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Sequence




 ConsiderasetA={a ,a ,a ,a ,..,a ,..}

* Adding order a , a a
Lo
1 2 3

* The order {(aq, a,,as, ..., a,, ...) is called a sequence

Sequences: Partl



* Definition: A Sequence is a function whose domain is the set

of positive integers Z, = {1,2,3,4, - }.
* We denote to sequences as {a,}; or {(a,)
{an}io — (an> — (alr dp,Aa3, ..., Ap, )

 Example: n“} =(1,4,9,16, ...,n%,...)

Sequences: Partl 3



Monotonicity

a1<a2
CllSClz

a, > a, >
=

a, = a,

[ncreasmg]»

IN A

V
Q
=
V
Q
=
_|_
—
IVV

*° < an < an+1 < *ee
oo an S a?’l+1 S coe

Vvn=>1= increasing seq.
Vn = 1 = nondecreasing seq.

- Vn=21= decreasing seq.

¥Yn = 1 = nonincreasing seq.

[nondecreasmg ».« nondecreasmg]« [decreasmg]

Sequences: Partl 4



Examples

> (n21° =(1,4,9,...n2%,..) »{(DM=(-1,+1,-1,..)

1<4<9<16<25< -

n“<(mm+1)?% vn=>1
1 An
o
o
o

PY ®

——t——t——+—+—n

1 2 3 4 5

Increasing = Monoton

o][e

Sequences: Partl

—-1<+1>-1<+1>--

1 1 1 :)n
2 3 4 5

not Monotonoic



Bounded sequence

It 3M € Rsuchthata, <M Vvn=1 jy
then (a,,) is called bounded above

If 3m € Rsuchthata, 2m vn=>1
then (a,,) is called bounded below . o

If (a,,) is bounded below AND bounded

above then (a,,) is called bounded (bdd.) A

If (a,,) is not bounded below OR not bounded
above then (a,,) is called not bounded (not bdd.)

Sequences: Partl



Examples

> {(n?}P=(1,4,9, ...,

+ n2 > 00asn — oo = not bdd. above

n?,...)

not bdd.

R, = 7
‘m2>1 vn>1 = bdd.belowbym—l}: (n2};

> {1/n}°=(1,1/2,1/3,...,1/n, ...

v1/n<1 vn=>1

v1/n=>0 vn>1

— bdd. above

— bdd. below

Sequences: Partl

)

oy M =1 } _ {1/n}7°

M =0 bdd.



Convergence

* Asequence (a,) is called convergent (conv.) if 3L € R s.t.

Lima, =L

n—>0o

* Definition: Lima,, = L ifand only if Ve > 03N € Z, s.t.

n—>00

la, —L| <€ VYn>N

* Asequence {(a,) is called divergent (div.) if it has no limit

Lima,, = too OR Lima, is not unique

n—00 n—00

Sequences: Partl



Examples

> {1/n3P°=(1,1/2,1/3,...,1/n,...)

Lima,=Liml/n=1/c0 =0 = hasalimitL =0

n—>00 n—>00

~ {1/n}7° is conv.

> (—D)")=(-1,+1,-1,...)

Lima, = Lim(—1)" =

n—00 n—>00

{+1 n is even
—1 nisodd

w (=DM is diw.

Sequences: Partl

}: has no limit



Exercises

» Show whether the following sequences are monotonic,
bounded, convergent or not:

(-1/mp,  A+EDYY, (DY
=D G (@)

» Give examples of sequences satisfying the following:
 Bounded and not monotonic.

* |ncreasing and convergent.

* Monotonic and divergent.

Sequences: Partl

10



* Sequence 4x il

* Function 4l

* Domain Gslhis

* Positive integers 4susall slacy)
4 gall

* Denote . »

* Monotonic 4

* Increasing 3 ¥

* Nonincreasing sl yia &

Sequences: Partl

Slallas des 5

* Decreasing 48lii

e Nondecreasing 4=iliis e

* Bounded 33«

* Bounded above =Y (1 3158
* Bounded below 32Y) (3 31
* Convergent 4 liic

* Divergent 3acliia

* Even (>3

« Odd 24

11






Determinate forms

e Letr > 0, the following forms are determinate:

r —_ 00 r
— =0, 0+7r=0,0:"r=00,—=00,—=0, 00" =00
0 T co
* the following forms are also determinate:
00 0 0
O + 00 = 00, 0O - 0O = 00, 0O :oo,F:oo,—:()
0.0

e Letr =0, then

cO r>1
limr”=r°°:{1 r = }

n—>00



Indeterminate forms

. 0 0
Indeterminate forms: S 000, 00— 00, 0% 0



- | <n2+2n_1> - n?+2n—1 o?+20—1 o
. : —_— e —
xample. 3n3+n R0 3nd +n 3003 + o0 co
[By cancelling the greatest power n3 }
n? n 1 1 1 1
ntton—1 BRI 3t255-g3 42703
Lim = Lim 3 = Lim
noco  3n34n n—e a1 n noo gy 1
w3 T3 n?




Example: (n sin(2)) = Lim n sin(1) = oo sin(X) = oo sin(0) = 00 -0 ?

n—->0o
{L'Hépital's Rule: LimZI® =2 or= = LimLI® = Lim m ]
n-oo 9g(m) 0 = © n-ow g (M) n-oowodgn)

. (1 !
Limnsin(%) = LimM —Sm(g) — sin(0) =% ? [L'Hépital's Rule ]

n—oo Nn—oo 1 1 0
n (0'e)
an(d) (M 1= .
pim —7 = pm S Lim cos(3) =cos(5) = cos(0)= 1y
n n



Example: (n® —2n )= Limn3 —2n = 0% —20 =0 — w 7

Nn—>00
[Factorizing: factoring out the greatest common }
@:actorizing]
Limn3 — 2n = Lim n(n? — 2) = o (0% — 2)
Nn—o>00 Nn—o>00

=oo-oo:00\/

= (n° — 2n) div.

Sequence: part2 6



Example:(\/n+ —\/ﬁ):Lim\/n+ —\/_ =\/OO+1—\/E=OO—0.0

n—-00o

COJugate

[conjugate (a+Db) « >(a—b) = (a+b)-(a—>b) =a?— b? }

- X+ conjugate

Lim vV + 1 — 7 e g (VY D -’

n—00 X Vmrievn g i+ 147
— 1

= Lim (nt1) n=Lim — 1

N P N B RINC ES RN
— - ——0\/=>(W \/_)Conv

Sequence : part2




Example: <(n—+1) > = Lim (n+1) = Lim (1 + %)n= (1 + é)oo= 1 ?

n— o0 n n—oo

[Logarithm: ln(ab) = bIn(a) , eln(d) = g ]
.
Letan — (1 -|—1) :ln(an) = ln(l +%) — n]n(l;—%)

%Lrg In(a,) = le n In (1 + ) o In (1 + l)— o 0 [L'Hc“)pital's Rule}
_ ~ In(1 —1
%Lrglo In(a,) = T%IIOI}) n(;'n) _ J;lglo 1/(1:) 72— 1/(1 n %) —1
n n
= Lim(a,) = e In@n) _ o1 _ \/ = <(n7+1) > — ¢ Conv.

n—>00
8



Exercises

» Show whether the following sequences are convergent or
divergent:

\")  (2nt-n3+n)” sin(n) In(n)
(_E> _ 1 n*+n-1 jn:1 n n2

(" — 2m) {(nf’fl)"ln:1 <_> (vn)




Determinate forms
Indeterminate forms

Cancelling

Greatest power
L'HOpital's Rule
Factorizing

greatest common factor
Conjugate

Logarithm

Sequence: part2

(AaY) Baass) Aima jea
(WY Bame ) eyt e

u.ui ?‘ij c:\;JJ L;ci
i) 5ac

Jalse (A dalas
SV @ piiall Jalall
Alaall 33l 4
ke sl

10
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Example 1. Show that whether the following sequences (seqs.) are bounded,
monotonic, convergent or not?

A {3l
Solution: We have <%> = (1, %, %, i, ),
an
1 °
o
L °
< ' : 7
Ol 1 2 3 4

Figure 1: The points represent the terms of the sequence (%}

then,

.. 1 1 1 : 1 1

So, (%) is decreasing = monotonic (See figure (1)).
-1 <1, Vn>1= bdd. above by M =1,

= (1) is bounded.
>0, Vn > 1 = bdd. below by m = 0.

3=

3. (1) is convergent because
n

" 1
lim — = —
n—oo n, 00

= 0.
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Gy,
A
1 2 3
« 0 t » N
. .
®
—1 )
\

Figure 2: The points represent the terms of the sequence <_71>

then,
.. —1 —1 —1 : -1 —1
1. ’_1<T<T<T<'“ 1.e.7<n—+1, Vn > 1.

So, (%) is increasing = monotonic (See figure (2)).

- =1 <0,Vn > 1= bdd. above by M =0,
= (=1) is bounded.

2.
-=L > —1,¥n > 1 = bdd. below by m = —1.

3. (=1) is convergent because

C. {1+ (=1},
Solution: We have (1 + (—1)") = (0,2,0,2,---),

an

A

o ° ° °

1..

« 0 @ t ® } ® —p N

1 2 3 4 5 6

\4

Figure 3: The points represent the terms of the sequence (1 + (—1)")
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then,
I. 0<2>0<2>---
= (1 + (—1)") is not monotonic (See figure (3)).
14 (=1)" < 2,¥n > 1 = bdd. above by M = 2,
2. = (1+(—1)") is bounded.
14 (=1)" > 0,¥n > 1 = bdd. below by m = 0.

3. - the seq. oscillates between two values (0 and 2) because

: n )2, if n is even
dm 1+ (1) = { 0, if nis odd °

= the seq. (1 + (—1)") is divergent.

Solution: We have ((_1)n> = (-1, 1, %1, Lo,

(e7%
A
1..
Y
1 3,5
7 ' é04‘%_>n
—1 o
\ 4

(—1)”>

Figure 4: The points represent the terms of the sequence (*—

then,
.. 1 -1 1
1. ’_1<§>T<Z>'”

— (%) is not monotonic (See figure (4)).

CLY is bounded.

n

e CED" < 41, ¥n > 1=>bdd. above by M = +1, <
: =
- EDY > 1) Wi > 1 = bdd. below by m = —1.
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——) is convergent because

—1)" S
lim( ):{OO +0,

if n 1s even _0
n—oo M 1=, ifnisodd [
E. {5},
Solution: We have ([”T“D =(1,1,2,2,3,3,---),
an
A
31 ) )
21 o o
1 e e
< 0 } } )
1 2 3 4 5 6
v

Figure 5: The points represent the terms of the sequence (|

)

<2<2<3<3- e ] <[22 Vn> 1
]} 1s non decreasing = monotonic (See figure (5)).

1] = o0 as n — oo, = not bdd. above ,

= ([%+']) is not bounded
11>1, ¥n > 1= bdd. belowby m = 1.
]) is divergent because

i [P = 257 = el =

3. <[”T1
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F {3,

_ /1 2 3 4 5 6

Solution: We have ( +1> — <§>§7Z $28 ),

an

A

314

24

g . © ® ° o ¢

4 I } »n
0 1 2 3 4 5 6
\{
Figure 6: The points represent the terms of the sequence (TLLH)
then,
| 2 3 4 5 6

Lo <s<y<s<g<z - le;5<;5 Wn=>Ll

So, (1) is increasing = monotonic (See figure (6)).

w7 <1, Vn>1 = bdd. above by M =1,
47 20, Vn > 1= bdd. below by m = 0.

N

= (;47) is bounded.

(O8]
—~
3

0o\
—) is convergent because

1
= lim 1= 1, (L’Hopital’s rule).
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G. {Sin(%)}il

Solution: We have (sin(1)) = (0.01745,0.00872,0.00581, 0.00436, 0.00349, -

7

A
0.031

0.021

Figure 7: The points represent the terms of the sequence (sin(1))

then,
I. --0.01745 > 0.00872 > 0.00581 > 0.00436 > 0.00349 - - -
i.e. sin(+) > sin( Vn > 1.

So, (sin(

+1)
) is decreasing = monotonic (See figure (7)).

5 sin(=) < 1,Vn >1 = bdd. aboveby M =1,
| osin(d) > 0,¥0 > 1 = bdd. below by m = 0.

3. (sin(1)) is convergent because
1 1

lim sin(—) = sin(—) = 0.
nl_)ITOlOSll’l(n) sm(oo)

..>,

} = (sin(+)) is bounded.
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[ Example 2. Give examples of sequences satisfying the following:

[ A. Bounded and not monotonic.

Solution: The seq. is {(—=1)"}>2, = (=1,1,-1,1,---),

n=1 "~

ap
A
1 ) °
« } > N
0 1 2 3 4 5
—11 ) ) °
v

Figure 8: The points represent the terms of the sequence ((—1)")

then,

1. Bounded:

(=)™ <1, ¥n>1= bdd. aboveby M =1,
o (=1)" > =1, Vn > 1= bdd. below by m = —1.
= ((—1)") is bounded.

2. Not monotonic:
el -1<T >
= ((—1)") is not monotonic (See figure (8)).
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B. Increasing and convergent.

Solution: The seq. is {1 — 1} =(0,4,2,2-.),

n,
A
1 1
° o
°
1 2 4
< ® f »
0
v

Figure 9: The points represent the terms of the sequence {1 — %}Zozl

then,

1. Increasing:
c0<3<i<i<o del-l<l-—L Vn>1
= (1 — 1) is increasing (See figure (9)).

2. Convergent:
(1 — 1) is convergent because

, 1 1
lml—-——=1—-—=1.
n—00 n oo

C. Monotonic and divergent.

Solution: The seq. is {—/n} -, = (—1,—v2,—v3,-2,—/5, - --

< ———F—+—p N

Figure 10: The points represent the terms of the sequence (—/n)

then
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1. Monotonic:
1> /2> /3> 2> /5> ...
ie.—y/n>—-vn+1, VYn>1.

So, (—+/n) is decreasing = monotonic (See figure (10) ).

2. Divergent:
(—4/n) is divergent becuase

lim —y/n = —ooc.

n—oo




Ad\fﬂncccl CaICuluS /chuences/l.ecture &xll{/ll[zo?_o
Dr Junaid I. Mustafa .
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(& lutiond

/ - ( :—1—; ;’,Cﬂodd,
Ltm (-——):LEW\ (_&_’_L\: (2)"
e N Y, 1“ i
o — 1+ n even
(2
—-;l—, W n odd
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+! 0 fneven
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.S .

Lim 20-nan ). 2=y

V=290 ﬂ"'"_l,,ﬂ—\ V=300 -,“+_1§“_'|._

b)) nt
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@<e 2>] ﬂ(e:@)i::E,b

@UE:;? 63 Uus 1\’15 -Eﬂcfm'“m.ﬂ e

; " § 4
Lim (€-2) =Lin 8- £y = Lim &(1-(27)
o 5 8 - 4
['“*é*“ = tin &7 <o
then,
Lig (€'-1') = € (1-0) = € = =)

— < e > 15| divergent.
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