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Chapter 3 

Boolean Algebra and Logic Simplification 

Laws and Rules of Boolean Algebra 

Boolean algebra is the mathematics of digital logic. 

1-) Laws of Boolean Algebra 

1- Commutative Laws:                                    قانون التبادل 
The commutative law of addition for two variables is written as: 

𝑨 + 𝑩 = 𝑩 + 𝑨 

 This law states that the order in which the variables are OR gate  makes no difference. 

 

Application of Commutative Law 

Also,         𝐴𝐵 = 𝐵𝐴 

 

Application of Commutative Law 

 2-  Associative Laws: 

The associative law of addition is written as follows for three    variables: 

𝑨 + (𝑩 + 𝑪) = (𝑨 + 𝑩) + 𝑪 

This law states that when OR  more than two variables, the result is the same regardless 

of the grouping of the variables. 

 

Application of Associative Low 

Stage
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Also, AND gate     𝑨(𝑩𝑪) = (𝑨𝑩)𝑪 

 

Application of Associative Low 

3- Distributive Law 

The distributive law is written for three variables as follows: 

𝐴(𝐵 + 𝐶) = 𝐴𝐵 + 𝐴𝐶 

 

Application of Distributive Low 

2-) Rules of Boolean Algebra 

lists 12 basic rules that are useful in manipulating and simplifying Boolean 

expressions. Rules 1 through 9 will be viewed in terms of their application to logic gates: 
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1-)   𝑨 + 𝟎 = 𝑨 

 

2-)   𝑨 + 𝟏 = 𝟏 

 

3-)  𝑨 . 𝟎 = 𝟎

 

4-)   𝑨 . 𝟏 = 𝑨 

 

 

5-)   𝑨 + 𝑨 = 𝑨 

 

6-)  𝑨 +  𝑨 = 𝟏 
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7-)  𝑨 . 𝑨 = 𝑨 

 

8-)   𝑨 .  𝑨  = 𝟎 

 

9-)    𝑨 =  𝑨 

 

10-)          𝑨 + 𝑨𝑩 =   𝑨 

 

11-)          𝑨 + 𝑨𝑩 = 𝑨 + 𝑩  
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12-)          (𝑨 + 𝑩)(𝑨 + 𝑪) = 𝑨 + 𝑩𝑪 

 

3-) De Morgan’s Theorems 

De Morgan’s first theorem is stated as follows: 

● The complement of a product of variables is equal to the sum of the complements 

of the variables. 

Means that “      𝑨𝑩 ̅̅ ̅̅ ̅ =  𝑨 + 𝑩 

Stated another way, 

The complement of  two or more AND  variables is equivalent to the OR of the 

complements of the individual variables. 

 De Morgan’s second theorem is stated as follows: 

●The complement of a sum of variables is equal to the product of the complements 

of the variables. 

Means that ,         𝑨 + 𝑩 =  𝑨 𝑩
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Example: 

Apply De Morgan’s theorems to the expressions: 

                       𝑨𝑩𝑪      ,                              𝑨 + 𝑩 + 𝑪  

Solution:     𝑨 + 𝑩 + 𝑪                              𝑨  𝑩 𝑪 

Problem: 

 

 

 

Examples 

 



Digital Electronics             Assi.Pro.  Yussra Malalah Abdulla         

second class                        physics Science              2023 - 2024 

 

 
7 

 

 

Logic Simplification Using Boolean Algebra 

Using Boolean algebra techniques, simplify this expression: 
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Example 2 
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Simplification Using Boolean Algebra 
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Standard Forms of Boolean Expressions 

All Boolean expressions, regardless of their form, can be converted into 

either of two standard forms: 

The sum-of-products (SOP) form 

The product-of-sums (POS) form 

Standardization makes the evaluation, 

simplification, and implementation of Boolean expressions much more 

systematic and easier. 

 

 

 
SOP expression can be implemented by AND-OR logic in which the outputs of a 

number (equal to the number of product terms in the expression) of AND gates 

connect to the inputs of an OR gate equals the SOP expression. 

An SOP expression can be implemented with one OR gate and 

two or more AND gates. 

 
Implementation of a POS Expression 

Implementing a POS expression simply requires ANDing the outputs of two or 

more OR gates. A sum term is produced by an OR operation, and the product of 

two or more sum terms is produced by an AND operation. Therefore, a POS 

expression can be implemented by logic in which the outputs of a number (equal to 

the number of sum terms in the expression) 
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of OR gates connect to the inputs of an AND gate  the expression (A + B)(B + C + 

D)(A + C). The output X of the AND gate equals the POS expression. 

 

 
 

4-) The Boolean Expression for a Logic Circuit 

To derive the Boolean expression for a given combinational logic circuit, begin at the 

left-most 

inputs and work toward the final output, writing the expression for each gate. For the 

example circuit in Figure 

Example-  1                                                              

 

Example- 2 

1. The expression for the left-most AND gate with inputs C and D is CD. 

2. The output of the left-most AND gate is one of the inputs to the OR gate and B is the 

other input. Therefore, the expression for the OR gate is B + CD. 

3. The output of the OR gate is one of the inputs to the right-most AND gate and A is the 

other input. Therefore, the expression for this AND gate is A(B + CD), which is the 

final output expression for the entire circuit. 
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5-) Implementation of a Logic Circuit Using a Boolean Expression 

●Let’s examine the following Boolean expression: 

X = AB + CDE 

A brief inspection shows that this expression is composed of two terms, AB and CDE, 

with a domain of five variables. The first term is formed by AND A with B, and the 

second term is formed by AND  C, D, and E. The two terms are then OR to form the 

output X. These operations are indicated in the structure of the expression as follows: 

 

 

● this expression shows that the terms AB and (CD + EF) are AND. 

The term CD + EF is formed by first AND C and D and  AND   and  F, and 

then OR these two terms. This structure is indicated in relation to the expression as 

follows: 
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the logic operations must be done in the proper order. 

The logic gates required to implement X = AB(CD + EF) are as follows: 

1. One inverter to form  D 

2. Two 2-input AND gates to form CD and EF 

3. One 2-input OR gate to form CD + EF 

4. One 3-input AND gate to form X 

 

From a Boolean Expression to a Logic Circuit 
Find how many gates you need from these expressions  ?? 

 

Binary Representation of a Standard Product Term 
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A standard product term is equal to 1 for only one combination of variable values. For 

example, the product term ABCD is equal to 1 when A = 1, B = 0, C = 1, D = 0, as 

shown below, and is 0 for all other combinations of values for the variables. 

 
In this case, the product term has a binary value of 1010 (decimal ten). 

Remember, a product term is implemented with an AND gate whose output is 1 only if 

each of its inputs is 1. Inverters are used to produce the complements of the variables as 

required. 

An SOP expression is equal to 1 only if one or more of the product terms in the 

expression is equal to 1. 

 

 

 
Q/ What is the standard product term for a 1 in cell 0010? 

 

 
Conversion of a General Expression to SOP Form 

Examples: 

 
The Standard SOP Form 

A standard SOP expression is one in which all the variables in the domain 

appear in each product term in the expression. Standard SOP expressions are 

important in constructing truth tables, 
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Convert each SOP expression to standard SOP form. 

 
 

Boolean Expressions and Truth Tables 
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For each truth table derive a standard SOP expression. 
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The Karnaugh Map 

The 2-Variable Karnaugh Map 

The 3-Variable Karnaugh Map 

The 4-Variable Karnaugh Map 

The 5-Variable Karnaugh Map 

 
A 3-variable Karnaugh map showing Boolean product terms for each cell 

 

 
A 4-variable Karnaugh map 

Example 

 



Digital Electronics             Assi.Pro.  Yussra Malalah Abdulla         

second class                        physics Science              2023 - 2024 

 

 
19 

 
 

Example 2 

 
 

 
 

Group the 1s in each of the Karnaugh maps in Figure 
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Example:determine the product terms for the Karnaugh map in Figure and write the 

resulting minimum SOP expression 

 

 

 
 Problems: 

For each truth table in Table, derive a standard SOP and a standard expression 
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