Chapter S
Integration

Finite Sums

Sigma Notation for Finite Sums
The symbol Y;_; a, denotes the sum of the
n terms A1+ 02 4..4 Apn—_1 4+ Ay .
Example-1
2 _
1 Dk=1Qx = 014 Qp
4 _
2. Yk=1Qx = Q14 Gy 4 A34 0y
n —
3. Xk=1Qkx = Q14 Az 4.y Qp_q14 Ay



Example-2
1. Y2, k=1+2+3+4+5=15

2. Yioy DMk = (D' + (D)%) + (-1)33)= -2

k 1 2

3. 2_ = + =
2k=1i7 = a1 741

N

+

[SSI ]

4. Yo_ (k+4) =(1+4) + (2+4) + (3+4) = 5+6+7 = 18
OR
=33 k+ Y 4= (1+243) + (4+4+4) = 6+12 = 18

Example-3
. 3 . km
Find the value of Y3_, sm(;)

Solution:

213;=1 sin (%n) = sin (1771) + sin (27”) + sin (3%) =1+0+(-1)=0

AW P293
1,3,57/911,15,15



Definite Integral
Area under the curve

Let y=f(x) be a continuous function defined on a closed interval [a,b].

Al=f(xy)Ax (area of first rectangle)
A2=f(x;)Ax (area of second rectangle)

An=f(x,,_1)Ax
AG = Xi—q f (t—1)x

A3= 111_{210 Z;cl=1 f(xp—1)Ax

Ab= f: f(x)dx (area under the curve)

f ()

+ Definite Integral :

A;(= f:f(x) dx
b
A:= Lf(x) dx
= F(b) —F(a)

* Rules of definite integrals:

1)Laf(x) dx —be(x)dx

0

b
.[
a

2)jaf(x) dx

b

3)jbkf(x) dx f (x) dx ,.[

a

—f(x) dx



b
4)] (fx) + gx)dx=

S)J-bf(x) dx +J:f(x)dx

b

fbf(x) dx +

a

jcf(x)dx ,

a

fbcf(x)dx =fcf(x)dx — jbf(x) dx

* Example (1) :

y

J g(x) dx

0

Find the area under the curve y =x? from x=0 to x=1 .

Solution:
1 1

A = d
0 Jo v

A1 = it?
0 = 311111 .

+ Example (2):

—X31—10
1310 3
1

1
sz dx
0

Find the area under one arch of y = cosx

Solution :
TT
2
A = j cosx dx
—Tt
2
B . /2
= [ sinx ]_ﬂ/2
— . 1-[ . _1-[
= sm2 sin 2
=1 - (-1)

= 2 unit? .

y

y = COSX

. . Wt
2 T a2




«xH W

1 — Find the area under one arch of y = cos3x

2 — Find the area under one arch of y = sin (x/2).

+ If f has both positive and negative valueon [a,b].

X1
A = —j f(x) dx
a

X2
A, = f f(x) dx
X1

>
w
I

X3
—j F() dx s
X2

b
A, = ff(x) dx

3

Totalarea = |A{| + |A,| +|A3] + |A4l .



* Example : Find the area of the region between the x — axis

and the curve y = x3 — 4x -2 <x<2.
Solution : N Ty =9|c3 — 4x
y=x3—-4x=0 = x(x* —4)=0 ,\( ; I|
[ 3t |
x=0 , X =42 I|II A I". x
| 1 I | u
: N
j y dx = j (x3—4x) dx + f (x3—4x)dx [ IIIII\\AZ [
— | -~ 1 I|II
| K;
0 x4 4x% 12
o R L |

16 16
:’[(O_O)_<T —2(4)) + (T_2(4)>_(0_0)]

=[-4+8]+[4 —8] = |+4| +|—-4| = 8 units?

*+ Indefinite Integral :

Jf(x) dx = F(x)+ C

where C is an arbitrary constant

(constant of integration).

*+ Integration formulas:

XI‘l+1

1- [x® dx = + C n#1.

n+1

2- [x1 dx = Inx + C

3- [sinx dx = —cosx + C .

4- [cosx dx = sinx + C .
HW. P.316:

5- [sec’x dx = tanx + C. 1,5,6.,7,9,13.16,
17,19, 21,22

6- fcsc?x dx = —cotx + C .
7- [secx tanx dx =secx + C .

8- fcscx cotx = —cscx + C.



+ Example (1): [(x°> — 3x3 + 2x? - x + 1)dx
x6 3 x3  x?
= — — —x4 22— ——
G 4x + 3 > + x+ C

+ Example (2): fsin 3x dx

_ —Ccos 3x +C
B 3
X
+ Example (3): Jcosidx
= 2sine + C
= sin >

+ Example (4): J 5sec 2x tan 2x dx

-2 2x+ C
= 5 secix

+ Example (5): fsin2 x dx

Solution :

1
= JE (1 —cos2x) dx

sin2x

+ C
2

1
_Z[X

+ Example (6): jcos2 x dx
Solution :

1
= JE (1 +cos2x) dx

sin2x
2

L
5 LX



+ Example (7) : Solve the following initial value problem :
d? d
£y = 6 X — 2 ,initial condition d—z =0 and y=10whenx=1.

dx?

Solution :

dy

i 32 — 2x + (4

d

Y 3x2 — 2x —1.

dx H.W. P.325:
-5

y =x3 —x?-x+ C, 10
-15

10 =1 -1-1+ G, 221
-26

C, =11 - 37

2 -4
- 44

y=x3 —x?—-x+11

* Integration by substitution:

+ Example (1) : f(x + 2)% dx

Solution:

letu=x+2 , du=dx .



+ Example (2): f\/4x —1 dx

Solution :

letu=4x —1 , du=4dx = dX:T
.°-.[\/4x—1 dx

fu

ful/z du

2
.z u¥? 4+ C
311

e B

Y

(4x —1)3/2 + C.

+ Example (3): j cos(7x+5) dx

Solution :

du
let u=7x+5 = du=7dx = dx = —

7
du
3 Jcos(7x+5) dx = fcosu 7

= = sinu + C
751nu

1
=3 sin(7x+5) + C .



Example (4) : j x? sinx3 dx

Solution:

letu= x3

du = 3x2dx
du

Zd:_
X~dx 3

du
.'-.[xz sinx3 dx = fsinu =

dx
* Example (5) : j— m—ZZX
Solution:
= j sec? 2x dx
_ tan 2x +C
— > _
+ Example (6) : j(x2+ 2x + 3)(x+1)dx
Solution :

1 (x2+2x+ 3)?
- + C.
2 2




+ Example (7): j x?+2x + 3)® (x+1)dx

_ 1 (x*+2x+ 3)*
Solution: == . +
2 4
+ Example (8) : jsin“x cos x dx
_ sin® x
Solution: = c + C.
+ Example (9) : fsinx cosx dx
_ sin?x
Solution: = > C , or

+ Example (10):

27
— dz
jg\/zz + 1

C .

Solution: =[ 2z (z2+1) Y3 dz = % (z2+1)%3 + C.

/4

* Example (11) : J tan x sec’x dx
0

Solution :

[ tan®x |m/4

- 2 0

= % [(tanz(g) — tan? 0)] =% (1-0) = %

/4
or : j tanx secx . secx dx
0

— [ﬂ ]“/4 = [ sec? G)— sec? 0]

2 (!

=%[(\/§)2 —1]=%(2—1)=

2

H.W. P. 333
3
- 6
- 12
- 16
- 17
- 38
- 39
- 40
- 48
- 49



