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Area under a Parametric Curve
Consider the non-self-intersecting plane curve defined by the parametric equations
x=x (t), y=y(t), a<t<b

And assume that x (t) differentiable. The area under this curveis given by

b
A= j (6 & (O)dt

Example7: Find the area enclosed by the asteroid in figure.
x= cos’t, y=sin®t 0<t<2m
Solution
dA= ydx

A =4_[01ydx

y(t) = sin®t, dx = —3cos’tsintdt

Atx=0 > 0=cos’t D> cost=0->t=cos™ 10 > tzg,

atx=1 > 1=cos’t 2> cost=1->t=cos '1 >t=0

A= 4—_[; sin®t (—3cos’t sint)dt
2
A = —12 [z sin*t.cos?t dt =12 JZsin*t.cos?t dt
2z

2
. 1-cos2t . 1—cos2t 1+cos2t
smztzT - sin*t = (T) , cosztzT

2 (1-cos2t\? 1+coszt 12 =
A:12102( Czs ) 2 dt = ?fuz(l—cosZt)z.(1+6032t)dt

2

A= gfug( 1 — 2cos2t + cos?2t).(1 + cos2t) dt
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A= %fug( 1 — 2cos2t + cos?2t + cos2t — 2cos*2t + cos?2t)dt

_3 (21— e 3
A—zfﬂz(l cos2t — cos“2t + cos” 2t)dt

_3 31— _ [z 2 z 3 ——
A= . fnz(l cos2t fuz(cos 2t + fuz( cos”2t) dt 1
_IE( 1 —cos2t)dt =1t — %sin 2t -

= 2 _ = 1+cos4t _1 A
JZ(cos?2t dt = [*( . ) dt = : (t+ 4sm4t) 3

ICOSBZI' dt = jcoszﬁ.castht = j(l — sin?2t).cos2t dt
u=sin2t - du= 2cos2tdt - cos2tdt =§ du

1 vy = Ly
Ef(l—u ).du = 2(u 3)

= %(sinZt—ishﬁZt} ------- 4

Sub equations 2, 3 &4 in equation1

A—g-tl'Zt 11':+1'4f+1'2t1'32t]E
—2_( 7 Sin ) 2( 45m) 2(5111 3 Sin )0
3 [/ 1/m 1

A== |([=——-0-0-0)—=(=+0-0-0 +—0—0—0+0]
2_(2 ) 2(2 ) 2( )
3T

A=—

8
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Arclength of parametric curves

Let x =f (t) and y = g (t) be parametric equations with Z—f andi—f continuous on
some open interval |l containing t1tl and t2t2 on which the graph traces itself
only once. The arc length of the graph, from t=t1t=t1 to t=t2t=t2, is

t2 dx 2 dy 2
b= f (@) +(Gr) «

Example 8: Find the arc length of the circle parametrized by:

x=23Cost, y=3=;mth forO<t< Z—"

dx . d
Z = _3sint &L =3 cost
dt dt

By direct application of Theorem of arc length

3m
L= f ’ J(—3sint)? + (3cost)? dt
0

3T 3 3T

2 z z
L= f V9sin?t + 9cos?t dt = f 34/ sin?t + cos?t dt = j 31 dt
0 0 0

T 3T

L=[?3dt=3t] = 9%



