
Chapter 5

Integration

Finite Sums

Sigma Notation for Finite Sums

The symbol  ∑ ��  ���� denotes  the sum of  the 

n terms    �� � �	 �⋯� ���� � �� .
Example-1

1. ∑ �� =	���   �� � �	
2. ∑ �� =
���   �� � �	 � �� � �

3. ∑ ��  ���� =  �� � �	 �⋯� ���� � �� 



Example-2

1. ∑  � = 1 + 2���� + 3 + 4 + 5 = 15

2. ∑  −1 ������ = −1 � 1  + (−1)	(2) + (−1)�(3) = − 2

3. ∑  �
���

	��� =  
�

��� + 
	

	�� =  
�
	 +

	
� =  

�
�

4. ∑ k + 4 =���� (1+4) + (2+4) + (3+4) = 5+6+7 = 18

OR

=∑ k + ∑ 4 =�������� (1+2+3) + (4+4+4) = 6+12 = 18

P.293

1,3,5,7,9,11,13,15

H.W

Example-3 

∑ sin �"
	  ���� =  sin �."

	 + sin 	."
	 + sin �."

	 = 1 + 0 + (-1) = 0

Find the value of     ∑ sin (�"
	 )����

Solution:



Area under the curve 
Let y= f(x) be a continuous function defined on a closed interval [a,b].

A1=f(x%)∆x (area of first rectangle)

A2=f(x�)∆x (area of second  rectangle)

⋮
An=f(x���)∆x 
A  ≅)* ∑ +(,���)∆,����  
A = lim�→0  ∑ + ,��� ∆,����)*

A =)* 1 + , 2,*
) (area under the curve)

∆x

∗  45678795 :895;<=> ∶ 

A x
a  =    A f  x     dx

D

E

A b
a  =    A  f  x     dx

G

E       =     F  b   −  F  a 
∗ IJ>5K L6 M5678795 7895;<=>K:
1) A  f x   dx 

E

G
  =   − A  f x  dx

G

E

2) A  f x   dx 
E

E
  =   0

3) A k f x   dx 
G

E
=   k A  f x  dx

G

E
   , A − f x   dx 

G

E
=   − A  f x  dx

G

E

,0

y  =  f (x)

Q

,
� R



4) A  f x  ±  g x  dx
G

E
= A  f x   dx

G

E
  ±   A  g x  dx

G

E

5) A f x   dx 
G

E
+ A  f x  dx

U

G
   = A  f x  dx

U

E
  ,

    A  f x  dx
U

G
 = A  f x  dx

U

E
   −  A  f x   dx 

G

E
   

∗ VW=XY>5 ( Z ) ∶ 
Find the area under the curve   y = x	   from  x = 0  to  x = 1  .
dL>J97L8:
A 1

0  =    A y    dx
�

%
        =    A x	    dx

�

%
        =      x

�
3   1

0    =     1
3   − 0     

A 1
0  =  1

3 unit	  .

Q =  ,	

0 12,

Q

,

R0

y  =  f (x)

Q

,
� c

∗ VW=XY>5 ( e ) ∶ 
Find the area under one arch  of    y =  cos x     .
dL>J97L8 ∶

A =    A    cos x  dx
f
	

�f
	

     =   [  sinx  ] π/2
−π/2

      =  sin π
2    −  sin −π

2

      =   1  −    −1 

      = 2     unit	  .

y = cos x



∗ k. l
 Z −      m78M 9n5 =<5= J8M5< L85 =<on  L6    p =  oLKq W     .

  e −     m78M 9n5 =<5= J8M5< L85 =<on  L6    p = K78 (W/e).

∗ :6   6  n=K rL9n YLK797s5 =8M 85;=97s5 s=>J5 L8  [ = , r ] .

A�   =   − A f x     dx
Dt

E

A	   =    A   f x     dx
Du

Dt

A�   =  − A f x     dx
Dv

Du

A
   =    A f x     dx
G

Dv

Total area  =    A�   + A	  + A�   + A
   .

Q

R�
,

,� ,	 ,�x�

x	

x�

x

Q =  +(,)



∗ VW=XY>5 ∶ Find the area of the region between the x − axis
and the curve  y = x� − 4x   , −2 ≤ x ≤ 2   .
dL>J97L8 ∶
y = x� − 4x = 0  ⇒    x x	  − 4 = 0
x = 0  ,  x = ∓2

A y  dx = A (x�−4x) dx 
%

�	
+ A (x�−4x)dx 

	

%

	

�	

=
D}

    −   
Du

	   %
�	    +   D}


    −   
Du
	   	

% 

⇒ 0 − 0 − 16
4   − 2 4 + 16

4 − 2 4 − (0 − 0)

= −4 + 8 + 4 − 8 = +4  + −4   =   8 units	   .

Q = ,� − 4,

x�

x	

∗  :8M5678795 :895;<=> ∶ 
A 6(W)

�

�
  MW  =   m W +   �

∗  :895;<=97L8 6L<XJ>=K: 
1 -  1 x�     dx  =    D��t

���     +   C            n ≠ 1  .�
�

2 -  1 x��   dx  =   ln x   +   C    .�
�

3 -  1 sin x   dx  =   − cos x   +   C   .�
�

4 -  1 cos x   dx  =       sin x   +   C�
� .

5 -  1 sec	x    dx =  tan x   +   C  .�
�

6 -  1 csc	 x   dx   =   − cot x   +   C   .�
�

7 -  1 sec x  tan x  dx   = sec x +   C�
� .

8 -  1 csc x  cot x   =   − csc x    +   C  .�
�

where C is an arbitrary constant
constant of integration .

�. � . P. 316 :

1 , 5 , 6 ,7 , 9 , 13 ,16 , 

17, 19 , 21, 22



∗ VW=XY>5 Z :     1(W�   −  qWq�
�   +   eWe    −   W +   Z ) dx

                                     =   x�
6   − 3

4 x
  +   2 x�
3   − x	

2   +   x +   C         
∗ VW=XY>5 e :     A K78 qW   MW

�

�
                                     =    − cos 3 x

3   +   C      
∗ VW=XY>5 q :     A oLK W

e  MW
�

�
                                     =     2 sin  x2    +    C    
∗ VW=XY>5 � :     A � K5o eW   9=8 eW  MW

�

�
                                     =     5

2   sec 2x +   C         

∗ VW=XY>5 � :    A K78e  W    MW
�

�dL>J97L8 ∶
=  A 1

2 (1 − cos 2x )  dx
�

�

=   1
2 [  x − sin2x

2   ]  +   C   

∗ VW=XY>5 � :    A oLKe  W    MW
�

�dL>J97L8  ∶  
=  A 1

2 (1 + cos 2x )  dx
�

�
    

 =    1
2 [ x + sin2x

2 ]  +   C



∗ VW=XY>5 (�) ∶  Solve the following initial value problem ∶
d	y
dx	 = 6 x − 2  , initial condition dy

dx = 0  and   y = 10 when x = 1  .
Solution :

dy
dx  =   3x	   −   2x +  C�

0 = 3  1 − 2  1  + C�    →    C�  =   −1   .
dy
dx  =   3x	   −   2x  − 1 . 

 y =  x�   −  x	 − x + C	

10  =   1  − 1 − 1 +  C	

C	 = 11

y =  x�   −  x	 − x + 11       .

�. �.   P. 325 :

- 5

- 10

- 15

- 21

- 26

- 37

- 41

- 44

∗  :895;<=97L8 rp KJrK979J97L8: 

∗ VW=XY>5 (Z) ∶       A(x +   2)�   dx
�

�dL>J97L8:
let u = x + 2     ,   du = dx   .
= A(u)�   du   

�

�

=   u�
6    +    C

=    1
6   ( x + 2 )�     +   C .



∗ VW=XY>5 e :                     A �W − Z�     MW
�

�dL>J97L8 ∶
let u = 4 x − 1    , du = 4dx   ⇒    dx = du

4
∴ A 4x − 1�     dx

�

�
= A u  �  .  du

4    
�

�
=   1

4   A u�/	
�

�
   du 

=   1
4   .   23    u�/	    +   C   

=   1
6   ( 4x − 1 )�/	  +  C  .

∗ VW=XY>5 q :                     A oLK ( � W + � )    MW
�

�
Solution :

let   u = 7 x + 5     ⇒    du = 7dx     ⇒       dx = du
7     .

∴   A cos ( 7 x + 5 )    dx
�

�
   =   A cos u  .  du

7    
�

�

=   1
7  sin u   +   C 

=   1
7   sin  7 x + 5  +    C   .  



VW=XY>5 (�) ∶                      A  We  K78 Wq   MW
�

�dL>J97L8:
let u =   x�      
du = 3x	dx    
x	dx = du

3
∴ A  x	  sin x�   dx 

�

�
 =   A sin u  .  du

3    
�

�

        = − 13   cos u    +   C

        = − 13   cos x�   +   C    .

∗ VW=XY>5 (�) ∶               A  MW
oLK  e eW

�

�dL>J97L8:
= A sec	 2x  dx   

�

�

=     tan 2x
2    +    C  . 

∗ VW=XY>5 (�) ∶            A  We  +   e W +   q   W + Z  MW
�

�dL>J97L8 ∶

=  1
2   .    x	 +  2 x +   3  	

2     +    C  .



∗ VW=XY>5  � :          A    (We +  e W +   q)q    W + Z  MW
�

�
dL>J97L8 ∶      = 1

2   .  (  x	 +  2 x +   3  )

4     +    C   .

∗ VW=XY>5 (�) ∶          A K78�W   oLK W  MW
�

�
dL>J97L8 ∶       =  sin�  x

5     +    C  .   
∗ VW=XY>5 (�) ∶          A K78 W  oLK W   MW

�

�
dL>J97L8 ∶      = sin	x

2   +    C               ,  or   =  − cos	 x
2   +    C  . 

∗ VW=XY>5 Z� :      A e �
�e  +    Z q    M�

�

�
dL>J97L8 ∶   = 1�

� 2 z  (z	 + 1 )��/�  dz =    �
	   (  z	 +1  )	/�   +   C  .   

∗ VW=XY>5 (ZZ) ∶       A 9=8 W  K5oeW    MW
�/�

�dL>J97L8 ∶

=    tan	 x
2   π/4

0          

=   1
2  tan	(π

4)  − tan	 0 = 1
2 1 − 0 =  1

2

or ∶     A tan x    sec x  .  sec x  dx
f/


%

=    ��Uu D
	   f/


% = �	[ sec	 f

 −  sec	 0]

=   1
2    2�   	    −   1  =    1

2     2  −   1  =   1
2     

�. � .  P. 333

- 3

- 6

- 12

- 16

- 17

- 38

- 39

- 40

- 48

- 49


