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Chapter one
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daeall dlacW) e function Alall Cay yes

A function is mapping denoted by f defined from a set called domain of f
denoted by D(f) and assigns a unique value f(x) in codomain for every

x€ D(f)

x > f

Input Output
(domain) (range)

FIGURE 1.1 A diagram showing a func-

tion as a kind of machine.
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FIGURE 1.2 A function from a set D
to a set ¥ assigns a unique element of ¥
to each element in D.

&V domain Jlaall audi Lgia 40 ja de gana o) Aadall
Jaal ansi Zagall e Yl de gone Liad Al de gona
Al Lxpally S5 codomain Jiiall

y=f(x)
domain Jaall I (aily x el
Range Gl st f(x) paliall pande gana

independent variable Jiiuall yaidl x o
dependent variable - Mizall il y ans

Graph the function

Caviesian coordinates and G‘rufk'i i the  plane °
Cordegian Co -5’&)11;\:‘_‘[*&; oye
Hovi Zondal ke 8 called Hhe
VE\’“‘{L‘«.{ L= I Ca”ra{ P

Y—adis

Se {_Giﬂ!\j c’rwvtm-d'
(_— 5 +)

ﬂ.«.;n«{ 61ﬂw1'm-a{ -z
e 5 =

> —otri s

Y —axis

Frsk ':IA'UU'J""“{"
(+-+)

Govtis c){/wué’\mr\&
(x,-)

Livie s




YE[ A/ £

Graphs of Functions

If f is a function with domain D, its graph consists of the points in the Cartesian plane
whose coordinates are the input-output pairs for f. In set notation, the graph is

{(x, f(x)) [ xeD}.

The graph of the function f(x) = x + 2 is the set of points with coordinates (x, y) for
which y = x + 2. lts graph is the straight line sketched in Figure 1.3.

FIGURE 1.3 The graphof f(x) = x + 2
is the set of points (x. y) for which y has the
value x + 2

EXAMPLE 2  Graph the function y = x* over the interval [=2,2].

Solution Make a table of xv-pairs that satisfy the equation y = x*. Plot the points (x, y)
whose coordinates appear in the table. and draw a smooth curve (labeled with its equation)

through the plotted points (see Figure 1.5). |
y
(=24 ,| (2,4) - y = x?
|'=.El
3 =2 4
39
2 33 =i i
=L0Y% (b D ¢ 0
| 1
| 1 L -
-2 =1 0 1 2 A 3 9
P 4
FIGURE 1.5 Graph of the function = 4
in Example 2. -
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Al Domain Jaw gl Al

EXAMPLE 1 Verify the natural domains and associated ranges of some simple fune-
tions. The domains in each case are the values of x for which the formula makes sense.
Function Domain (x) Range (y)

y = 2 (—o0, 0o) [0, )

v=1/x {(—o, 0) U (0, o) (—ce, 0) U (0, o)

= Vi [0, o) [0, )

y=V4-—-x (—o0, 4] [0, )

y= VI - =1, 1] [0,1]

dl_Aacw}‘ q\;a\qa\sq)g(duajuﬂd@@ju&@suo\ Sy asl sl du\‘_gbma\lus
o) T sa LS JI gal) &\;&\ e o paiin el range Ll sl alay) oK AIX domain

Common Functions

A variety of important types of functions are frequently encountered in calculus.

Linear Functions A function of the form f{x) = mx + b, where m and b are fixed con-

b3 domain 4l Jas

stants, is called a linear function. Figure 1.14a shows an array of lines f{x) = mx. Each

of these has b = 0, so these lines pass through the origin. The function f{x) = x where
m =1 and b = 0 is called the identity function. Constant functions result when the

slope is m = 0 (Figure

m==3

y==73y

m==

1.14b).

v

e

FIGURE 1.14 (a) Lines through the origin with slope m. (b) A constant func-

a)

tion with slope m = 0.
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Power Functions A function f{x) = x. where a is a constant, is called a power function.
There are several important cases to consider.

(a) flx) = x“ with a = n. a positive integer.

The graphs of fix) = &", forn = 1, 2, 3, 4, 5, are displayed in Figure 1.15.

¥ 2 Vv 5
: y=x2 5

y=x ¥ ¥ =3 ¥ ¥y= x* + VY=x
| . YUY
L 1 x 1 1 T 1 1 ¥ 1 1 T 1 L v
—1 o 1 —1 0 1 —1/0 1 -1 0 1 -1 0 1
=1 =1 s | —1 =]

FIGURE 1.15 Graphsof flx) = x".n = 1, 2.3, 4, 5, defined for —o0 < x < oa.

(b) f(x) = x*witha =—1 or a=-—2.

Domain: x # 0

Range: y#0 0
Domain: x # 0
Range: y>0
(a) (b)
FIGURE 1.16 Graphs of the power functions f(x) = x“. (a) a = —1,

(b)a = —2.
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The functions f(x) = x'/2 = Vx and g(x) = x'/3 = Vx are the square root and cube
root functions, respectively. The domain of the square root function is [0, o), but the
cube root function is defined for all real x. Their graphs are displayed in Figure 1.17, along
with the graphs of y = x? and y = x?/3, (Recall that x*/> = (x'/?)? and x?3 = (x'/3)2)

X x 1 X
1 ) ol 1 ol 1
Domain: 0=x<rco Domain: —co< x<oo Domain: 0 =x<oco Domain: — o< x < oo
i g 5 s fox | . =1
Range: 0=y<oo Range: co<y<oo Range: 0=y<oco Range: 0=y <oo

FIGURE 1.17 Graphs of the power functions f(x) = x“ fora = % % %, and %

Polynomials A function p is a polynomial if
pix) = ax" + a, i x" 1+ -+ ax + ag

where n is a nonnegative integer and the numbers a, a;, a,, . . ., a, are real constants
(called the coefficients of the polynomial). All polynomials have domain (—oo, 00). If the

. 1
i
y
4 y
i Y y=8xt— 1400 —9x2+ 1x—1 y= =2+ =1
21 2
L v, S %
=1 1 2
[ I ! [ 5 S o
e 0 L '
L 4 i = X
. ﬁ -
=" 2 - _ 8 L
i —~10+
o 4 — o 12 -
(a) (b) (c)
FIGURE 1.18 Graphs of three polynomial functions. Y
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Rational Functions A rational function is a quotient or ratio f(x) = p(x)/q(x), where

p and g are polynomials. The domain of a rational function is the set of all real x for which
g(x) # 0. The graphs of several rational functions are shown in Figure 1.19.

-4 =24V 2 4 -5 0 5 10 -4 —2 0
-1 —2F
i -4
NOTTO SCALE
Bl —6
-8
(a) (b) (c)

Algebraic Functions Any function constructed from polynomials using algebraic oper-
ations (addition, subtraction, multiplication, division, and taking roots) lies within the

; T i T
y y=x"/(x—4 .
A . ) b y=x(l — x)¥5
L y=2(x2-1¥
o [ .)(r
2 Ir
l L
1 > ¥ 3 - I 5
= ! =1 0] 1 ' 0 sl '
_l L 7
=2 il
_3_
(a) (b) (c)

FIGURE 1.20 Graphs of three algebraic functions.
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Trigonometric Functions The six basic trigonometric functions are reviewed in
Section 1.3. The graphs of the sine and cosine functions are shown in Figure 1.21.

AL O N\A T
_“w \/

(a) f(x)=sinx (b) flx)=cos x

FIGURE 1.21 Graphs of the sine and cosine functions.
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* Intervals : (Finite Intervals) :

a b a b
O O ® @
Open interval closed interval
a<x<b as<x<b
or (a,b) or [a, b]
a b a b
® O O ®
half — opened interval half — opened interval
a<x<b a<x<b
or [a,b) or (a,b]

Intervals : (Infinite Intervals) :

0
)

-0 <X <
or (—oo, o)
a A
¢ O
TEX =0 a<x<
or [a, ) i)
b b
. [y
—o<x<h —ww<x< b

or (—oo,b] or (—oob)
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-XAMPLE 1 Verify the natural domains and associated ranges of some simple func-
ions. The domains in each case are the values of x for which the formula makes sense.

Function Domain (x) Range (y)
y =2 (—o0, 00) [0, 00)
v=1/x (—oa, 0) U (0, o) (—oo, 0) U (0, 00)
y=Vx [0, c0) [0, 00)

y=V4-x (—o0, 4 | [0, c0)
y=VI1=x [—1,1] [0,1]

Even Functions and Odd Functions: Symmetry

The graphs of even and odd functions have special symmetry properties.

DEFINITIONS A function y = f(x) is an

even function of x if f(—x) = f(x),
odd function of x if f(—x) = —f(x),

for every x in the function’s domain.

VY
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The graph of an even function is symmetric about the y-axis. Since f(—x) = f(x), a
point (x, y) lies on the graph if and only if the point (—.x, y) lies on the graph (Figure 1.12a).
A reflection across the y-axis leaves the graph unchanged.

The graph of an odd function is symmetric about the origin. Since f(—x) = —f(x),
a point (x, y) lies on the graph if and only if the point (—x, —y) lies on the graph (Figure 1.12b).
Equivalently, a graph is symmetric about the origin if a rotation of 180 about the origin
leaves the graph unchanged. Notice that the definitions imply that both x and —x must be
in the domain of f.

x5 (x, ) 54

0 3 =x,—y

(a)
(b)

* Symmetry tests for graphs : : y XY
-symmetry about the x-axis : , I//
If the point (x, y) lies on the graph ’ T

then the point (%, —y) lies on the &Y
graph.

Symmetric points : y
p(xy) and Q(x,—y)
symmyric about the R(=x) B P
X — axis, o BN N

P(xy) and R(-xy) e
. A"

symmyric about the o

y — axis. o o b‘

P(x,y) and S(—x,—y) 85

symmyric about the

origin. o
S(=x-y) Q(x-y)

symmetric about the x — axis

V¢
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EXAMPLE 8 Here are several functions illustrating the definitions.

flx) = x* Even function: (—x)* = x? for all x; symmetry about y-axis. So
f(=3) = 9 = f(3). Changing the sign of x does not change the
value of an even function.

f)=x2+1 Even function: (—x)2 + 1 = x? + 1 for all x; symmetry about
y-axis (Figure 1.13a).

fx) =x Odd function: (—x) = —x for all x; symmetry about the origin. So
J(=3) = —3 while f(3) = 3. Changing the sign of x changes the
sign of an odd function.

fxy=x+1 Not odd: f(—x) = —x + 1, but —f(x) = —x — 1. The two are not
equal.
Noteven: (—x) + 1 # x + 1 forall x # 0 (Figure 1.13b). ]
24 _\'=_\'2+ 1 )
5 y=x+1
y=x"

Y4

(a) (b)

Piecewise-Defined Functions

Sometimes a function is described in pieces by using different formulas on different parts
of its domain. One example is the absolute value function

X, =0 First formula
x| =

i =0 Second formula

y
y=|x|
y=-x 3
y=x
2_
l_
[ R [ R .
-3—-2 -1 0 1 2 3

FIGURE 1.8 The absolute value
function has domain (—o0o, co) and
range [0, 00).

Yo
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+ Example (1) : Graph :

—X x<0
y=fx)={x* 0<x<1

1 x>1
Solution : ¥

)

LA 1.1

Functions
In Exercises 1-6, find the domain and range of each function.
L f) =1+ 2. f)=1-Va
3. Fx) = V5x + 10 4 g = VP — 3
__4 2
50 =53 6. G() = 7

Functions and Graphs
Find the natural domain and graph the functions in Exercises 15-20.

15. f(x) =5 - 2_1 16. fix)=1—2x — x*
BV v 18. g(x) = Ve
%3

21. Find the domain of y =

4—Vr—9
22. Find therange of y = 2 + V9 + 1%

Piecewise-Defined Functions
Graph the functions in Exercises 25-28.

X, 0D=x=1
2 Tl = {2— 1<x=2
2%, g(x}={lil’ 0=x=1

2l— 1 <x=2
27. F) = {4; i, x=]

Sl s bl |
28, GG) = {l/x. =20

X, 0=x

Y

1
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In Exercises 47-58, say whether the function is even, odd, or neither.

Give reasons for your answer.

47. f(x) =3 48. f(x) = x7
49, f)y =22+ 1 50. f(x) = +x
51 g() =x* + x 82, gy =x*+322 -1
53. gx) = 3 54, gx) = =
x —1 b it |
55. h(t) = —— s6. () = ||
57. hih =2t + 1 58. h() = 2|t] +1
59. sin 2x 60. sinx2
61. cos 3x 62. 1 + cosx

v

Shifting a Graph of a Function

A common way to obtain a new function from an existing one is by adding a constant to
each output of the existing function, or to its input variable. The graph of the new function
is the graph of the original function shifted vertically or horizontally, as follows.

Shift Formulas

Vertical Shifts

Shifts it down |k| units if k < 0
Horizontal Shifts

Shifts it right |h| units if h < 0

y= f(x) +k Shifts the graph of f up kunits if k = 0

y=f(x+ h) Shifts the graph of f leff hunitsif h > 0

AR%
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EXAMPLE 3

(a) Adding 1 to the right-hand side of the formula y = x? to get v = x> + | shifts the
graph up | unit (Figure 1.29).

(b) Adding —2 to the right-hand side of the formula y = x* to get vy = x> — 2 shifts the
graph down 2 units (Figure 1.29).

(¢) Adding 3toxiny = x’toget y = (x + 3) shifts the graph 3 units to the left, while

adding —2 shifts the graph 2 units to the right (Figure 1.30). y
;o 1 y=x>+2
_\'=_1'2+ |
Add a positive Add a negative ,
constant to x. . constant to x. ¥R
- Y -
2 7 n B xE -2
y=(x+3)" y=x= f[fy={(x—2) 4
I 1 unit Y|
1 i I .
=2\ 0| (g2
I I | Y oy
-3 0 1 2 l 2 units
= N5
* Example: y= vx—1 :
=" y=vVx—1
[ r,ﬂ’rr___ . —

+Example: y+2=(x—1)3, y=x-1)3 -2

o+
pmady y=(x=1)7 y=(x=1)-2
M /
/ ; --
—;|_ ;—“—.—-.—n— —_——
i 1 1 1 : L }
/f
| 4 # i
[
! [
¥ | 1

YA
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+* Example: y=x+1 :

e ¥=Xx =~

11 —xZ 2
2 ¥==% i1 y=—x>+1
1 e
1 1 2 , +F
i N -S F1 1 2
i f -IF L
=T / 24
34 /
I 31 Y
4+ / .
as

v

Scaling and Reflecting a Graph of a Function

To scale the graph of a function y = f(x) is to stretch or compress it, vertically or horizon-
tally. This is accomplished by multiplying the function f, or the independent variable x, by
an appropriate constant ¢. Reflections across the coordinate axes are special cases where
c=-1.

Vertical and Horizontal Scaling and Reflecting Formulas

For ¢ > 1, the graph is scaled:

y = cf(x) Stretches the graph of f vertically by a factor of c.

y= %f{.r) Compresses the graph of f vertically by a factor of c.

y = f(cx) Compresses the graph of f horizontally by a factor of c.
y = f(x/c) Stretches the graph of f horizontally by a factor of c.
For ¢ = —1, the graph is reflected:

y = —f(x) Reflects the graph of f across the x-axis.

¥y = f(—x) Reflects the graph of f across the y-axis.

14
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EXAMPLE 4 Here we scale and reflect the graph of y = Vx.

(a) Vertical: Multiplying the right-hand side of y = Vi by 3togety = 3Vx stretches
the graph vertically by a factor of 3, whereas multiplying by 1/3 compresses the graph
vertically by a factor of 3 (Figure 1.32).

(b) Horizontal: The graph of y = \/3x is a horizontal compression of the graph of
y= 2 by a factor of 3, and y = \/m is a horizontal stretching by a factor of 3
(Figure 1.33). Note that y = V3x = V/3Vx so a horizontal compression may cor-
respond to a vertical stretching by a different scaling factor. Likewise, a horizontal
stretching may correspond to a vertical compression by a different scaling factor.

(¢) Reflection: The graph of y = —V/x is a reflection of y= Vx across the x-axis, and
y= \V/—x is a reflection across the y-axis (Figure 1.34). i8]

A}

W B Lh

—_ 1

=1 0

FIGURE 1.32 Vertically stretching
and compressing the graph y = Vx by
a factor of 3 (Example 4a).
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FIGURE 1.33 Horizontally stretching and
compressing the graph y = Vx by a factor of
3 (Example 4b).

FIGURE 1.34 Reflections of the
graph y = V/x across the coordinate
axes (Example 4c).
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Shifting Graphs

23. The accompanying figure shows the graph of y = —x” shifted to
two new positions. Write equations for the new graphs.

Position (a) y=—x1

Position (b)

24. The accompanying figure shows the graph of y = x* shifted to
two new positions. Write equations for the new graphs.

v

Position (a)

Position (b)

25. Match the equations listed in parts (a)—(d) to the graphs in the

accompanying figure.
a _\‘=(,r—1)2—4 b.
e y=(x+22+2 d y=

Position 2 Position |

2
-2,2)
Position 3 !
JE=ysy

[SIE)

—4-3-2~

(=3,-2)

26. The accompanying figure shows the graph of y = —x? shifted to

four new positions. Write an equation for each new graph.

¥

(1. 4)

vy
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Exercises 27-36 tell how many units and in what directions the graphs
of the given equations are to be shifted. Give an equation for the
shifted graph. Then sketch the original and shifted graphs together,
labeling each graph with its equation.

x2+ ¥y =49 Down 3, left 2

24y =25 Up3, left4

27,
28.

y

30. v

-y

x} Left 1, down 1

Vertical and Horizontal Scaling

Exercises 59-68 tell by what factor and direction the graphs of the
given functions are to be stretched or compressed. Give an equation
for the stretched or compressed graph.

59. ¥

60. y = x> — 1. compressed horizontally by a factor of 2

x* — 1, stretched vertically by a factor of 3

1 .

: 6l. v=1+ =, compressed vertically by a factor of 2
x* Right 1, down 1 : - P ertically by
Vi Left 0.81
—Vx Right3
2¢—7 Up7
1 ;
5“ + 1) + 5 Down 35, right |

vy




