Electromagnetic Theory- Vector Analysis

L]

ysis

Vector Analvs

Basic Laws of Vector Algebra
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(a) Base vectors (b) Components of A

e The Cartesian coordinate system should be familiar to you from
earlier math and physics courses

e The vector A is readily written in terms of the cartesian unit
vectors X, ¥, and Z
A=3XA,+YyA, +2A.

e In linear algebra X, ¥, and z are known as basis vectors, each
having unit length, i.e., |X| and mutually orthogonal

e Also, the length of A is
A= |42+ 42+ A2

and the unit vector in the A direction is

. A XA, +YyA,+7A,
a=— = -

SRV R

e Vectors A and B are equal if their components are equal, 1.e.,
A, = B,, etc.
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e Addition of vectors means that the individual components are
added together, that 1s

C=A+B
= X(A, + By) + (A, + B)) + 2(A; + B.),

thus C, = A, + B, etc.

e Visually you can utilize the head-to-tail or parallelogram rules

C A
—
B
(a) Parallelogram rule (b) Head-to-tail rule

e Vector subtraction 1s similar

D=A-B
— ﬁ(Ax — Bx) + y(Ay - y) + i(AZ - BZ)v

thus D, = A, — B,, etc.
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-

e Formally a position vector starts at the origin, so we use the
notation
R; = OP; = xx; +yy; + 2z

where x;, y;, and z; correspond to the point P; = (x;, yi, zi)

e The scara distance between two points is just d = |R;;|

d = \/(xj —xi)?+ (v —yi)* + (zj — z)?
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e Vector multiplication takes the form
— scalar X vector:

B = kA = element-by-element multiply by k

— scalar product or dot product:
A-B = ABcosfyp
where 6,45 is the angle between the vectors (as in linear

algebra)

— Note: A cos 0,3 is the component of A along B and B cos 0,
is the component of B along A

— Also,
A-A=|A*=4°
A=|Al=VA-A

— Using the inverse cosine

A-B
GAB:cos_l[ :|
vA-AVB-B

— Finally,
A-A=AB,+ A,B, + A:B.

— Commutative and Distributive

A-B=B-A
ABICG-—ABILAC
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e Vector product or cross product:
AxB=nAB sinOAB

where n is a unit vector normal to the plane containing A and
B (see picture below for details)

5,
4 AxB=nABsin 0,5

X

— The cross product is anticommuntative
AxB=-BxA

— The cross product is distributive

AxXB+C)=AxB+AxC

— To calculate use the determinant formula

8 § 2
AxB=|A, A, A,
B B B

— ﬁ(Asz o Asz) + ¥(4,B, — A, B,)
- i(AxBy 7 AyBx)
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e Definition:

A-BxC)=B-(CxA)=C-(A xB)
A, A, A,
= |By B, B,
c, ¢, C
e Definition
Ax (BxC)

e Note:
AxXx(BxC)+# (AxB)xC)

e [t can however be shown that

AxBxC)=BA-C)—C(A-B),
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ds, = Z dx dy

>

dx

Tdy
p e

J——>ds, =y dx dz

X
dV =dx dy dz

ds, =X dy dz

>y

1. Differential Length:

dl = %dl, + ydl, + 2d1. = kdx + §dy + 2d:z

2. Differential Area: There are three different differential areas, ds,
to consider:
dsy =Xdl,dl, =Xdydz (y— z-plane)
dsy, =Xdxdz (x — z-plane)
ds, = xdxdy (x— y-plane)

3.Differential Volume

dV =dxdyd:z
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Gradient:

L, Bw Bw .B
Vw=iX ¥ i
ox

Oy 0z

The gradient operates on a scalar field and produces a vector result
that indicates the rate of spatial change of the field at a point and the
direction of steepest increase from that point.

Del:

Del (nabla) represents a multipurpose differential operator that can
operate on scalar or vector fields and produce scalar or vector results.

The gradient involves partial derivatives taken in three orthogonal
direction. Gradient indicate how quickly the field is changing over space
and the direction of the gradient indicates the direction in that the field
is changing most quickly with distance

Therefore, although the gradient operates on a scalar field, the result of
the gradient operation is a vector, with both magnitude and direction. Thus,
if the scalar field represents terrain height, the magnitude of the gradient at
any location tells you how steeply the ground is sloped at that location, and
the direction of the gradient points uphill along the steepest slope.

The definition of the gradient of the scalar field y is

e From basic calculus it follows that
V(U+V) =VU +VV

V(UV)=UVU +V VU
VV" = nV"" ' VV, for any n
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e Consider the scalar function
V =x%y 4+ xy* + xz*

e The gradient is simply

VV =x2xy + y2 + 25 + §(x* + 2xy) + 2(2x2)
e At the point P; = (1, —1, 2) the gradiant vector is

VV(1,—1,2) = 83 — § + 24

e The divergence of a vector field is in a sense complementary
to the gradient:

Gradient of a scalar function = Vector function
Divergence of a vector function = Scalar function

oE JE, OE
V . E — . E — X y 4
div ox T dy T 0z

e If V.E > 0asource if present, while V - E < 0 means a sink
is present, and V - E = 0 means the field is divergenceless

7
r

Diver rgence INheorem

/V-EdV=¢E-ds
1% S
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e Consider E = x3x? + y2z + Zx?z at the point P; = (2, -2, 0)
e Using the definition in Cartesian coordinates

V.E — 03x? N 02z N 0x2z
- Ox dy 0z

= 6x + 0+ x> = x> + 6x

e Evaluating at (2, —2,0) we have

V-E =16
(2,-2,0)

e A volume éharge density
py = 4cos’f  (C/m?)
is present in a sphere of radius 2 cm

e To find the total charge in the sphere we integrate the charge
density over the volume

Q=/pvdv
/d) /6 0/002 4 cos® 0)R 2sinf@ dR d6 d¢

_4 7 R3
) NG

sin 0 cos® 6 df d¢

cos3 ]
— x 10~ / d¢
3 0 3 0
64 2 1287
= —x107° do = 1076
5 X A [0) 5 X
=44.68 (uC)

Just a little calculus review, especially the anti-derivative of
sin @ cos? 0
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Properties of the Gradient Operator:

e From basic calculus it follows that

V(U+V) = VU + VV
V(UV) =UVU +V VU
VV" = nV"™ ' VV. for any n

e Consider the scalar function
V =x%*y + xy* + xz?
e The gradient is simply
VV =Q2xy + y* + z%) + §(x* + 2xy) + 2(2x2)
e At the point P; = (1, —1, 2) the gradiant vector is

VV(1,—1,2) = X3 —§ + 24
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Diver reence of a Vector Field:

e The divergence of a vector field is in a sense complementary
to the gradient:

Gradient of a scalar function = Vector function
Divergence of a vector function = Scalar function
oE, 0E, OF,

V-E=divE =
1v 3x+8y+82

e If V.-E > 0 a source if present, while V - E < 0 means a sink
is present, and V - E = 0 means the field is divergenceless

Divergence Theor

e Moving forward into Chapter 4 we will quickly bump into the
divergence theorem, which states that

/V-EdV=¢E-ds
Y S

" e Consider E = %3x2 +y2z 4 zx?z at the point P; = (2, —2,0)

e Using the definition in Cartesian coordinates

03x? N 02z N 0x>z
0x ady 0z
=6x 4+ 0+ x* = x>+ 6x

V.-E =

e Evaluating at (2, —2,0) we have

V-E =16
(2,-2.0)
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e The positive diverge at (2, —2,0) can be seen in a 3D vector
slice plot from Mathematica

3D vector field plot from Mathematica with a cut-sphere centered at (2,
-2,0/; the positive divergence is clear.

Example

i

e Working a diverge calculation in cylindical or spherical re-
quires the formulas inside the back cover of the text

e For the problem at hand we have
E = ﬁ(a3 cos 6/R?) — 9((13 sin 8/ R?),
which 1s in spherical coordinates

e Find the divergence at P, = (a/2,0, )

University of Mesul/ College of Selenez/ Dest. of Physies Dy, Abdullah ldrees



Electromagnetic Theory- Vector Analysis 14

N 1 0
Rsin6 06

(Eg sin 9)

_ Li(a%os@) N 1 3 [ d’sin’f
~ R20R R sin 6 96 R2
2a3cos 6

R3

e At the point (a/2,0, r) we have

— 16
(a/2,0,7)

V-E

e Since the divergence is negative at this point, we conclude that
a field sink is present
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2D vector field plot for @ = 10 in just the R and 6 axes
making the negative divergence at (5,0, ) clear.
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Exanpie

e Each of the following vector fields is displayed below in the
form of a vector representation. Determine V - A analytically
and then compare the results with your expectations on the ba-

sis of the displayed pattern.

A = —Xsin2y+y cos 2x, for -7 < x,y < 7.

» The divergence calculation in Cartesian coordinates is just

V-E= i(—sin2y)-i-(%(coslrc) =0

ox

o The fact that V - E = 0 means that the arrow/quiver plot should show everywhere that the

net input and output of flux over \textit{any} 2D region is zero

2D Vector Field: A = — x — sin2y + y cos2z

e The quiver plot is reproduced below using Python (Mathematica or MATLAB also work):

N A T U . - Net flux over
o2 N\ N ¥ [/ \ / a-ny.rt.eglo.n .
S ~\\ —~ / 7=\ S (infinitesimal)is
i J # N\ N\ = [/ [/ s/ zero
A A N Y A A R S
[ NN S s~ XN -~ NN
NN~/ NN~/ /=N N
I s S EGDE
S mZsNNN =S A =N\NN\ -/
[ S AN\ N~ S S =N\
S SR S S N S O
RV 2T A N NE 2R NN
NN~/ /A ~\N=// =N\
R A bod bt by
-4 —13 —12 _11 6 i i é 4
X
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Curl of a Vector F

i

L]
I

ield:

e The Curl describes the rotation of a 3D field, in an infinitesimal

sense
e A field B has circulation if the line integral

Circulation = ¢ B-dl #0
C

e For the case of a uniform field, e.g., B = XB,, forming a line
integral around a closed rectangular contour in the x — y plane

yields zero, 1.e.,
b c
Circulation = / XBy-xdx + / XBy-ydy
a b
d a
+f XBy-xdx +f XBy-ydy
c d
=B()AX—B()AX=O

e Futhermore, a small fictitious paddle wheel placed in the uni-
form field will not rotate, no matter the orientation of the wheel

rotation axis

>y
al ld
1 1+ Contour C
Axy AAx
bl |c
v \ 4 A 4 A J A /
B

Y
X

A uniform field, B = X B, with circulation over C zero.
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e Consider the azimuthal field of a wire carrying current / along
the z-axis

e The magnetic flux in thex — y plane follows (} with strength
pol /(2mr)

e To compute the circulation we consider differential length d1 =
¢r d¢ and determine the circulation to be

2 R ,LL()I R
Circulation = d— - drdp = ol
0 2mr

e (learly a paddle wheel placed in this field will rotate!

4

/Current 1

Contour C

>V
"
%

v

4

An azimuthal field, B = (i) ol /(2mrr) with circulation
around the z-axis.

17
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we cab defined curl as:

N
VxB=curl B= lim — n¢ B-dl
As—0 AS C max
e Note: The contour C is oriented to given the maximum circu-

lation; position the paddle wheel so it spins the fastest

e Since V x B is a vector, its direction is n, the unit normal of
surface As (use the right-hand rule with the fingers curling in
the direction of C and the thumb pointing along n)

e In rectangular coordinates we compute the curl via

X yV 1Z

_ |9 9 3
VB =50 3 %
B, B, B.

Stoke’s Theorem

e Stoke’s theorem converts a surface integral of the curl to a line
integral of a vector along a contour C' bounding surface S

/S(VXB)-ds=9§:B-dl
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Laplacian Operator:

<

e The Laplacian operator shows up in a number of contexts

e The text mentions the divergence of the gradiant, (V - (VV))
as one possibility

e The result is known as del square

0?V N 0%V N 0%V
dx2 = dy?  0z?

V2V =

Laplace’s equation, V>V = 0, arises when deter-
mining the electrostatic potential in 1D, 2D, and 3D problems

e Vector identities involving curl

(1) Vx(A+B)=VxA+VxB
(2) V:.(VxA)=0 (for any vector A
(3) Vx(VV)=0 for any scalar function V
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