SHEAR AND MOMENT DIAGRAMS

Members that are slender and support loadings that are applied
perpendicular to their longitudinal axis are called beams. In general,
beams are long, straight bars having a constant cross-sectional area. Often
they are classified as to how they are supported. For example, a simply
supported beam 1s pinned at one end and roller supported at the other,
Fig. 6-1, a cantilevered beam is fixed at one end and free at the other, and
an overhanging beam has one or both of its ends freely extended over
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the supports. Beams are considered among the most important of all
structural elements. They are used to support the floor of a building, the
deck of a bridge, or the wing of an aircraft. Also. the axle of an automobile,
the boom of a crane, even many of the bones of the body act as beams.

Because of the applied loadings, beams develop an internal shear force
and bending moment that, in general, vary from point to point along the
axis of the beam. In order to properly design a beam it therefore becomes
important to determine the maximuwm shear and moment in the beam.
One way to do this is to express V' and M as functions of their arbitrary
position x along the beam’s axis, and then plot these functions. They
represent the shear and moment diagrams, respectively. The maximum
values of V and M can then be obtained directly from these graphs. Also,
since the shear and moment diagrams provide detailed information
about the variation of the shear and moment along the beam’s axis, they
are often used by engineers to decide where to place reinforcement
materials within the beam or how to proportion the size of the beam at
various points along its length.

In order to formulate V and M in terms of x we must choose the origin
and the positive direction for x. Although the choice is arbitrary, most
often the origin is located at the left end of the beam and the positive x
direction is to the right.

Since beams can support portions of a distributed load and
concentrated forces and couple moments, the internal shear and
moment functions of x will be discontinuous, or their slopes will be
discontinuous, at points where the loads are applied. Because of this,
these functions must be determined for each region of the beam
between any two discontinuities of loading. For example, coordinates
Xy, X3, and x5 will have to be used to describe the variation of V and M
throughout the length of the beam in Fig. 6-2. Here the coordinates are
valid enly within the regions from A to B for x|, from B to C for x,, and
from C to D for x4.

Beam Sign Convention. Before presenting a method for
determining the shear and moment as functions of x, and later plotting
these functions (shear and moment diagrams), it is first necessary to
establish a sign convention in order to define “positive” and “negative”
values for V and M. Although the choice of a sign convention is arbitrary,
here we will use the one often used in engineering practice. It is shown in
Fig. 6-3. The positive directions are as follows: the distributed load acts
tpward on the beam, the internal shear force causes a clockwise rotation
of the beam segment on which it acts, and the internal moment causes
compression in the top fibers of the segment such that it bends the
segment so that it “holds water” Loadings that are opposite to these are
considered negative.



- IMPORTANT POINTS

® Beams are long straight members that are subjected to loads perpendicular to their longitudinal axis. They
are classified according to the way they are supported, e.g.. simply supported, cantilevered, or overhanging.

® In order to properly design a beam, it is important to know the variation of the internal shear and moment
along its axis in order to find the points where these values are a maximum.

® Using an established sign convention for positive shear and moment, the shear and moment in the beam
can be determined as a function of their position x on the beam. and then these functions can be plotted
to form the shear and moment diagrams.

B PROCEDURE FOR ANALYSIS

The shear and moment diagrams for a beam can be constructed using the following procedure.

Support Reactions.

® Determine all the reactive forces and couple moments acting on the beam, and resolve all the forces into
components acting perpendicular and parallel to the beam’s axis.

Shear and Moment Functions.

® Specify separate coordinates x having an origin at the beam’s left end and extending to regions of the
beam between concentrated forces and/or couple moments, or where there 18 no discontinuity of
distributed loading.

® Section the beam at each distance x, and draw the free-body diagram of one of the segments. Be sure
¥V and M are shown acting in their positive sense, in accordance with the sign convention given in Fig. 6-3.

® The shear is obtained by summing forces perpendicular to the beam’s axis.

® To eliminate V. the moment is obtained directly by summing moments about the sectioned end of
the segment.

Shear and Moment Diagrams.

® Plot the shear diagram (V versus x) and the moment diagram (M versus x). If numerical values of the
functions describing V and M are positive, the values are plotted above the x axis, whereas negative values
are plotted below the axis.

® (Generally it 1s convenient to show the shear and moment diagrams below the free-body diagram of
the beam.
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Draw the shear and moment diagrams for the beam shown in Fig. 6-4a.

SOLUTION
Support Reactions. The support reactions are shown in Fig. 6-4c.

Shear and Moment Functions. A free-body diagram of the left segment
of the beam is shown in Fig. 6-4b. The distributed loading on this segment
is represented by its resultant force (3x) kN, which is found only afier
the segment is isolated as a free-body diagram. This force acts through the
centroid of the area under the distributed loading, a distance of x/2 from
the right end. Applying the two equations of equilibrium vields

+13F, = 0; 6kN — (3x)kN — V =0
V = (6 — 3x)kN (1)
C+IM = 0; —6kN(x) + (3x)kN (3x) + M =0
M = (6x — 1.5¥*) kN-m (2)

Shear and Moment Diagrams. The shear and moment diagrams
shown in Fig. 6-4¢ are obtained by plotting Eqgs. 1 and 2. The point of zero
shear can be found from Eq. 1:

V=(6-3x)kN=20

x=2m

NOTE: From the moment diagram, this value of x represents the point on
the beam where the maximum moment occurs, since by Eg. 6-2
(see Sec. 6.2) the slope V = dM/dx = 0. From Eq. 2, we have
Mpax = [6(2) — 1.5(2)*] kN-m
=6kN-m



Draw the shear and moment diagrams for the beam shown in Fig. 6-5a.
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SOLUTION

Support Reactions. The distributed load is replaced by its resultant
force, and the reactions have been determined, as shown in Fig. 6-5b.

Shear and Moment Functions. A free-body diagram of a beam
segment of length x is shown in Fig. 6-5¢. The intensity of the triangular
load at the section is found by proportion, that is, w/x = (2 kN /m)/3 m 2 kN/m

or w = (2x) kN/m. The resultant of the distributed loading is found ) P lIlfI
from the area under the diagram. Thus, E‘N_HTTT‘ I ll ¥
II
172
+13F, = 0 SkN_E 3* r— V=0
V (kN)
V= (3 - lﬁ) KN (1) 3_\
3
x (m)
G+EM =0 6kN-m — (3kN) +l(g) (£)+M—
o m — ( ) 2\3" 3¥ B M (KN-m)
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M—(—6+3 —13)1:1\1 2 /
o X — g% m (2) »
d
Shear and Moment Diagrams. The graphs of Egs. 1 and 2 are shown &
in Fig. 6-54d. Fig. 6-5
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Draw the shear and moment diagrams for the beam shown in Fig. 6-6a.

SOLUTION

Support Reactions. The distributed load is divided into triangular and
rectangular component loadings, and these loadings are then replaced by
their resultant forces. The reactions have been determined as shown on
the beam’s free-body diagram, Fig. 6-6b.

Shear and Moment Functions. A free-body diagram of the left
segment is shown in Fig. 6-6c. As above, the trapezoidal loading is
replaced by rectangular and triangular distributions. Here the intensity
of the triangular load at the section is found by proportion. The resultant
force and the location of each distributed loading are also shown.
Applying the equilibrium equations, we have

+15F, = 0;  30kip — (2 kip/ft)x — %(4 kip/ft}(ﬁ)x —V=0

VZ(BD—Qr—%)kip (1)

C+3IM = 0;
—30 kip(x) + (2 kipfft)x(’zi) + %{4 kip/ft)(ﬁ)x(’%) +M=0

3

2 X g
M= (30): = 53 ZT)klp ft (2)

Shear and Moment Diagrams. Equations 1 and 2 are plotted in
Fig. 6-6d. Since the point of maximum moment occurs when
dM/dx = V = 0 (Eq. 6-2), then, from Eq. 1,

5

V=0=30—2r——
9
Choosing the positive root,

x=9735f

Thus, from Eq. 2,

_(9.135)°

M = 30(9.735) — (9.735) =

= 163 kip - ft



Draw the shear and moment diagrams for the beam shown in Fig. 6-7a. 15 kN
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Relationship between shear force diagram and bending moment diagram

In cases where a beam is subjected to several different loadings,
determining V and M as functions of x and then plotting these equations
can become quite tedious. In this section a simpler method for constructing
the shear and moment diagrams is discussed —a method based on two
differential relations, one that exists between the distributed load and
shear. and the other between the shear and moment.

Regions of Distributed Load. For purposes of generality,
consider the beam shown in Fig. 6-8a, which is subjected to an arbitrary
loading. A free-body diagram for a very small segment Ax of the beam
is shown in Fig. 6-8b. Since this segment has been chosen at a position x
where there is no concentrated force or couple moment, the results to be
obtained will not apply at these points.

Notice that all the loadings shown on the segment act in their positive
directions according to the established sign convention, Fig. 6-3. Also,
both the internal resultant shear and moment, acting on the right face of
the segment, must be changed by a small amount in order to keep the
segment in equilibrium. The distributed load, which is approximately
constant over Ax. has been replaced by a resultant force wAx that acts at
5(Ax) from the right side. Applying the equations of equilibrium to the
segment, we have
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+13F, =0 V+wAxr —(V+AV)=0
AV =w Ax
C+3m, = 0; —VAx—M—wAx[dan] + M+ AM) =0
AM =V Ax + wXAx)
Dividing by A x and taking the limit as Ax — 0, the above two equations
become

dV

S, 6-1
dx w. (6=1)
slope of distributed

shear diagram load intensity

at each point at each point
dM
— =V 6-2
I (6-2)
slope of shear
moment diagram at each
at each point point

Equation 6-1 states that at any point the slope of the shear diagram
cquals the intensity of the distributed loading. For example, consider the
beam in Fig. 6-9a. The distributed loading is negative and increases from
zero to wy. Knowing this provides a quick means for drawing the shape
of the shear diagram. It must be a curve that has a negative slope,
increasing from zero to —wy. Specific slopes wy = 0, —wg, —wp, and
—wy are shown in Fig. 6-9b.

In a similar manner, Eq. 6-2 states that at any point the slope of the
moment diagram is equal to the shear. Since the shear diagram in
Fig. 6-9b starts at +V 4, decreases to zero, and then becomes negative
and decreases to —V ., the moment diagram (or curve) will then have an
initial slope of +V, which decreases to zero, then the slope becomes
negative and decreases to —Vy. Specific slopes V4, Vi, Vp, 0, and — Vg
are shown in Fig. 6-9c.
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Fig. 6-9 (cont.)
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Equations 6-1 and 6-2 may also be rewritten in the form dV = w dx
and dM = Vdx. Since w dx and V dx represent differential areas under
the distributed loading and the shear diagram, we can then integrate
these arcas between any two points € and D on the beam,
Fig. 6-94, and write

AV = / w dx (6-3)
change in area under
shear distributed loading
AM = f Vdx (6-4)

change in arca under
moment  shear diagram

Equation 6-3 states that the change in shear between C and D is equal to
the area under the distributed-loading curve between these two points,
Fig. 6-9d. In this case the change is negative since the distributed load
acts downward. Similarly, from Eq. 6-4, the change in moment between
C and D, Fig. 6-9f, is equal to the area under the shear diagram within
the region from C to D. Here the change is positive.

Regions of Concentrated Force and Moment. A free-body
diagram of a small segment of the beam in Fig. 6-8a taken from under
the force is shown in Fig. 6-10a. Here force equilibrium requires

+TEE,.=0: V+F—-—(V+AV)=10

AV =F (6-5)
Thus, when F acts upward on the beam, then the change in shear, AV, is
positive so the values of the shear on the shear diagram will “jump”
upward. Likewise, if F acts downward, the jump (AV) will be downward.

When the beam segment includes the couple moment M, Fig. 6-10b,
then moment equilibrium requires the change in moment to be

C+EZMo=0; M+ AM —My— VAx—M=20
Letting Ax = 0, we get
AM = M, (6-6)

In this case, if M, is applied clockwise, the change in moment, AM, is
positive so the moment diagram will “jump” upward. Likewise, when M,
acts counterclockwise, the jump (AM) will be downward.
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Draw the shear and moment diagrams for the beam shown in Fig. 6-11a.
SOLUTION

Support Reactions. The reaction at the fixed support is shown on the
free-body diagram, Fig. 6-11b.

Shear Diagram. The shear at each end of the beam is plotted first,
Fig. 6-11c. Since there is no distributed loading on the beam. the slope of
the shear diagram is zero as indicated. Note how the force P at the center
of the beam causes the shear diagram to jump downward an amount P,
since this force acts downward.

Moment Diagram. The moments at the ends of the beam are plotted.,
Fig. 6-11d. Here the moment diagram consists of two sloping lines, one
with a slope of +2F and the other with a slope of +P.

The value of the moment in the center of the beam can be determined
by the method of sections, or from the area under the shear diagram. If
we choose the left half of the shear diagram,

M|,op = M|,—g + AM
M|x—f_ = —3PL + (2P)}(L) = —PL

P P
2P
3PL 1
w=0 (b |
v slope =0

downward force P
& downward jump £

2F
k—TF‘

L ©

y

X

V' = positive constant
M slope = positive constant

~Ends with
slope P

=L Begins with
slope 2P

(d)
Fig. 6-11
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Draw the shear and moment diagrams for the beam shown in Fig. 6-12a.

SOLUTION

Support Reactions. Thereactions are shown on the free-body diagram
in Fig. 6-12b.
Shear Diagram. The shear at each end is plotted first, Fig. 6-12¢. Since

there is no distributed load on the beam, the shear diagram has zero
slope and is therefore a horizontal line.

Moment Diagram. The moment is zero at each end, Fig. 6-12d. The
moment diagram has a constant negative slope of —M;/2L since this is

the shear in the beam at each point. However, here the couple moment
M|, causes a jump in the moment diagram at the beam’s center.
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Draw the shear and moment diagrams for the cantilever beam in Fig. 6-15a.
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SOLUTION

Support Reactions. The support reactions at the fixed support B
are shown in Fig. 6-15b.

Shear Diagram. The shear at the ends is plotted first, Fig. 6-15c.
Notice how the shear diagram is constructed by following the
slopes defined by the loading w.

Moment Diagram. The moments at the ends of the beam are
plotted first, Fig. 6-154. Notice how the moment diagram is
constructed based on knowing its slope, which is equal to the shear
at each point. The moment at x = 2 m can be found from the area
under the shear diagram. We have

M|ycom = M|y + AM =0+ [-2kN(Zm)] = —4kN-m

Of course, this same value can be determined from the method of
sections, Fig. 6-15e.
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