Problem-1

a. Two vectors are represented by 4=2i +2j, B=3i +4) — 2%. Find
the dot and cross products and the angle between the vectors.
Show that jy g is at right angles to 3.

b. If ¢(x,v,z)=3x2y— 322, find V¢ at the point (1,-2,-1).

a. A=2i+2j, B=3i+4)j-2k
« AB=2X3+2Xx4+0x(=2)=14

>
>
>
>

é.\' d_\‘ 4 a.\' a}' aZ
AxB=|4, A, A|=|2 2 0|=-44, +4d,+2d,
B.\‘ B}‘ BZ 3 4 —2

NOW, = 22422 40=28%  B=\3+42+(-2) =539
A.B = ABcos@

= O=cos!| — AB =cos*'( 14 ]:23.2°
AB 2.83x5.39

For 4 B to be atright angles to 7, (4x B).4 should be zero.

(AX B).A=2x(—4)+2x4+0x2=0 (Proved)

b. ¢(x,y,z)=3x2y— 322

V¢—ai(3t-v y3z?)a, +ai(3vc2 —v3z~)a -i~ai(3\'2 - y3z2)a,

= 6xya, + (3x? —3y?z%)a, —2y*zd,

At the point (1,-2,-1), the gradient is given as,
Vol _, ) =—12d, +-9d, - 164,



Problems-2

a. For a vector field 4, show explicitly that y ¥V x 4 =0, i.e., the

divergence of the curl of any vector field is zero.

b. For a scalar field V, show that VxVV =0, i.e, the curl of the

gradient of any scalar field is zero.

Solution

a.let, A=Ad, +Ad, +Ad.

)y

|

o

a a, a
-0 09 9| (a4 94 (o4 o). (04, o4
VA= ‘(@’ &]“*(& m)“*(& X
4, 4, 4,
=G, +Ga, +Ga, (Let)
- 3G, 9dG, 9G.
Vxi=Th 0 O
x ox * ay * 0z
3o ) (a4 o) 2004 34
ox{ dy 0z ) dy\dz odx) dz\ ox 9y
2 2
(24-24) (24 _24), (P4 2
oxdy 0xoz dydz dyox dzox 0dzdy
PA  PA
=0 . == ——
{ oxdy  dyox and so on}
VVxA=0
14 aV aV
b. VIV =
ox 8,\ az
a a, a
9 9d 9 2 2 )
Cverofi 3 BL(E ), (o
a_V a_V a_V VozZ Z0) ZOX NOZ
ox dvy 0z

VxVV =

0

oV
0xady

| Note: These two vector identities are known as null identities. I

2V
a» 0x

Jo.=o



Problem-3

— . l - M
If ¥ = @ x 7, prove that @ = Ecurl v, where w is a constant vector.

Solution
Here, 7 = xd, + yd,+za, and let®= 0.4, + @ 4, + @.d,

soeurl v=Vxv=Vx(@xF)

=Vx a)x W o,

=Vx (0,2~ 0, y)a, +(0,x = 0.2)d, +(0,) - O, )d__.]

G
| 2 9 9
0x dy 0z

(@:z-0.y) (0.x-0:2) (0)-0X)

_%(w"'y-w-"x) i %(w"x-w‘z)]‘i +[%(“’_.'Z-w:y) - %(w,y- “’yx)]d.‘.

+[%(wzx -0, z)-aiy(a{,.z -wz,v)}dz

=2m.4, +20 4, +20.4,
= 2( wtd( + (0‘.(3‘. + w:d: )

.

=2m

Iof!

| -
=—curl v
2




Problem-4

Express the following vectors in Cartesian coordinates:

(a) {1: =rzsinga, + 3rcos@d, + rcosgsindd,
(b) B = p2d, +sin@d,

(@) A=rzsin@a, +3rcosd, + rcos@Psinda,

HeleA,—rzsm¢ 4y = 31cos¢ A. =rcos@sing

Ax cos¢ —sing 0 A, cos¢ —sing 0 rzsing
A, sing  cos¢p 0| 4, |=|sing cos¢ O] 3rcosg
A, | 0 0 IJ A, | 0 0 1 {{ rcos@sing
A, -rzsm¢cos¢ 3rsm¢cos¢

A, =rzsin? ¢ +3rcos’ ¢

A. =rcos@sing

But,"=\/x-’-+y2, COS¢=;, sin¢=¢
VX7 + 2 JX2+ )2

Substituting these values,

A, =2 +y?z———=3[x? +)?

y Y2 + )2 g x2+y ,/x2+y2 ,/rz-i-yz

x2 3x?
A, =\x?+y*z y27+3 2ty — = V2 -
; x2 + )2 x2 432 \/xz + 12 \/xz + )2
xy xy

A =x?+)?
- x2 4 )2 \/m

Hence, the vector in Cartesian coordinates is written as,

A= —l—[(xyz —3xy)d, +(y?z+3x?)a, +xya.]
Jx2+ )2 ' '



(b) B = p%d, +sinOd,

Here, szpz, B, =0, B¢=sin9

B, sinfcos¢ cos@cos¢ —sing || p?
B, |=|sin@sing cosfsing cos¢ || 0

B, cos@ —sin@ 0 sin@
B, = p?sinf@cos¢ —sinBsing

B, = p?sin@sing +sinfcos

B, = p*cosO
But,
[x2 + 12
p=,/x2+y2+22, sin@ = r Ty , cosf= z

J2+y2+ 2 J2+y2 422

. y x
SINQ = —F————=, COSQP =—F—c
$ Jx2 +)2 y ,/xz + )2

Substituting these values,
B, =(x2 + )2 +22) ey x ¥y y
o VX242 +22 X2+ X2+ y2 422 a2+ )2

y
=x\x2+ )2+ 22 -\/t2+y2+22
1

- [X(x2 + 32+ 22) = y]

JX2 432 + 22
,/xz + )2 y . ,/xz + )2 X

X2+ +22 2+ 2+ )2+ 22 \[x2+)2

B, =(x2+)*+22)

X

= y\/xz +12+22 +
x2 +y2 + 22

= é[y(xz +y2+22)+x]

X2+ 2+ 22
-2 2 2 z -2 2 4 72
B,=(x2+ )2 +22) =z X2 + )2 + 2
JX2 42 + 22

Hence, the vector in Cartesian coordinates is written as,

s 1
B
Jx2 432 4 22

[ix(x2+ y2 +22) = yia, +{y(x2 + 2 +22) +x}a, + 2(x2 + 2 +22)a, ]



Problem-5

Express the field E = 2xyzd, - 3(x+ y+z)a,, in cylindrical coordinates,
and calculate |E‘ at the point P(r=2,¢=60°z = 3).

Solution

In the cylindrical system,

-E,.- I cos¢p  sing 0 Ex- l cos¢ sing ol 2xyz |
Ey |=|—sing cos¢ O|fE |=|-sing cos¢ O 0

E, 0 0 1\E, 0 0 1{-3(x+y+2)
-E,. =-2xBrzcos¢ R - )

Ey =—-2xyzsing
E.==-3(x+y+2z)
But, x =rcos¢, y=rsing, z=z

Substituting these values,
E.=2rcos¢rsingzcosd = 2r’zsingcos? ¢

E, ==2rcosgrsingzsing =-2rzsin> ¢cos¢
E,=-3(rcos¢+rsing +z)

Hence, the vector in Cartesian coordinates is written as,

.

E =r2zsin2¢cos@d, — r’zsin2¢sin@d, — 3(rcosd +rsing + z)q,

AtP(r=2,¢=60° z = 3), the vector is given as,

NEIR

E, =2x22 x3sin60°cos? 60° = 24 %= 33 =5.196

E. =-=2x%22x3sin260°cos60°=-24 x% x% =-9

¢
, 1, 3
E, = -3(2c0860°+25in60°+3) = =3| 2x ~+2x "= +3| = -3(4+/3)=-17.196

Hence, at P, £ =5.1964, — 94, —17.196d,
| E|= (51962 =92 —(17.196)? =20.092




Problem-6

The electric field at a point P, expressed in the cylindrical coordinate
system is given by,

E =16r2singd, +3r2 cos oa,

Find the value of divergence of the field if the location of the point P is
given by (1, 2, 3) m in Cartesian coordinates.

Solution

Here,x=1, y=2, z=3

r=x2+)2 =45, ¢=tan-'(l)=tan—' (%)=63.43°, z=3
X

For the electric field, E =162 sin@d, +3r2 cos @d,, the divergence in
cylindrical coordinates is given as,

oE,
VE———(E) :a;“Laaiz ’183(1@J m¢)+——¢(3r2cos¢)+—(0)
=48rsin¢—3rsing
=45rsing

Hence, the divergence of the field at the point P is given as,
V.E = 45rsing = 45 x /5 sin(63.43°) = 90

Problem-8

If a scalar potential is given by the expression ¢ = xyz, determine the
potential gradient and also prove that the vector F = grad ¢ is

irrotational.
Solution
Here, the potential is, ¢ = xyz

The potential gradient is given as,

Vo= i(xyz)d + i(xyz)d  +—(xyz2)a, =(yza, +xza, +xya.)
ox X ay ) Jz 4 X ) z
Now, we let, F = V¢ = (yzd, + xzd, + xyd,)
aA.\' d_l' aAZ '
- d 9 0
VXF=VxV¢= > o 2
vz Xz Xy

=(1-Da, +(1-1a, +(1-1)a, =0

Hence, the vector F = V¢ is irrotational.



Problem-7

(a) Determine the constant ¢ such that the vector
F=(x+ay)i +(y+bz)] +(x + cz)k will be solenoidal.

(b) Find the value of the constant Q to make

V =(x+3p)i+(y—2z)j+(x +Qz)k. solenoidal.

(c) Find the constants a, b, ¢ so that the vector,
V=(x+2y+az)i+(bx—3y—z)j+(4x +cy+22)k is irotational.
Solution

(@) F=(x+ ay)tA'+(y + bz)f+(x +c2)k
The vector will be solenoidal if its divergence is zero.

V.f’=i(x+ay)+i(y+bz)+i(x +c¢z)=0
ox ay 0z

= l+1+c=0

c=-2

(b) ¥V =(x+3y)zA'+(y—22)jA'+(x+Qz)lAc
The vector will be solenoidal if its divergence is zero.

vV =i(x+3y)+i(y—22)+i(x+Qz)=O
ox ay 0z

= 1+1+0=0

0=-2

(907% =(x+2y+az)f+(bx—3y—z)f+(4x+cy+22)lAc
The vector will be irrotational if its curl is zero.

~ ~ ~

i Jj k
VXV= i i i =0
ox dy dz
(x+2y+az) (bx-3y-z) (4x+cy+2z2)

= (c+D)i+(a—4)j+(b-2)k=0
This vector will be zero if and only if its components are individually

zero.
(c+D)=0 = c=-1

(a-4)=0 = a=4

(b=2)=0 = b=2
and
Hence,a=4,b=2,¢c=-1.



Problem-9

Using the concept of volume integral, find the volume of a sphere of
radius a.

Solution

In spherical coordinates, the differential volume is given as,
dv = p?sin@dpdOBd¢

where,
0<p<a

0<6<nrm
0<¢<2rm

By volume integral, the volume of the sphere is obtained as,

n

a 2rn a 34
v= Idv = I j I P’ sin@dpdOdp =21 X (—cosO)f x I prdp=4nx L
v p=08=0¢=0 p=0 3 3

Problem-10

Use the spherical coordinate system to find the area of the strip

o <6 < B on the spherical shell of radius ‘a’. What results when =0
and B=m?

Solution

For a fixed radius of a, the elemental surface is,

dS = p?sin0d0dpd,|  =a’sin0d0dgd,

Hence, the area of the strip is given as,

B 2rx .,
S=[dS.d,= [ [ a?sin6dbdg
S

0= =0 N
B

=21 X a® X (—cosB)g

=2ma*(coso —cos fB) "

For ¢ =0 and B=r,the area s,
S =2nma’(cos0—cosm) =4ma?
This is the area of a sphere of radius a.



Problem-11

Given that F =10e"d, —2zd,, evaluate both sides of the divergence
theorem for the volume enclosed by r=2,z=0and z = 5.

Solution

Here, F =10e-"d, —2zd,

dS = rd¢dza, + drdzd, + rdrd¢a.

F.dS =(10e"a, =2za,).(rd¢dzd, + drdz(iv +rdrd¢a,)=10re"d@dz - 2rzdrd
The cylinder has three surfaces as follows.

g]SFdS [FaS+ [ FdS+ [ F.dS

top bottom curved
For the top surface, z=5
2r 27
=-10 j [ rdrdp=-10x2mx == —-40n
_O _ 2
z=5 ¢=0
For the bottom surface, z=0

2 2n
[Fas= [ [ -2rzardg
top r=0¢=0

2

[ Fas= j | —2rzdrde

bottom r=0¢=0

=0

z=0
For the curved surface, =2

| ﬁ.d§=2f f[ 10re-"dddz

curved ¢=02z=0

=20e2x2xx5=200me2
r=2
By addition, total surface area of the closed cylinder is given as,

cﬁﬁ.d&' = 407 +0 +2007e2 = —40.63

Also,

1 d 10F, 9F. 19 d 10e-"
V.F===( — i = S 2 (10re ") +—(-22) = ~10e" =2
;az( Nt 8¢+az :a;( " Ha‘ ?)= r ‘

2 (10e
j(VF)dv_j | j( —10e"—2)rdrd¢dz
r

v r=0¢=0z

=27 X5 % j (10e~" =10re~" —2r)dr = —40.63
r=0

(j')F.dS = I(V-F)d" and hence, divergence theorem is verified.



Problem-12

Evaluate both sides of the divergence theorem
$A.dS = [V.Adv
S v

For each of the following cases:
(a) A=xy%a, + y3a,+ y*za, and Sis the surface of the cuboid defined by

O0<x<1,0<y<1,
O<z<1

(b) A=2rza,+ 3zsin ¢a,— 4rcos ¢a, and Sis the surface of the wedge 0
<r<2,0<¢<45°,0<z<5

(a) Here, A=xy%a,+ y*a, + y’za,

We evaluate the surface integrals for the six surfaces as follows.
gSAds j JAZ| dxdy + j j( 4, 0dxdv+J' JA|‘ | dxdz
x=0y=0 x=0y=0 z=0x=0
1 1 1 1
I J ! )|‘ o dxdz + I _[ A| dydz J J'(—A\.)L:Odydz
x y=02z=0 y=02z=0
wheleAx xy A=y Az =y%z
cﬁAdS j j(y 0)da1y+j j(l—O)dxdz+j j(ye 0)dvdz

x=0y=0 z=0x=0 y=02z=0
1 1 z
=—+1+—- A
3 3
=2 e f
3 d d d ‘ d
Also, V.Z=—(xy2)+—(y3)+—(y22)=y2+3y2+y2=5y2 9 > )
C
1
jVAdv— j j ISyzdvdydz— j5y2dy=§ x
h 3
z=0y=0x=0 y=0

Since, IV'Ad" = ‘i’A'dS, divergence theorem is verified.
v S



(b) Here, A= 2rza,+ 3zsinga, — 4rcosda,

We evaluate the surface integrals for the six surfaces as follows.

gSA dS = j’ j . rd¢dz+j jA¢L=45°dr'(lz+i Jz'(-A,)Lzodrdz

z=0¢=0 z=0r=0 z=0r=0
45° 2 45°
- j I Al_srdrd¢+ I J( A)| Ordrd¢
0=0r=0 0=0r=0
where A, = 2rz; As=3zsinf; A; = —4rcos ¢

z

A
>y

45°
F

457

$A.d 5:} f 7d¢dz+j j%zdrd7+0+j | 4ndrd¢+j j4rrd,d¢
S z=0¢=0

z=0r=0 0=0r=0 0=0r=0
-25n+\7/;
Also,
V./-i———(2 z)+—a (3zsm¢)+—( 4rcos @) = 4z+3—cos¢
o 3z 75
jV Adv = j I j(4z+—cos¢)/dm’¢dz 25 + —=
z=0¢=0r=0 ‘/i

Since jV'AdV = ‘f’A'dS , the divergence theorem is verified.
v S



Problem-13

Evaluate the line integral of the vector function F = xi + x2yj + y2xk
around the square contour ABCD in the xy-plane as shown in the figure.
Also integrate y x 7 over the surface bounded by ABCD and verify that

Stokes’ theorem holds good.

zl

Solution
Here, F = xi +x2yj + y2xk
dl = dxi +dyj + dzk

Fdl = (xzé+x2}f+y2xllz).(dx;'\+dyf+dzlAc) A(0,0,0) ) D(©,2.0)
= xdx + x2ydy + y>xdz g
The closed line intearal is di B(2,0,0)
e closed line integral is given as, >
’ B ’ c D 4 / C(2.2,0)
F.dl = Iﬁdi + Iﬁdi + J F.dl + Iﬁ.dﬂ " Line integral
L A B c D
Along the path AB,dy=dz =0,y =0, z=0; x varies from 0 to 2
B2 5
[Fa =jxdx=[x— =2
A 0 :

C_. - 2 2
[ F.di = [x2ydy =4[y— =8
B 0 E

x=2

Along the path CD, dy =dz=0,y =2,z =0; x varies from 2 to 0
C 0

J’F.d‘ = j xdx =2
B 2

Along the path DA, dx =dz=0,x =0,z =0; y varies from2to 0
C

J Fdl = szydy
B 0

=0

x=(0

By addition, we get the closed line integral as,
$F.dl =2+8-2+0=8
L

Now, the curl of the vector is,

ik
= |0 9 9 A A .
VXF=|— — —|=2xyi—y*j+2xvk
¥ 3y 3| XYY

x xZy yix

i i ) 2 . . . ) 2 2 2 2
J-(V x F).dS = J’ J‘ (2xyi = 2 j +2xyk).(dxdvk)= J I 2xydxdy = 2[%:[2 x[‘_:[ =8
! )

x=0y=0 x=0 y=0 B

Thus, ‘j’F'd’ =_“(VXF)""S;Stokes’ theorem is verified.
L S



Problem-14

Compute the line integral of F =6 + yz2j +(3y+ z)k along the triangular
path shown in the figure.

Solution

Here, = 67 + yz2} +(3y + 2)k
dl = dxi +dyj +dzk 2

F.dl ={6i +yz2 ] +(3y + 2)k}.(dxi +dvj +dzk) = 6dx + yz2dy +(3y +z)dz

The closed line integral is given as,
B

@ﬁ.di = (F.dl + jﬁ.d + fﬁ.d”
L A B

Along the path AB,dx =dz=0,x=z=0; y varies from0to 1.

B 1
J'F-d = [Jyzzdy] =0 " Line integral
0 z=0

Along the path BC, dx = 0, x = 0; y varies from 1 to 0 and z varies from 0
to 2.

Also, for this path, the equation relating y and z is obtained as,

%+§=1 = z=2(1-y)
C_ - 0 2 0 2 ez
[Fdi= [ [ y2dy+@By+2)dz= [ y201-y)Pdy+ j[3(—)+z]dz
B r=]2z=0 p=] z=0 B
y=lz ¥ z
0 2 z ZA
= J 4y} =22+ y)dy + J (3-—)(12 2lc
2
y=l z=0
A 23 27T 2 P
=4| 2 X 432
4 3 2} )
=4 —l+3—— +(6-1) |
4 3 2
14 A N 8
= 1
3

X
Line integral along ABC

Along the path CA, dx =dy =0, x = y = 0; z varies from 2 to 0.

A 0
jf‘.di= j(3y+z)dz
c 2 y=0

-2

By addition, we get the closed line integral as,
<J51E.c11'=0+'—4-2=§
] 3 3



Summary

* A quantity that has only magnitude is said to be a scalar quantity, such as time, mass, distance,
temperature, work, electric potential, etc. A quantity that has both magnitude and direction is
called a vector quantity, such as force, velocity, displacement, electric field intensity, etc.

 |f the value of the physical function at each point is a scalar quantity then the field is known as
a scalar field, such as temperature distribution in a building. If the value of the physical function
at each point is a vector quantity then the field is known as a vector field, such as the
gravitational force on a body in space.

e Aunit vector a, along 4 is defined as a vector whose magnitude is unity and its direction is
along 4. In general, any vector can be represented as
A=4d,=|d|a,
where A or |}i‘ represents the magnitude of the vector and d, direction of the vector 4.
* Two vectors can be added together by the triangle rule or parallelogram rule of vector addition.

e The dot product of two vectors 4 and g, written as 4.B, is defined as,

A.B = ABcos@,,

where @, is the smaller angle between 4 and g, and A=|/_i| and B=|§| represent the magnitude of
4 and g, respectively.

» The cross product of two vectors 7 and g, written as (4 x B), is defined as,

Ax B = ABsin® zd,
where @, is the unit vector normal to the plane containing 4 and g. The direction of the cross
product is obtained from a common rule, called right-hand rule.

* Three orthogonal coordinate systems commonly used are Cartesian coordinates (x, y, 2),
cylindrical coordinates (1, ¢, z) and spherical coordinates (p, 6, ¢).

» The differential lengths in three coordinate systems are given respectively as,
dl = dxad, + dyd, + dza,
dl = drd, + rd¢d, + dza,
dl = dpa, + pdOd, + psin0dpd,

e The differential areas in three coordinate systems are given respectively as,

dS = dydzd, + dxdza,, + dxdyd,
dS = rd¢dzd, + drdz, + rdrda,
dS = p?sin0dOd¢d, + psin@dpdpd, + pdpdod,



» The differential volumes in three coordinate systems are given respectively as,
dV = dxdydz
dV = rdrdgdz
dV = p?sin@dpdOd¢

» For the vector g and a path /, the line integral is given by,

« |f the path of integration is a closed curve, the line integral is the circulation of the vector
around the path.

 |f the line integration of a vector along a closed path is zero, i.e., (ﬁF-‘” =0 then the vector is
!

known as conservative or lamellar.
e For a vector f, continuous in a region containing a smooth surface S, the surface integral or the

flux of g through Sis defined as,

v =[F.dS = [F.dds = [|F|cos0ds
N S S

where, @, is the unit normal vector to the surface S.

 If the surface is a closed surface, the surface integral is the net outward flux of the vector.

 |f the surface integral of a vector over a closed surface is zero, i.e., (‘f)F.dS =0 then the vector is
s

known as a solenoidal vector.

* The volume integral of a scalar quantity F over a volume V is written as,

U= dev
7

e The differential vector operator () or del or nabla, defined in Cartesian coordinates as,

V= id + id + id
ox ' 9yt 9z ¢
is merely a vector operator, but not a vector quantity. It is a vector space function operator. It is used for

performing vector differentiations.



The gradient of a scalar function is both the magnitude and the direction of the maximum space
rate of change of that function.

The gradient of a scalar quantity in three different coordinate systems is expressed respectively
as,

aF JdF . OF .
i, +—a, +—a,
PR TP P

oF . 10F . B_Fa.z (Cylindrical coordinates)

T ;5% T %

oF . 10F . 1 OF
a, +—

B 5 P pa_ea" " psineﬁ%

VF = (Cartesian coordinates)

(Spherical coordinates)

The divergence of a three-dimensional vector field at a point is a measure of how much the
vector diverges or converges from that point.

If the divergence of a vector is zero then the vector is known as a solenoidal vector.

The divergence of a vector quantity in three different coordinate systems is expressed
respectively as,

. aF
V.F= o BF (Cartesian coordinates)
Bx ay az
oF,
= %%(rﬁ) - %a—‘; + %1;'- (Cylindrical coordinates)
1 0 1 9 1 9F . .
- ;g( p*F,)+ 5in6 96 —(Fsin8)+ P a—; (Spherical coordinates)



