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Maxwell's Equations

Maxwell's equations are a set of four fundamental equations that describe the
behavior of electromagnetic fields. These equations were formulated by James Clerk
Maxwell in the 1860s and are considered one of the most significant achievements in
the field of physics.

These equations describe how electric and magnetic fields interact with each other
and how they propagate through space. They are used to explain a wide range of
electromagnetic phenomena, from the behavior of radio waves to the interaction
between charged particles and electromagnetic fields.

Understanding and applying Maxwell's equations is essential for many areas of
science and engineering, including electrical engineering, optics, and
telecommunications.

Here are the four Maxwell's equations:

First Maxwell Equation

This equation relates the electric field to the distribution of electric charge. It states
that the electric flux through any closed surface is proportional to the charge enclosed
within the surface. In other words, the amount of electric flux that passes through a
closed surface is directly proportional to the amount of electric charge contained
inside that surface.

Maxwell's Gauss's law for electric fields in differential form is one of the four
Maxwell's equations that describe classical electromagnetism. The differential form
of Gauss's law for electric fields is given by:

vE=L
€o

where:

. V-E is the divergence of the electric field vector E.

« p isthe electric charge density.

« & is the permittivity of free space, a fundamental constant with a value
of approximately 8.854x107!2 C2/N-m?2,
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. Here, V" represents the divergence operator, which measures the extent
to which a vector field "flows out" from a point in space.

In words, this equation states that the divergence of the electric field at a point
in space is equal to the electric charge density at that point divided by the
permittivity of free space.

This equation is a differential form of Gauss's law, and it represents a local
relationship between the electric field and the electric charge density. The integral
form of Gauss's law can be obtained by integrating this equation over a closed
surface.

Physical Meaning:

« The equation expresses the local relationship between the electric field,
the charge density, and the properties of space at a specific point.

« When the divergence of the electric field is non-zero at a point, it
indicates the presence of a source or sink of electric field lines at that point.

« The term p /ey on the right-hand side represents the amount of electric
charge per unit volume, adjusted for the permittivity of free space.

In simpler terms, the equation states that the divergence of the electric field at a
point is proportional to the electric charge density at that point, with the constant of
proportionality being the permittivity of free space. This relationship captures how
electric charges create or deplete the electric field in the surrounding space. If there
Is a charge present, electric field lines will either converge or diverge at that point,
and the strength of this effect is related to the local charge density.

Gauss's law for electric fields in integral form: This equation states that the
electric flux through any closed surface is proportional to the charge enclosed
within the surface.

§E.di="2
€o

Where $E”.dA” represents the electric flux through the closed surface

Here, E” is the electric field, dA” is the differential area element of the
closed surface, Q is the total charge enclosed within the surface, and g, is the

permittivity of free space, which is a constant with a value of 8.85 x 1012 %



Dir. Sbdllaty - Ialvees
2023-2024
One important consequence of Gauss's law is that it implies the existence of
electric charges. If there were no electric charges present within a given volume, the
electric flux through any closed surface enclosing that volume would be zero. This
means that electric charges are the sources of electric fields.

Another consequence of Gauss's law is that it can be used to calculate the electric
field of a charged object. By choosing a closed surface that encloses the object, we
can determine the total charge enclosed within that surface and use Gauss's law to
find the electric field.

Overall, Gauss's law is an essential tool for understanding the behavior of electric
fields and their interaction with electric charges.

Second Maxwell Equation

This equation states that the magnetic flux through any closed surface is always
zero. In other words, the net flow of magnetic field lines through a closed surface is
always zero. Mathematically, this can be written as:

$B”.dA”=0

Here, $B”.dA” represents the magnetic flux through the closed surface, and B~ is
the magnetic field.

This equation is often referred to as the *no magnetic monopole™ law, because it
implies that there are no isolated magnetic charges, or magnetic monopoles. Unlike
electric charges, which can exist as isolated positive or negative charges, magnetic
charges always come in pairs, with north and south poles always occurring together
in the form of dipoles.

One important consequence of Gauss's law for magnetic fields is that it implies
that magnetic field lines always form closed loops. This means that if we trace a
magnetic field line, we will always end up back where we started. This is in contrast
to electric field lines, which start and end on electric charges.

Another consequence of Gauss's law for magnetic fields is that it can be used to
define magnetic flux. Magnetic flux is a measure of the amount of magnetic field
passing through a surface. If the surface is closed, the flux is always zero, but for an
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open surface, the flux can be calculated by integrating the magnetic field over the
surface.

Finally, Gauss's law for magnetic fields is closely related to the concept of
magnetic induction. Magnetic induction is the process by which a time-varying
magnetic field induces an electric field, as described by Faraday's law of
electromagnetic induction, one of the other Maxwell's equations. The absence of
magnetic monopoles, as implied by Gauss's law for magnetic fields, is a crucial aspect
of magnetic induction, because it means that any change in magnetic field must
involve a complete loop of magnetic field lines, rather than just a single magnetic
pole.

in differential form, is given by:
V-B=0
where:
V-B is the divergence of the magnetic field vector B.

This equation states that the divergence of the magnetic field at any point in
space is equal to zero. Unlike Gauss's law for electric fields, which involves a
source term (electric charge density), Gauss's law for magnetism implies that there
are no magnetic monopoles — isolated magnetic charges that act as sources or sinks
of magnetic field lines.

Physical Interpretation:

. A non-zero divergence in the magnetic field
would indicate the presence of magnetic monopoles,
which have not been observed in nature.

. Magnetic field lines always form closed
loops, without beginning or end points. The absence
of magnetic monopoles is consistent with the
observation that magnetic field lines always circulate
around some closed path.

In summary, Gauss's law for magnetism in differential form expresses the
absence of magnetic monopoles. It highlights the fact that magnetic field lines
always form complete loops and do not have isolated starting or ending points,
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making magnetic monopoles theoretical constructs that have not been observed in
the natural world.

Overall, Gauss's law for magnetic fields is a fundamental principle that governs
the behavior of magnetic fields and is essential for understanding the relationship
between magnetic fields and electric fields.

Third Maxwell Equation

This equation relates a changing magnetic field to the creation of an electric field.
Specifically, it states that the circulation of the electric field around any closed loop
Is proportional to the time rate of change of the magnetic flux passing through the
loop. In other words, if we have a loop of wire in a changing magnetic field, an
electric field will be induced that drives a current around the loop. Mathematically,
this can be expressed as:

Lo d
$E.df = —EffB*.dA*

Here, $E”.d{” represents the circulation of the electric field around a closed loop,
d/dt represents the time derivative, and J/B”.dA” represents the magnetic flux passing
through the loop.

This equation has important consequences for the behavior of electric and
magnetic fields. For example, it implies that a changing magnetic field can induce an
electric field, which in turn can induce a current in a conducting wire. This is the
basis for many technological applications, such as generators, transformers, and
motors.

Another important consequence of Faraday's law is that it implies that there is no
such thing as a "purely magnetic” field. A changing magnetic field always creates an
electric field, and vice versa. This is why the electromagnetic force is considered to
be a single force, rather than two separate forces of electricity and magnetism.

Faraday's law is also closely related to Lenz's law, which states that the direction
of the induced current in a closed loop is always such as to oppose the change in
magnetic flux that produced it. This means that the induced current creates a magnetic
field that opposes the original magnetic field, in accordance with the law of
conservation of energy.
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Overall, Faraday's law is a fundamental principle that describes the relationship
between changing magnetic fields and induced electric fields, and has important
implications for many areas of physics and technology.

The third Maxwell equation in differential form, also known as Faraday's law of
electromagnetic induction, is given by:

VXE=-0B/ot
Here:

« VxE is the curl of the electric field vector E.
« JB/0t represents the partial derivative of the magnetic field vector B
with respect to time (t).

Physical Meaning: Faraday's law of electromagnetic induction describes how a
changing magnetic field induces an electric field. Here's the physical interpretation:

1. Curl of Electric Field (VXE):

« The left-hand side of the equation represents the curl of the
electric field. It describes the circulation or rotation of the electric field
around a point.

. If VXE is non-zero at a point, it indicates the presence of a
changing magnetic field in that region.

2. Right-hand side (—dB/dt):

« The right-hand side involves the time rate of change of the
magnetic field. If the magnetic field is changing over time, it induces
an electric field according to Faraday's law.

Physical Interpretation:

« If the magnetic field in a region is changing with time, it induces a
circulating electric field in that region.

« This induced electric field is responsible for phenomena such as
electromagnetic induction, where a changing magnetic field creates an
electromotive force (EMF) in a conducting loop or coil.

- The negative sign on the right side of the equation indicates that the
induced electric field opposes the change in magnetic flux, in accordance
with Lenz's law.



Dr. Fhdillaly  SIelyees
2023-2024
In summary, Faraday's law in differential form expresses the relationship
between a changing magnetic field and the induced electric field. It provides a
fundamental understanding of electromagnetic induction and plays a crucial role in
various technological applications, including the operation of generators and
transformers.

Fourth Maxwell Equation

Ampere's law states that the circulation of the magnetic field around any closed
loop is proportional to the current passing through the loop. Mathematically, this can
be expressed as:

éB_)- at” = Mo Lenc

Here, $B”.dC” represents the circulation of the magnetic field around a closed
loop, lenc represents the current passing through the loop, and po is the permeability
of free space.

However, in some cases, Ampere's law alone is not sufficient to describe the
behavior of magnetic fields. In particular, it fails to account for the fact that a
changing electric field can also create a magnetic field. To address this, Maxwell
added a term to Ampere's law that takes into account the contribution of a changing
electric field to the magnetic field. This term is now known as the displacement
current, and is given by:

d - -
Luisp =€ [[E.dA

Here, lqisp represents the displacement current, €o is the permittivity of free space,
d/dt represents the time derivative, and JJE”.dA” represents the electric flux passing
through the loop.

With this addition, Ampere's law becomes:
¢ B”.de” = po(Ipn. + €od/dt [ [ E*.dAY)

This is known as Ampere's law with Maxwell's addition, and it allows for a more
complete description of the behavior of electromagnetic fields.
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One important consequence of Ampere's law with Maxwell's addition is that it
predicts the existence of electromagnetic waves. These waves are created by a
changing electric field, which in turn creates a changing magnetic field, which in turn
creates a changing electric field, and so on. This leads to a self-sustaining wave that
propagates through space at the speed of light. Electromagnetic waves include visible
light, radio waves, microwaves, and X-rays.

Another important consequence of Ampere's law with Maxwell's addition is that
it implies that the speed of light is a fundamental constant of nature. This is because
the equations predict that electromagnetic waves propagate at a speed given by:

¢ = 1508

This means that the speed of light is determined by the properties of free space,
rather than any particular material.

In its differential form relates the curl of the magnetic field (B) to the rate of
change of the electric field (E) and the electric current density (J). The equation is
given by:

. - OE
VXB =]+ o 9t
where:

. VxB is the curl of the magnetic field vector B,

« o is the permeability of free space (=4nx10" T-m/A)

« Jisthe electric current density,

« & is the permittivity of free space (=8.854x10 '2C2/N-m?),

« OE/ot is the partial derivative of the electric field E with respect to
time.

Physical Meaning:

1. Time-Varying Electric Fields:
o Theterm u,¢, ‘Z—f on the right side of the equation represents the

contribution of time-varying electric fields to the magnetic field. It
indicates that a changing electric field produces a magnetic field.
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« This phenomenon is a key aspect of electromagnetic induction,
where a changing magnetic field induces an electromotive force (EMF)
in a conductor.
2. Electric Currents:

« Theterm y(j represents the contribution of electric currents to
the magnetic field. It states that a flow of electric charge (current)
generates a magnetic field around it.

« This term is consistent with Ampeére's original circuital law,
which describes the magnetic field around a current-carrying
conductor.

3. Unification of Electricity and Magnetism:

« The Ampere-Maxwell's equation unifies the phenomena of
electricity and magnetism by showing that changing electric fields and
electric currents both contribute to the generation of magnetic fields.

« It completes the set of Maxwell's equations, providing a
comprehensive framework for understanding classical
electromagnetism.

4. Electromagnetic Waves:

« The equation plays a crucial role in the theory of
electromagnetic waves. When combined with the other Maxwell's
equations, it predicts the existence and propagation of electromagnetic
waves, such as light.

. Time-varying electric and magnetic fields can sustain each
other, forming a self-sustaining propagating wave.

In summary, the Ampére-Maxwell's equation in differential form describes the
intricate interplay between electric and magnetic fields, capturing how changing
electric fields and electric currents give rise to magnetic fields. This equation is
fundamental to understanding a wide range of electromagnetic phenomena, from
the behavior of currents to the propagation of electromagnetic waves.

Overall, Ampere's law with Maxwell's addition is a fundamental principle that
describes the behavior of electromagnetic fields, including the existence of
electromagnetic waves and the constancy of the speed of light.
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True or False
1. V-E=0 implies there are no electric charges in the region.

. False: V-E=0 implies that the electric field lines are neither diverging
nor converging, but it does not necessarily mean there are no electric
charges.

2. In the absence of electric charges (p=0), Maxwell's Gauss's law for electric
fields simplifies to V-E=0.

« True: If there are no electric charges (p=0), the equation becomes
V-E=0.

3. The permittivity of free space (eo) represents how easily electric field lines
can penetrate a given material.

. False: Permittivity of free space (g) characterizes how easily electric
field lines can penetrate free space, not a specific material.

4. If the electric field lines are diverging at a point, it implies the presence of
positive electric charge at that location.

« True: Electric field lines diverge from positive charges and converge
toward negative charges.

5. A non-zero electric charge density (p) at a point guarantees a non-zero
divergence of the electric field at that point.

« True: According to Maxwell's Gauss's law, V-E= p /g , SO if p is non-
zero, V-E is also non-zero.

6. The divergence of the electric field is a scalar quantity, representing the
amount of electric field "flow" out of a given volume.

. True: Divergence is a scalar quantity that measures the “spread" or
"flux" of a vector field.

7.1f V-E= p /gy holds at a point, it means that the electric field is uniform
throughout space.

. False: The equation relates the divergence of the electric field to the
charge density at a specific point, but it does not necessarily imply
uniformity throughout space.

8. : The equation V-E=p /g is one of Maxwell's equations describing the
fundamental principles of electromagnetism.

« True: This equation is indeed one of Maxwell's equations, specifically
Gauss's law for electric fields in the differential form.

9. If the electric field is directed radially outward from a point, the divergence
of the electric field at that point is positive.

« True: Radial outward electric field corresponds to positive divergence.

10. A region of space where V-E<O indicates a net accumulation of electric
charge in that region.

10
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. False: V-E<O would imply a net sink of electric field lines, not
necessarily an accumulation of charge. Accumulation of charge would
typically be associated with positive divergence.

1. The divergence of the magnetic field (V-B) at a point can be non-zero
in the presence of magnetic monopoles.

. False: The equation V-B=0 implies the absence of magnetic
monopoles.

2. Gauss's law for magnetism in differential form (V-B=0) implies that
magnetic field lines always form closed loops.

« True: The equation suggests that magnetic field lines neither
originate nor terminate at isolated points, but form complete
loops.

3.If there is a net flux of magnetic field lines into a closed surface, the
divergence of the magnetic field within that surface is non-zero.

. False: Gauss's law for magnetism (V-B=0) implies that the
divergence is always zero, regardless of the flux through a closed
surface.

4.In the absence of magnetic monopoles, the magnetic field lines must
always form closed loops.

« True: The absence of magnetic monopoles is consistent with the
closed-loop nature of magnetic field lines.

5. Gauss's law for magnetism (V-B=0) is one of Maxwell's equations
describing the fundamental principles of electromagnetism.

« True: It is one of Maxwell's equations, playing a crucial role in
describing the behavior of magnetic fields.

6.1f a magnetic field line starts at one point and ends at another, the
divergence of the magnetic field at either of these points must be
non-zero.

. False: Gauss's law for magnetism V-B=0) implies that magnetic
field lines do not have isolated starting or ending points.

7. The equation V-B=0 allows for the existence of isolated magnetic
monopoles in nature.

11
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« False: The equation implies the absence of magnetic
monopoles; there is no source or sink of magnetic field lines.

8. If a magnetic field is entirely contained within a closed region, the
divergence of the magnetic field within that region must be zero.

« True: Gauss's law for magnetism (V-B=0) implies that the
divergence is zero, regardless of the enclosed magnetic field.

9. The absence of magnetic monopoles is experimentally supported by
observations of magnetic field lines in various physical systems.

« True: Magnetic field lines in nature always form closed loops,
supporting the absence of isolated magnetic monopoles.

10. The integral form of Gauss's law for magnetism implies that
magnetic monopoles exist.

« False: The integral form, like the differential form, indicates the
absence of magnetic monopoles.

11. A net outward flux of magnetic field lines through a closed
surface is possible according to Gauss's law for magnetism.

o False: Gauss's law for magnetism states that the total magnetic
flux through any closed surface is always zero.

12. If the magnetic field lines pass through a closed surface, the
divergence of the magnetic field within that surface must be non-zero.

« False: The integral form doesn't provide information about the
divergence of the magnetic field; it states that the total flux is
zero.

13. Gauss's law for magnetism in integral form (§B-dA=0) is related
to the conservation of magnetic charge.

. False: Gauss's law for magnetism is not about conservation of
magnetic charge; it's about the absence of magnetic monopoles.

14. A magnetic field configuration with isolated magnetic poles
would violate Gauss's law for magnetism.

« True: Gauss's law for magnetism implies that there are no
isolated magnetic poles, and magnetic field lines always form
closed loops.

15. A closed surface enclosing a current-carrying wire violates
Gauss's law for magnetism.

12
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« False: Gauss's law for magnetism holds true, even in the
presence of current-carrying wires. It doesn't depend on the
sources inside the closed surface.

16. The total magnetic flux through a closed surface depends on the
orientation of the surface with respect to the magnetic field.

« True: The total flux depends on the angle between the magnetic
field and the surface normal.

17. Magnetic field lines passing through a closed surface must have
both entry and exit points.

« False: Gauss's law for magnetism allows for magnetic field lines
to pass through a closed surface without having isolated entry or
exit points.

18. Gauss's law for magnetism in integral form is consistent with
experimental observations of magnetic field behavior.

« True: The law accurately describes the behavior of magnetic
fields observed in various physical systems.

1. Faraday's law in differential form describes how a changing electric field
induces a magnetic field.
. False: Faraday's law specifically describes how a changing magnetic
field induces an electric field.
2. If the magnetic field B is constant with time, the induced electric field E is
zero according to Faraday's law.

o True: If ‘Z—f = 0, the induced electric field is zero.

3. The negative sign in Faraday's law indicates that the induced electric field
opposes the change in the magnetic field, in accordance with Lenz's law.
« True: The negative sign reflects Lenz's law, stating that the induced
electric field opposes the change in magnetic flux.
4. Faraday's law only holds true for time-varying magnetic fields; it has no
relevance in the presence of static magnetic fields.
« True: Faraday's law specifically describes the induction due to
changing magnetic fields.
5. A closed loop of wire moving through a constant magnetic field will have an
induced electric field according to Faraday's law.
 False: Faraday's law requires a changing magnetic field to induce an
electric field.

13
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6. Faraday's law is one of the fundamental principles underlying the operation
of electric generators.
« True: Electric generators operate based on the principle of
electromagnetic induction described by Faraday's law.
7. If the curl of the electric field (VXE) is non-zero in a region, it implies the
presence of a time-varying magnetic field.
« True: Faraday's law states that a non-zero curl of the electric field is
associated with a changing magnetic field.
8. Faraday's law in differential form is one of the four Maxwell's equations.
« True: Itis indeed one of Maxwell's equations, specifically describing
electromagnetic induction.
9. Faraday's law is essential in the understanding of transformers, where
changing currents induce magnetic fields.
« False: While Faraday's law is crucial in the understanding of
generators, transformers primarily operate based on the principles of
mutual induction, involving changing magnetic fields.

10. The electromotive force (EMF) induced in a closed loop is directly
proportional to the rate of change of magnetic flux through the loop.
« True: The right side of the equation states that the induced EMF is
proportional to the rate of change of magnetic flux.
11. If the magnetic field B is constant with time, the induced EMF in a
closed loop is zero according to Faraday's law in integral form.

« True: If% [ | B”.dA”=0, the induced EMF is zero.

12, Faraday's law in integral form is a statement about the conservation of
magnetic flux.

« False: It's a statement about the induced EMF due to a changing
magnetic flux, not the conservation of flux.

13. If the loop is stationary and the magnetic field is changing, there is no
induced EMF according to Faraday's law in integral form.

. False: Faraday's law applies even if the loop is stationary; the induced
EMF depends on the changing magnetic flux.

14, True or False: The negative sign on the right side of Faraday's law in
integral form indicates that the induced current flows in a direction to oppose
the change in magnetic flux.

« True: This is consistent with Lenz's law, stating that the induced
current produces a magnetic field opposing the change in the original
magnetic field.

15. If the magnetic field through a closed loop changes uniformly with
time, the induced EMF is constant.

14
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« False: The induced EMF depends on the rate of change of magnetic
flux; if the change is uniform, the induced EMF may be constant.
16. Faraday's law in integral form is independent of the specific shape or
size of the closed loop.
« True: It depends only on the magnetic flux through the loop, not its
geometry.
17, If the closed loop is rotating in a uniform magnetic field, the induced
EMF will be sinusoidal in nature.
« True: The induced EMF follows the rate of change of magnetic flux,
which, in the case of rotation, leads to a sinusoidal waveform.
18. Faraday's law in integral form is consistent with the observation that
moving a magnet near a coil induces an electric current in the coil.
« True: This phenomenon is precisely described by Faraday's law,
where the changing magnetic field induces an electromotive force
(EMF) in the coil.

1. The Ampere-Maxwell's equation states that the circulation of the magnetic
field ($B-dl) around a closed loop is directly proportional to the electric
current passing through the loop.

« True: This is a correct interpretation of the Ampere-Maxwell's
equation.

2. The Ampere-Maxwell's equation, in its differential form, is given by

= = = O

VXB = o] + o€ Bt

« True: This is the correct expression of the Ampere-Maxwell's
equation in differential form.

3. According to the Ampere-Maxwell's equation, a changing electric field (g—f)
can induce a magnetic field.
« True: The last term in the Ampere-Maxwell's equation (u, &, Z—f)

represents the contribution of a changing electric field to the induction
of a magnetic field.

4. The Ampere-Maxwell's equation, in its integral form, states that the line
integral of the magnetic field around a closed loop is equal to the total
electric current passing through the loop.

« False: This statement is a simplification. The integral form includes
not only the current but also the contribution from the changing
electric field.

5. In the absence of electric currents and changing electric fields (J=0 and Z—f =
0), the Ampere-Maxwell's equation simplifies to VxB=0.
15
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« True: In the absence of currents and time-varying electric fields, the
equation reduces to the statement of the absence of magnetic
monopoles.

6. The Ampere-Maxwell's equation is a set of four equations that form the
complete set of Maxwell's equations, describing the behavior of electric and
magnetic fields in classical electromagnetism.

. True: The Ampere-Maxwell's equation, along with the other three
Maxwell's equations, forms a complete set governing the
electromagnetic phenomena.

7. The Ampere-Maxwell's equation implies that a changing magnetic field can
induce an electric field.

« True: While the Ampere-Maxwell's equation primarily deals with the
induction of magnetic fields by electric currents and changing electric
fields, it also implies that a changing magnetic field can induce an
electric field through Faraday's law.
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