x6 10 14 ® (—1)" x4n+2
Sln(x)—F—— ?—?-F (Zn—-l-l)'
n=0
sin(x?) 1 x* x8 x!? = (=)™ x4
@ 135 7T L e
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Taylor polynomials and Maclaurin polynomials.
The partial sums of Taylor (Maclaurin) series are called Taylor (Maclaurin)
polynomials. More precisely, the Taylor polynomial of degree k of f(x)atx =ais

the polynomial
ARG
P(x) = ZT(x—a)n
n=0 '

and the Maclaurin polynomial of degree k of f(x) (at x = 0) is the polynomial
k

re))
P (x) = Zf—l()x”

ni
n=0

Example 3: Compute the Maclaurin polynomial of degree 4 for the function
f(x) =cosxIn(1 —x)

Maclaurin polynomial P,(x) of degree 4 of f(x) is
4

f00) O O O, [P0, fP0) ,
P(x) = Z;Tx ==t ¥t x%+ 3 x3+Tx
fi(x) = cosx = f1(0) =1
f1(2n+1)(x) = (-1)" sinx f1(2n+1)(0) —0
A () = ()" cosx = f,47(0) = (-1)"
2,4 R
fi(x) = cosx = 1_E+E= 1 _?+ﬂ
f2(x) = In(1 —x) = £(0)=In(1) =0
-1
f2(x) = === -1-x07"1 = £(0) = -1
;) =-1-x7? = 7(0) = -1
£ = —2(1 -0 o> 20 =-2
x?2 2x® 6x* x% x3 x*
fZ(x) = ln(]-_x) = O—X—E—?—? = —x—?_?_T
x2 x4 x2  x3 x4
f(x) =cosxIn(1—x) = (1_7+ﬁ)(_x_?_?_7)
B x? x3 x* x3 «x* 3 x? X3
P4(x) = _x_?—?—I‘F?-FT— —x—?-l'z
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Example3 : Compute the first four terms in the power series expansion of following

_In(1+x)
[ = (1+x)
fi(x) = In(1 +x) = £1(0)=In(1) =0
i=gig=a+0" = fO=1
() =-1+x07" = (0) = —1
200 = 2(1+2)73 > [P0 =2
AP ) = —6(1+x) >  £fP0)=-6
2 3 4
filx) = In(1+x) =x—%+%—%
fa(x) = N 1+x)7" = f,(0) =1
f2(0) = —(1+x)7? = £2(0) = -1
7 (x) =2(1+x)7? = 5'(0) = 2
)‘2(3) (x)= —6(1+x)72 =N fz(B)([}) = —6
f2(x) = ) =1—-x+x*—x3+x*
2 3 4
f(ﬁ=%= (x—%+%—x?)(l—x+x2 —x3 +x%)
2 43 44 , x3  x? ; x4 \
Py(x) x—?‘F?—I—x -I-?—?-l-x —?—x
() = 3x* 11x® 25x*
4(x) = x — ) + 5 12
Exercises

Compute the Maclaurin series of the following functions

1. f()=1/1-x) 2. f(x)=V1+x O
Compute the first four terms in the power series expansion of following
3.f(x) =Vv1+x cosx 4. f(x) = (sinx)/(1—x)O



