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Numerical Methods: daand) 5kl

* Numerical Methods: are methods for solving problems numerically on a
computer or calculator or by hand.

* The steps from a given solution to the final answer are usually as follows:
:g‘!&@@aqcﬁbmgid;a\#
1- Modeling: set up a mathematical model of the problem such as an integral
, @ system of linear equation or differential equation.
Al (e e s Lalina g

2- Choice of mathematical method aaad) Jall 45y yha jlas)

3- Programming: from an algorithm we write program, say as FORTRAN;
C; C++ or we may decide to us a computing environment such as
MATHEMATICA and MATLAB. el Sl sals el gl sl

4- Doing the computations. Lbial) Clleally oLl

5- Interpolation the results. <o se y ) Jgan JS5 e Lple Joans Al 0 (s

rdgasad) ciliaa) sl aa Lgaddiiadd Al dylaad) cilleal) (lany *
Floating-point from of numbers
A pdial) (i) yall a5 galiic Y LISy dlac ) ) alE 5N (s
a) Fixed-point system:

62.35 0.013 1.000
62.4 0.01




daaf alg A5 Aol E R PY PRCP F K] dgaamd) edlatl)

b) Floating-point system: 43y hal) 0da addind Ciluulall
0.6384 * 103 0.235% 10713 —0.2000 x 1073
0.6384 EO3 0.235 E—13 — 0.2000E—-03

01%1073 «idh 0.001 S of sy
Under flow and Over flow — <ilalliadl) sda Ll
* Single Precision —38<e<38
* double Precision — 308 < e <308
Under flow < 0.1 x 107398
0 = daill 028 o yrual a8 gl
Over flow < 0.1 x 107398

byy%:@d\a&w)ﬁ\@)g\

Round Off: <&l
Do A Cha (e gl da g
1- Chopping: Ay e i (s pman 20 akail)

2- Rounding: 4 e il e pe oy il
(sl Jall g (gaaall Jall o (38 dmy 45Y a8 (4o Sk (55 Jally Uasl)

* Algorithm : 4ae ) 53l

An algorithm is a finite sequence of rules for performing computations on
computer such that at each instant, the rules determine exactly what the
computer has to do next.
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* Stability: 4 iy
S S sl Ll Al il s () (ga 43V Al S o) e e Q8 il (S 1Y)
e p& uay 41l8

* Programming Errors: Ll glady)
Zero o Y 0 iSs Sl 32 )l fUadW) S
AT ke s ol ST ] e Y ] s
Ledas Ll 5 ¢Uad¥) 48 jal debugging 4alesls o sii cUad¥) o8 48 el g
Jall laline 3 ga ga e ) JulB (3l (S 135 Ly gy A glal) ooiliil] aa Fpnaall sl 45 )l o
Cas dall lias Y 13 asaa

* Tracing:
8shd JS (asd ol luall 4 50l iUl ae sildais outpUt  Jes a3 shad JS 3 laline
bl &l ghas e
Agaaall cUaal) o) il & o5 A round OFf ca il e S elad¥) alaes

* Errors of numerical results:

1- Round off il gUadl
2- Experimental errors Llla 43 Hhy iyl il f dakla g
3- Tracing errors i plaw)
el ey
t error
a true

)

a’ approximate result

t=a-2a

a=t+ a
_ t t
Relative error e} =— -
a a
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Solution of Equations by Iteration:

(L1 SE) A gy c¥alaall Ja)

F(x)=0
x2+2x+1=0 (BYBLENVARILEDY
sinx+x% =0 (Aegae Alla nsd 2al 5 H3a)

Fixed-Point Method:
Fx)=0 - x=gx)

y =X - y=gkx y

I
=

Xo = ( i)

(AU &l ghadll) \ y=9x

X1 = g(xo)
X, = g(xq)

Xn+1 = g(Xn)

4 glladl) 48l e dlaie YU < gl a5 laaey g ) SN (e 230 Jae ol Lanka
|Xp4+1 — Xu| < Tolerance

Sia 3y sllaall 2821 (5 shasy 5| BT Lagias G5l (S 13) (imns o (ol AT 2 lia amy i s
0.001



Example: Set up iteration process for the equation:

Fx)=x*?-3x+1=0

X1 = 2.618
Exact solution <
X, = 0.381966

Solution :

1
x> —3x+1=0 choose x=§(x2+1)

1
Xn+1 =3 x%, +1) Xo = 1.0
1 2
y
= 1 (4 + 1) = 13 = 0.4814 |
*2=3 \9 — 27 T 7

x; = 04106 ; x, = 0.3895 ; xc = 0.3839
xs = 0.3824 ; x, = 0.38209; x5 = 0.38199

Xo = 0.38190; x,, = 0.3819

~x=0.3819 = 0.381966

LAYl e ol s AY) AL (e R e 3805 xg e o A AL Sy

X0:3.0
1 10
X =3 (37+1) = =33334

1 ,100
Xy = — (T + 1) = 4.0370

X3 = 5.7658



Jall e aniy 4l iaas (5 ,AY) el pe 385k Ll Ly e (S o JaaDls

gl <1
( convergence ) (e dall el yB8Y)
(divergence ) (e dall e alaiyy)
S 3all sl Alaleall a0 JK& i) iy
1, L2
gx) =-(x“+1) g'(x) ==x
3 3
lg'x)| <1 Jall (el JBY) el Allall o34 b
Al e I BY) Geacad allal) oda 8
ifx < 2 I I I
2
1.5 0 1.5

Jall s Al dipm sl o

X
1
Xn+1:3_g
() =3 -~ ') = —
g\X) = X gX_XZ




putting x, =1
Xl = 2 XZ - 2.5 X3 - 2.6

Xy = 2.615 x5 =2.617 x,=2.618

MJ&A\J}'J;QAJ;\}JA;(;EQ@@JSQ\%@M
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gl <1
( convergence ) (e dall el yB8Y)
(divergence ) (e dall e alaiyy)
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2) Newton method for solving f(x) =0

y y = f(x)

0

y = f(Xo)

f(xo)

tan3 =
P Xo — X1

= 1'(x0)

(xo — x1) f'(%0) = f(x0)

. —x. = f(xo)
T f(xo)
f
X; =Xg — f’(();oo)) f'(x) #0
""""""""""" o) |
Yot =%~ oy F0w) %0

\4



Example: Applying Neoton method for the equation f(x) = x3 + x + 1
starting x, = 1.0
Solution :

f(xn)
Xn+1 = Xp — f,(X )
n

f'(x) =3x%+1

XnS + %X, — 1

A+l T X T TR 2
n
B P+1-1 075
X1 32 +1
g 075 +075-1_
X2 = 300752 +1
x5 = 0.682339

x4 = 0.6823278



Example: Set up a Newton iteration for computing asquare root (x)of given
positive number (c)and apply it to c = 2

Solution :

Exact solution : v2 = 1.414213

f(x) = x = /¢

f(x) =x*=c

fx) =x2—c=0

f'(x) = 2x

e ey f(xp)

n+1 n f,(Xn)

ifx, = 2.0 ifx, = 1.0
B x2 —2 B x2 —2

X1 - Xn 2Xn Xl - Xn - 2Xn
_o_E 2 s o2 s

A T¢) M A TC) B
_15- Y572 41666

X, = 1. s - b X, = 1.41666

X3 = 1414215 Xs = 1414215

Xy = 14142135 x, = 14142135




3) Secant method for solving equation f(x) =0

y |
A
y = f(x) |
Ly = fx— 1)
B ;
‘
B y = f(Xo) é > x
T X1 X0 X_1
— |
Xo ™%X x—1-—x%,

dpcal yid) Adasi Lot ~Uias Newton 4yl e (3 138 5 (it i8] uiday ) lias Uia
BJA\}

f(x —1) = f(xo) _ yf(Xo)

tan = x—1—-X,  Xo—X;
fx—1)—f
(50 = 30) [ g— 2 = 1)
Xo—x—1

=X~ 1) ) Ti- D

Xn+1 = Xpn — f(Xn) f( n) _ f(X ) ; f,(Xn) #0

_________________________________________________



Example: Find the positive solution of f(x) = x — 2sinx by secant

method starting x, = 2.0 x; =19 .
Solution :
X, =19 Xo = 2.0

Xp—Xp — 1

X =X, — (X, — 2sinx,) =
n+1 n ( n n) (Xn — 25sin Xn) — (Xn—l — 2sin Xn—l)

x5 = 1.895494
Jsa J8& e dall i i (Kas
n Xn-1 Xn AP Dy Xn+1
1 2.0 1.9 1.895474
2 1.9 1.895474 1.895494
3

1.895474  1.895494




Interpolation (Jwasiwy))

It is the process of finding a value of (y) corresponding to a value of (x) in
the interval(x,, x,,). The process of representing the given data by a function
(generally a polynomial function) is also termed as Interpolation.

Extrapolation (&luiuy/s) Aluy!)

The process of finding a value of (y) corresponding to value of (x) outside
the interval.

1) Linear interpolation (il Juasiuyl)

Is interpolation by means of the straight line through(x,,v,) ; (X1,¥1) given
by:

Y1~ Yo
Pi(x) = yo + (x — %)
1~ Xo
y
A error (X1.3{
7
(X0, ¥0) oy
/
> X
Xo X X1
Linear Interpolation
F(xo —%;) = 22— [first divided difference]
X1~ Xp



Example: Find In(9.2)from In(9.0) = 2.1972 and In(9.5) = 2.2513

by linear interpolation and determine the error:

n X y
0 9.0 2.1972 X =9.2
1 9.5 2.2513

Y1 — Yo

P,(x) = -
1(X) = yo + (X —Xo) p—

2.2513 — 2.1972
9.5-9.0

P,(x) = 2.1972 + (9.2 — 9.0)

P,(x) = 2.2188 (numerical)

In9.2 = 2.2192 (exact)

error = 2.2192 — 2.2188 = 0.0004

2) Quadratic interpolation (s A Jlasiut)

It is the interpolation by means of the polynomial P, (x) of at most second
degree whose curve passes through three points (xq,v0) ; (X1,V1); (X2,¥2) -

______________________________________________________________________________________________

______________________________________________________________________________________________

Y1 = Yo
X1 —Xp

F [x(,x,] = First divided difference =

Y il) B 5 )

Y2—V1 Y1~ Yo
X2 — X1 X1 — X

F [ x9,%X1,X,] = second divided difference =
X2 —Xo

Al Ayl 8 5 Al



Equation (1) shows that P,(x,) = y, because (x —x3) = 0
P,(x1) = yo + (x—%¢) Flx0, %] = ¥4

P,(x2) =y,

Example: Find In(9.2) from In(8.0),1n 9.0 ,In(9.5) :

n X y

0 8.0 2.0794
1 9.0 2.1972
2 9.5 2.2513

In(9.2) = 2.2192 (exact)

P,(x) = yo + (x — %) Flxg,%1]+ (x—%¢) (x —x9) F[x¢,%1,%;]

2.1972 — 2.0794
F [Xo,Xl] = 90— 80 = 0.1178

2.2513 —2.1972  2.1972 — 2.0794
9.5-9.0 9.0 — 8.0
9.5-8.0

—0.0064

F[x0,%1,X,] =

P,(x) = 2.0794 + (9.2 — 8.0) * 0.1178 + (9.2 — 8.0)(9.2 — 9.0) *
(—0.0064) = 2.2192 (numerical).



3) Newton’s Divided Difference interpolation

(9 Apeail) B g 81 JlaSinu)

F(x) = yo + (x —x¢) F[xq,%x1] + x—%0) (x—x1) F[Xg,Xy,X;]
+ (x—x9) x—x1)(x—x3) F[ X0, X1, X2, 3] + ...
+ x—%¢) . xX—xp-1) F[ X0, X1, 0o, Xp] . (2)

This formula called Newton'’s Divided Difference interpolation formula.

Example: Find f(9.2) using the formula from the data:

N X y F [XOIXI] F [XO)Xl; Xz] F [Xo,Xl, XZ'XS]
0 | 80 20794

1 | 90 21972  0.117783

> 95 | o513 | 0108134  0.006432 0.000410

3 | 110 | 2397895 | 0097735 1 -0.0052

F(x) = 2.079442 + (9.2 — 8.0)(0.117783) + (9.2 - 8)(9.2 —9)
(—0.00643) + (9.2 —8)(9.2 —9)(9.2 — 9.5)(0.000410)
= 2.2192
4) Equal spacing Newton’s forward Difference formula:
(Aaala¥l) cild g HAL 5 gd Alalaa)

Let (h) to be the distance interval between any two consecutive values of x
sothat x,,X; =%+ h; x, = Xy +2h; X, = X +nh .

Let the corresponding values of (y)

Yo Y1 -+ ¥n | i i
Yn = f(xn) = (X + nh)

then the first forward difference of y are given by :



Ayo = Y1 — Yo Ay, = y3— Y2
Ays = y2— Y1 Ayi = Yis1 — Vi

The second forword difference of y =
[difference of first forward difference | = A(Ay;) = A?y;

A Yo = A(Ayo) = A(y1 — ¥o)

Ayo= Ay, —Ayy=(y2 —y1) — (V1 — Yo)

_______________________________________

in3wesetx =Xy, +rh then:
X — Xy +rh X—%x; =(r—1)h ans soon..

The Newton's forward difference interpolation formula:

AZYO 4 rr-1)@-n+1) Anyo

n!




5) Equal spacing Newton’s backward difference formula :
Instead of forward — slopping difference we may slso employ backward
slopping difference.

We define the first backward difference of (y) at (x;)

VY =i~ Vi

The second backward difference at (y) at (x;):

V2y; = Vy; — Vyi1

and continuity in this way, the k™'backward difference of (y)at (x;)by:
VEy = Vely, = vy

r(r+1)
2!

r(r+1)(r+n-1)

n!

CF() = p(x) = yo + 1V yo + "D vy 4t iy,

__________________________________________________________________________________

Example: Compute a (7D)approximation of the function f(x) for
(x = 1.72) from the fourth value in the following table using :
1 — Newton'sforward formula.

2 — Newton’sbackward formula.

ifor  x Vi 15t diff. 2nd giff. 3rd giff.
0 1.7 0.3979847 forarg
-0.0579985 | —>
1 1.8 0.3399864 -0.0001693
2 | 19 0.2818186 | "0-0581678 0.0004093
3 2.0 0.2238908 | -0.0579278 0.0002400
Forward




r(r-1)

F(x) = p(x) = yo + 1Ay, +—— APyg + -+ .
X_XO
= ; h=0.1
"TTh
1.72 —1.7
r=—————o———=
0.1

Ay, =y1 — Vo = 0.3399864 — 0.3979849 = —0.0579985

rr—1) 02(02-1)
T .1 008

AZYO = A(Ayy) = A(y1 — ¥o)
AZYO = Ay; —Ayo = (y2 —y1) — (y1 — Yo)
A%y, =y, — 2y, +yo = —0.0001693

rc—1D(r—n+1) 02(002-1)(02-3+1)
n! B 3x2x*1

= 0.048

A3y, =y3 — 3y, + 3y; — ¥y, = 0.0004093

r(r—1)(r—-n+1)

Ay,

p(x) = 0.3979849 + 0.2(—0.0579985) + (—0.08)(—0.0001693)

+0.048(0.0004093) = 0.3864183.

Backward



ifor x Vi 15t diff. 214 diff. 34 diff.

3 | 17 | 03979847

-0.0579985
2 | 18 | 0.3399864 -0.0001693
4 1.9 | o2sisige | 009816781 00, 0.0004093
0 | 20 02238908 |0.0579278 s

r(r+1)

rc+D(+n-1) __
2! v

2
Ve, + o

F(x) = yo+1rVy, +

Yo

—2.8(—2.8+ 1) * 0.00024
21

f(x) = 0.2238908 + (—2.8)(—0.0579278) +

.\ —2.8(-28+1)(-28+3-1)

3 251 * 0.0004093 = 0.386418

Vyo =Yy, —y; = 0.2238908 — 0.2818186 = —0.0579278

Viyo =yo — 2y_1 +y_, = 0.00024

V3y0 == yO - 3y_1 + 3y_2 - y_3 - 00004093
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[ conerns ]

1- linear Diff. Equ.
2- System of Diff. Equ.
3- Fourier Series.

4- Partial Diff. Equ.

Second order linear Diff. Equ.

y*+p(X) y+9(x)y=r(x)

where p(x) , q(x) and r(x) are functions of x only.



T TP WP PR K
Laaf uly A& a6 rdelh

y"+x* y'+6y=e"

linear — Non homogenous
yy"+x3 y'+(x—1) y=sin x

Non linear — Non homogenous
Y+ (C+2) yay=0

linear — homogenous

if r(x) = 0 — Homogeneous.
If r(x) # 0 Non homogenous

P(x) & q(x) Coefficients of equation.




& ae & e o sba 30,0 alas)
daa) g A o delh

y"+ay'+by=0

(homogenous — second order linear D. E with constant) coefficients.

y - e(lX
y”: o e(lX
y”: az eGX

02e™*+ g o e™+bhex=0
(0?+ao+b)er*x=0

a’+aa+b=0 characteristic equation.

—a+va’—4b

2

alzz[—a+\/a2—4b],a2 =1[—a—\/a2—4b]

2

o=



&) e & a5 gla 30,0 1alas)
aa) g ﬂ P Z‘QL‘E

0y, 07
y: C]_ e(llX + C2 eOLZX

y' +y'-2y=0

a+0—-2=0

(a+2)(a-1)=0

m=-2,0,=1

y =C e+, ex

y''+ay’+by =0

y = e y' =0 e y'" = a2e ™

a’e™+aoe *+bex=0

(0?’+aa+b)e=*=0

a’+aa+b=0 Jall Aaldl) 5 jaall Aataall

_— . 2
characteristic equation _—atva'-4p
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— —atwi T -
3.2— 4b < O = - W2 —W2 :Wl 0!1722 2 =—a iWI

y = e® (A cos wx + B sin wx) general solution
(A, B) ol 5 Usbaall )5S Lavie olall Jall
Jallda s i an sl 13

L g )
y'(0)=1 , y (0)=4
at (x=0) at (x=0)
dy/dx=1 y=4
(A,B) st (il il 4008l 4 all (g0 Lisal s Aslaal) 45 5 (5 sy (o oy gl ) 2
y(0)=4
4=e°(Acos0+Bsin0)
4 = 1(A+0)

A=4



P TP WP PR K
..\AA\ ..\..'\3\9 uiﬁ P Z\.Gl..\h

| _3-Double roots |

(11=(12: = a.
y=(Cp +Cx) e

y"'+ 8y + 16y = 0

Solution :-
AM+8A+16=0
(At+t4)(AL+4)=0
}\«1:'4 ,}\42:'4

y = (Cy + C,X) &% general solution
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Find the particular solution
ify(0)=3,y'(0)=1
y'(0)=3,3=(c, +c,*0) e
dy/dx = (¢, + ¢, X) * -4e ™ + e* (c,)

1= (Cl +3 *0) * _4e4X0 4 @-4x0 (CZ)

c,=13

y = (3 + 13x) e particular solution



ENGINEERING ANALYSIS AND
NUMERICAL METHODS

Jua gall daala
dwaigl) 4408
Adiaa) Auaigll and
A La )
P BV WP TR
Aaal g i a0 ras b
2020-2021




P IV P WP IR
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Equation of order n with constant coefficients

AM+a AT+ +a,A+a;=0

Solvethe D.E: y'"'-2y"-y' +2y=0
solution:-

A-202-A+2=0

A-2)(A?-1)=0
A-2)(A-1H)(A+1)=0

}\41:2 ,7L22+1 ’}\'3:-1

Yy =C, €2+ C,e%+ C e
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Solve the initial value problem :

y"-2y"-2y=0, y(0)=05 ,y' (0)=-1,y"(0)=2
Solution:-

)3-222+2%=0
A (W2 -2 A+2)
M=0 , A2-2%+2=0

12,3:—(—2)3/(2—2) —4*2 . /12’3:—2124—8 . Ay =1%i
y = ¢, €9 + eX(C,CosX + C5SinX) general solution

1- y(0)=05

0.5=c¢, +e%(c,c0s0 + c,sin0)

05=c;+Churririinnnnn..n (1)

2- dyl/dx =y’ =eX(- ¢, Sinx + C5C0SX) + X (C,CoSX + C,SINX)
-1 = €% (-c,sin0 + c,c080) + (c,c0s0 + ¢5sin0)




P IV P WP IR
daa) Al g—a: PP ku‘h

3- dy/dx = e*[(c;-C,) Sinx + (c4+C,) COSX]

d2y/dx? =y == eX[-(c5*C,) SinX + (C5-C,)cosx] + [(C5-C,) Sinx + (C5+C,)cosX]
2 = e%[(c5-c,) cos0 — (cs*c,) sin0] + e [(c5-c,) sin0 + (c;+c,) cos]

2=C3—C,+C3+C,

2=2¢, C;=1
1/2=c,—c, c,=5/2

y=5/2 + eX[-2 cosx +sinx ] particular solution.
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Solve the D.E : Higher order linear ODES

y° —3y*+3y° —y? =0

Solution :

MW—3M+3A3-A2=0
A2[A3-3A2+34—1]=0
2A-1)(h=1) (A-1)=0

A2=0 , A =%,=0

Aa=Ag= A= 1

y = (Cy + CyX) €% + (Cg + C X + C5X?) €X

Y = C; +C,X + (C3 + C,X + C:X?) X

2ol ALEAY Cha (e o 22 g
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Higher Order linear ODES

y'-18y°+81y"=0
Solution :

A A+ 18 A%+ 81]=0

MBA2+9)2=0

A ((L—31) (A +30)?=0

AMsAy, A3 =0

Ay A=A, A, =£3i

Ex: Find the deflection equation for the load beam.

w/unit length

y

\AA A 4

A

B.C y(©0)=0  y'(0)=0
y(L)=0 yL)=0 £

d*y / dx* = w(x)/EI l

D.E Y =Y b yp y

Y d*y / dx* =0
M=0 A, A,, Ay, A =Zero

Yn= (€ + CoX + CgX* + €4 X°) e
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r(x) = w/El

yp=Cx* -

Yp=24C Sle @) G

24c = w/El c=w/ 24El

Yp = WI24E]l * x*

Yy =Cy + CX + CoX2 + ¢, x3 + W/24E] * x4

y(0)=0
O=c,+c,*0+c;*0+c,*0+c,*0+wW/24E1*0
c,=0

Yy =C, X + CoX2 + ¢, X3 + wx* [ 24 El
y =C, +2CoX +3 ¢,x% + 4wxd /24 El
y'" =2cy + 6C,x + Wx? / 2EI
0=2c;+6¢c,*0+w/2EI*0

c;=0

Y = C,X + C x4 + wx4 [ 24El

y"" (0) = 6¢,x + wx? [ 2El

y'(0)=0
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y(L)=0 x=L
O=c,*L+c,*L3+WL4/24El ..................... (1)
Y = C,X + ¢, x3 + wx4 [ 24El

Oy LeBlEal;

Y (L=0

0 = 6c,L + wL2/ 2E|

0=6¢c,+w/2El*L

c,= -wL / 12El

0=c,—wl*L2/12El + wL3/24El

¢, = WL3/24E|

y =wL3/24El * x —wL / 12EIl x3+ w / 24EIl x4

maxytoL/2

y (L/2) = WL3 / 24E1 * L/2 — WL/12EI (L/2)3+w /24 El * (L/ 2)*

y (L/2) =wL*/ 48EIl — wL3/96EI + wL*/ 384 EI

y (L/2)=8wL4 — 4wl + wL* / 384E]
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Ex: Find the deflection equation for the loaded beam

The related D . E is
d*y / dx*=w(x) / El
w(x) =P X/ L 0<x<L

B.C y (0)=0 y'(0)=0
y(L)y=0  y'(L)=0

d*y /dx* = PX/EIL

y:yh+yp

d*y /dx4=0 AM=0

A ohyuhg, Ay =0

Yp=(Cy + €y + CX* + C,x%) &%

Yp= Ky X° + Kox* (kyx + kp) x4
120k X + 24k, = PX / EIL

120k, = P/EIL 24k,=0

ko=0

o= P*x>/120 EIL

y:yh+yp

y=C tCX+Cyx2+cx3+P*x>/120 EIL
7 N\ — N

ANANEANANAN
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Y(X) = C,X + Cx2 + ¢, x3 + P * x>/ 120EIL

y'(0)=0

y'=¢c, + 2c;x + 3¢,x? + 5P * x4/ 120 EIL

0=c, ,c,=0

y (X) =cx2+c,x3+P*x>/120 EIL

y(L)=0

O=c;L?+c, L3+ PL>/120EIL ................. (1) /L2
O0=cy+c,L+PL3/120 EIL

Y'(0) =2cX + 3¢, X2+ 5P X4/ 120EIL ....oovveen... (2)

Y'"(L) = 2C, + 6C,X + 20 PX3/ 120 EIL ...vvveeeereenn (2)

y"(L) = 2¢, + 6C,L + 20 PL3/ 120 EIL =0
0=+2c,+2¢,L+PL2/60EI=0 .................... (2) Wil c¥aleall oy

0 =4c,L + 9PL2/ 60EI

C, = -9PL2/ 240 El = - 9PL2/ 240E|
0=c,—9PL?/240 El + PL2/ 120E]
c, =7 PL2/ 240 El

y (X) =7 PL2/ 240 EI * x2— 9PL / 240El + P/ 120 EIL * x®
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Ex: Find the deflection equation for the Cantilever beam

El d%y / dx2= M,

d*y /dx4=0

B.C y(0)=0 y'" (L) =M,/ El
y' (0)=0  y"(L)=0

dty/dx* =0

B.C

y (0)=0 y"(L) = M,/ El

y'(0)=0 y""(L)=0

Vi, = (Cy + CX + Cox2 + ¢,X3) ™

Yp:

r(x) =0

Yp=0

Y = C; + CX + CaX2 + €, X3
y(0)=0

N — A L A v LAY L A~

N

y:yh+yp N

Yy d*y /dx*=0 N

M=0 My s Ay s Agy Ay =0 N
L
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— 2 5
Y = C,)X + CgX* + C,X

— 2
Y'=C, + 2CX + 3C,X

y'(0)=0
0=c,+2c;*0+3*¢c,*0
c,=0

Y = X% + ¢, X3

y'(X) = 2C5X + 3¢,X?
y'(X)=2c,+3*2* ¢, *X
y'(L)=M/El ,  y"(x)=6c,
M,/ El = 2¢c,+ 6 *c,* L

c;= M,/ 2EI

y =M,/ 2EIl x?+ c,x3
y"(L)=0
0=6c, , ¢,=0

y =M, * x2/ 2El
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Buckling of Columns :

Axial axis is X — axis
d*y /dx*+p d?y /Eldx?+ Ky / EI = W(x)/El  FSEEEERNE ST A o ahey)
El d*y/dx?= M= - py s ) 8 Al Aaiiall

2 2 _ .
yres FpiEl Ty =t el £l JSI Aalal) ALl Sl )1 Al
simply supported only ; Lokl ) A_u),d\ y
Pcritical s dseall alaatyagl el : : : @A?j“

Putting P/EIl=Kk?

) e alaill Asladl) AN As ol e Y k2 LS | p
_’y”+ k2y — 0

AM+k?=0 A, A,=xiK —
yh = A coskx + B sin kx y

yp=0 r(x)=0

y=yh+yp

y=A coskx+Bsinkx

Bes  y(0)=0 yb=o0 B @ T
y(0)=0
0=Acos0 + B sin0 AN
A=0 y N

y=Bsinkx 0=B sinkL
v(LY=0
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Buckling of Columns :

sinkL=0
kL=nT
k=nm/L

P/El=k?=n21 2/ L2 n=1,2,
P=n?m?2El/L?2

P = Pcr if n=1 only

Pcr = mw2El/ L2
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B &EINDR

Ex: Find the deflection equation for fixed end column

El d*y/dx?= M, - p,
d?y/dx2+ Py / El = M, / El

y(0)=0 y'(0)=0
y'+ky=M,/El , PIEI=K?
Y=Y i yp

Vi, = A coskx + Bsinkx

Yo r(x) =M,/ El

Yp=C y",=0
0+k?c=M,/El
c=My/K?’El=M,/PEI =M, /p
yp:MO/p

y = A coskx + Bsinkx + M, / p
y(0)=0
0=Acos0+Bsin0+ M, /P
A=-M,/P

El constant

P~
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FIXED END

=-M,/Pcos kx+Bsinkx + M,/ p
y' =+ Mk / P sinkx + Bkcoskx

y'=0 atx=0

0=M,k/P*sin0+ B kcosO
Bk=0, k#0 , B=0
y=-M,/P*coskx+M,/P
y =M,/ p* (1 - cos kx)

y(L)=0
0=M,/p*(1—coskL)
My/p#0

1-coskL=0

cos kL =1 =cos nn n=2,4,6,.........
KL =nn

k?2=n2g2/L2=k?

P=n?z? El / L?

P=Per if n-=2
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Beams on elastic foundation:

d*y/dx4 + P d?y [ El dx?2 + k/ El *y = w(x) / El
d*y/dx4 + k/ El *y = w(x) / El
w(x)=w , 0<x<L

Bes y(0) =yL)=0
y'(0) =y"(L)=0

Putting k/EIl =4n*

y:yh+yp

Yh

A+ 4nt=0

A +4n22%2+4n%)—-4n?22=0

(A2 +2n2)2-4n2\?=0

(W2 +2n2-2n 1) (A2 +2n2) + 2n 1) =0
(A2-2nA+2n2) A2+ 2n L +2n2) = 0
AM—-2nk+2n?=0 OR A?*+2nA+2n2=0
OR

Ay, = NN A3s=-n=Eni

yi, (X) = (A cos nx + Bsin nx) e™+ ( C cos nx + D sin nx) g™
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Beams on elastic foundation:

Yp= r(x)=w/El

yp: C yllp: O yII: O

O+k/El*c=w/El c=w/k

y = (A cosnx + Bsinnx) e™ + (C cosnx + Dsinnx) e™+ w /[ k

DCBA sl ad sV B.Cs s dall ey
my" +cy'+ ky = f(t)
(t) ool Bas g xa s Jes :Dynamic load
(t) oM ae llig X ae s :Static load

Where
m is mass
c isdamping ratio B_yacia Bala (S Calida g Bas) gl Balall cull ¢

K is stiffness
k BALA\@MG&_A@ Ejl
Bgh = AU * Juaat "
ng :C*Z,&:J.u.: y’
a5 Aol 25 0 (po B 253 ey A1 A 3] oY) el
y(0) =7
y' (0)=7?
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Dynamic load

Where ¢ =0 undamped vibration

When F(t) =0 Free vibration
f(t) #0 forced vibration
c # damped vibration

free — undamped vibration when

c=0 & f(t)=0

my''+ ky=0

y'"+ kim*y=0
M+ k/im=0

Aa 058 ol SV K 9 sha 05 Of oS Y m
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y' (0)=0

Py sing = Acos0 + BsinO0

A =P, sinn—1T
2
y'(0) =0
y' = —w Asint + w Bcost
0=Bw w=#0 ~B=o0

. nm
. y(t) =Py sin— cos wt

2

LSy A 5 RSy e ully A B aasi G



