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The Definition of Quantum Chemistry
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Quantum chemistry is the branch of chemistry that concerning with the application
of quantum mechanics for solving chemical problems such as :

»>electronic structure
»atomic and molecular structure,
» Spectroscopy

Quantum mechanics which may be defined as

a mathematical system which has been presented by three different ways with similar
results.

»Schrodinger (Wave Mechanics)
»Heisenberg (Matrix Mechanics)
» Dirac (Ket & Bra Mechanics) (<\>)



Coordinate System e
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The purpose of using coordinate system is to describe a point, a curve or a surface in
space.

I. Cartesian Coordinate
II. Spherical Coordinate



I. Cartesian Coordinate
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The Figure Show three dimensional Cartesian coordinate system, with origin O and
axis lines X, Y and Z, oriented as shown by the arrows. The black dot shows the point
with coordinates X=2,Y =3, and Z = 4.



Spherical Coordinate =

\ /

The point (p) can be described through one distance (the radial r) and two angles (6
and @)
Z

lﬁf (rs 0, (P)

The figure explains spherical coordinates (v, 0 and @) as r is the radial distance, 0
(theta) is the polar angle, and ¢ (phi) is the azimuthal angle.
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There is a possibility for inverting Cartesian coordinate to spherical and vice versa
using the following three relations:

X =7 sinfcos¢
Yy =1 sinf sin g
z=r7 cost



Conservative System =

/V

A system can be conservative if it total energy remains fixed with time.

E U

E isthe total energy
T is the Kinetic energy
U is the potential energy

This means that the conservative system is completely isolated with no external effect.

.
dt

il



Generalized Coordinates and Degrees of Freedom
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—Suppose there is a conservative system of three particles (N=3)

In order to describe the state of this system completely at a given time,

We need to specify the positions and velocities of the three particles
O posttions (X4, V1. £13 X2. V2. Z23 Xg3. V3 and z3)
and
9 wvelocities (X;. V5. 215 Xo. Vo, 25 X3, Vo and z3).

for system containing N particles, one must have
3N positions and 3N velocities which mean
6N degrees of freedom.
3N generalized coordinates (g;. i=1, 2,...3N) and

3N generalized velocities (g;. i=1, 2,...3N).
The main purpose of dealing with generalized coordinates is to make it convenient

for treating systems of multi particles from mathematical point of view.
2



Classical Mechanics —
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Classical mechanics is a physical theory describing the motion of macroscopic object
from projectiles to parts of machinery, and astronomical objects,

such as
spacecraft, planets, stars and galaxies.

Classical mechanics as formulated by Newton called Newtonian mechanics

Newtonian mechanics is considered fairly straightforward from a
mathematical point of view.

There are other possible formulations of mechanics:

1. Lagrangian mechanics
2. Hamiltonian mechanics

13



Newtonian Mechanics e

/

This mechanics can be presented by Newton’ second law in dynamics

F =ma (1-6)

which gives the force (F) required in order to give acceleration (a) to mass (m) .

Generally, the force is a function of position x for one dimensional system. The
acceleration may be rewritten as:

_dx ! where (t)is a time.
C dez (1-7)

Thus, Eg. (1-6) can be represented in differential form by following relation.

d®x

14



Lagrangian Mechanics =

S . s
— Joseph-Louis Lagrange is an Italian-French mathematician and astronomer .

The important aspect here is the quantity of Lagrangian function (L)

L —1 |} (1-9)

which defined as the difference between kinetic energy (T) and potential energy (U):

In one dimension system:
As far as the kinetic energy is a function of velocity v and
The potential energy is a function of position X,

equation (1-9) can be rewritten as:

Ly = Ty — U

The solution by Lagrange's model gives

d (EL) ar 0
dt \ v dx 5
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Ordinary derivative equation—— R
- f(x) = 4x*+ 3x° (1-12)
then
L — 8x +18x° (1-13)

This called as ordinary derivative equation because it contains only

one variable (x).

Partial derivatives equation

If f is a function of two variables (x and y) then we have to use partial
derivatives. For example, if

flx,yv) =3x*y +7y>+5x*y" —8x (1-14)

then the partial derivatives with respect to x and y are

o7 — 9x2y+20x3y” — 8 (1-15)

da

oL — 3x% +35y* + 35xy° (1-16)

16



Example: Simple Harmonic Oscillator e
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The figure Shows schematically the simple harmonic oscillator of mass m and x is a distance
from the equilibrium position.

",

v
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According to Hooke's law:
F=—kx (1-17)

Where:

(x) is the distance from the equilibrium position.
(k) is the force constant.

(-) the force is in the opposite direction.

On the other hand:

The force be represented as the negative gradient of the potential energy U:

F=-—= (1-18)

combining Egs. (1-17) with (1-18) gives

== kx (1-19)

18
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Then the potential energy :
[ oU =k [ xox  (1-20)

This gives

U = kx> (1-21)

2

The kinetic energy T of simple harmonic oscillator:

1 .2 (1-22) where : m is the mass of particle

T =-mv : :
2 v is the velocity

Thus, the Lagrangian function can be rewritten as:

L = gmmﬂ - %kxz (1-23)

19



i a—L —a—LZ - _1 2 1 2
dt (Elu) dx 0 (1-11) L—Em“ﬂ’ —Ekx (1-23)

Substituting L of Eq. (1-23) in the equation (1-11) , we find

i[i(imi:': — %f{x:)] —;—I(Em :— %.EEI:) =0 (1-24)

de Lav \2 2 2
d
Ll — 2
—(mv) +kx=0 (1-25)

. dx .
Since v = 0 Eqg. (1-25) can be rewritten as:
dZx
i — -7
m—+ kx=20 (1-26)

the acceleration ais g =& (1-7)
dt?

Then Eq. (1-26) can be represented as:
ma+ kx =0 (1-27)

20



Hamiltonian Mechanics =
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Hamiltonian mechanics depends merely on that of Lagrangian through the quantity of
Hamiltonian function H which contains Lagrangian function L.

H=X2p:q:—L  (1-30)

where:
H is the Hamiltonian function,
P; is the generalized momentum,
q; is the generalized velocities
L is the Lagrangian function.

On the other hand,

dx dH 9 . ) ) )
== (1-28) H is the Hamiltonian function
P p is the momentum
t Is the time
dp _ dH

R -7
dr dx (1-29)

21
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Lagrange's EQ. (1-11) expresses the motion of a particle as a single-order differential

equation.
d fOL dL
2 ()5 =0 (1-11)

While for Hamilton the motion described as a coupled system of two first-order differential
equations:

dx OH

e _ s )

dt  ap (1-28)
»__A (129)

it dx

22



Example: Simple Harmonic Oscillator (Hamiltonian Function) ——

//an to Eq. (1-30), one needs to find the Kkinetic and potential energies in

order to substitute Lagrangian function o
H= YZ\p:q:— L (1-30)

U= ;ﬁ:xz and T = Elmtfz

On the other hand, the momentum p can be expressed by:

D =mv (1-31)
Thus, For N=1 and through substituting Egs. (1-21), (1-22) and (1-31) in Eq. (1-30), one can get
H=mv?—Cmv2+>kx?)  (132)
then
H =$mv2 +$kx2 (1-33)

Since T = imﬁ'z and = gkxz . Eq. (1-33) can be rewritten as:

H=T+U (1-34)

23



Example: Simple Harmonic Oscillator (Hamiltonian Equation, Z—r = ——

dx
P By substituting Hamiltonian function (1-33) in Eq. (1-29) gives
H = mv?+2kx? (1-33) 2_ A (129)
Z 2 dt B
i—i=—:—xemﬁz+$kx2) (1-35)

Taking the partial derivatives one get

dp _ R
2 — —kx (1-36)

Replacement the momentum p by mv and consequently the velocity v by

dx gives
dt =

d®x

Again. Eq. (1-37)1is same as that of (1-27) in representing both Newton's
second law (F = ma) and Hooke's law (F = —kx) which supporting the
correctness of Hamiltonian function and Equation.

24
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Example: Write the Hamiltonian function for Hydrogen atom?

(Z2) is the atomic number of H atom which equal to one.

-e By supposing that the nucleus is fixed and the electrons move
around it..
Therefore, the kinetic energy of nucleus will be equal to zero.

According to Eq. (1-34)
H=T+U

The kinetic energy of electron is

T = gmvz (1-35)

In order to make the kinetic energy described by momentum instead of
velocity. The right side Eq. (1-35) multiplied by = which does not disturb
the equation, one get

m mz 1?2

T= mp?xZ= (1-36)
2 im

3

Since p = mv, the kinetic energy will be in this form

T=_— (1-37)

25



The potential energy for two charged particles is described by
1. The interaction between those charges
2. The distance r between them

_ (+Ze)(—e) —e?

(4me,)r ATE,T

(1-38)

where 4me, is the Coulombs constant as ¢, =8.854X

10722 C2N1tm~2, Thus the Hamiltonian function for H atom is

H=X2+ (1-39)

26



Example: Write the Hamiltonian function for Helium atom?

/ \\ _—_/

e ,
| +Ze ,l
M, I
r2/ ol
e q“‘xﬁ ¥ -
-2 | = |

IIKH v r2 I“x_q__

-

(Z) Is the atomic number of He atom which equal to two.
By supposing that the nucleus is fixed and the electrons move around it.

2 2z
T="t42 (1-40)
=2 z z
U= —=—"-=4° (1-41)
rl ra ri2
2z 2 32 hod 2 2
ZH= 22422 =2 = 4 ° (1-42)
im im rl ra ri2

27
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Chapter Two

Quantum Theory
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Introduction
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DPue to the accumulated of unsolved problems that faced scientists at the nineteenth
century.

/

The main problems:

» The nature of light,
»Electromagnetic energy,
» Atomic and molecular structures.

A modern science called quantum theory was initiated in order to give an understandable
clue about those dilemmas.

Indeed, quantum theory was originated at 1900 by Max Planck through explaining the
phenomenon of blackbody radiation.

Therefore, the first hypotheses of this new science was postulated by Planck which
containing the word of quanta.

Then, considerable supports to this hypotheses through some more postulates were given
by Einstein,

Bohr,

Sommerfeld and de Broglie 29



Introduction
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The main concept of quantum theory is that the absorption of electromagnetic
energy Is not continuous as heat but is discontinuous as a matter.

In other words,
The energy of the system can take only a certain amounts of energy.

But, according to classical mechanics

The energy of the system is able to be in any quantity and can change by
any amount.

30
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Black body or Cavity Radiation e

L T
Black body radiation means any matter that could emits radiation in all wavelengths ranges.

Black

Sy > An isolated cavity as the only energy that can be absorbed
Is energy in the form of heat in order to rise temperature.

» The heated cavity will considered as blackbody which emits
long ranges of radiation.

» the heated tungsten metal cannot considered as blackbody

\j

. | because only emits radiation at short range of wavelengths
— u (visible only).
~ [
- = A box with a small hole that emits a wide range
The figure shows Simple Scheme of electromagnetic radiation.

explaining the Black body radiation.

31
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Black body or Cavity Radiation =
/V —
This experiment was already studied by Rayleigh and Jeans using classical mechanics

They assumed that the distribution of intensity I(v) as a function of frequency (v ) increases
with increasing temperature T

8mKkT
1) =25
Where

K is the Boltzmann constant (1.38064852 x 10723 J K1),
T is the absolute or Kelvin temperature,

A is the radiation wavelength.

32
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Black body or Cavity Radiation —

»Planck surprisingly found that
5000 K there is a maximum in the
- "\ relation of I(v) as a function of

/ \ cl Clossiqol Mechanics frequency V.
(Rayleigh and Jeans) 5000K

/ \ > It is apparently contradict the
assumed model of Rayleigh and
I(v) - Jeans.
»Such unexpected result led
Planck at the last of 1900 to
breakthrough a new science
(quantum theory).

Wavelength (um)

The figure shows the distribution of intensity /(v) as a function of frequency (v)

A rode of iron appears red at 500°C and change to bluish at 1000°C.

33



Black body or Cavity Radiation _—
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»Planck stated that "The energy like matter, it is discontinues and consists of large
numbers of tiny discrete units of equal portions called quanta“.

» The system can only emits or takes radiation by quanta of energy (E) which
proportional with frequency v
E=hv

The symbol h is famous or magic Planck constant of the value 6.62607 x 10-34J.s.

El | El \|/

Excitation Emission

The figure shows the Excitation and Emission according to Planck postulate.

34



Black body or Cavity Radiation
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According to classical mechanics
The system may be able to take any value and to change by any amount of energy.

While, by the quantum theory (Planck assumption)
A system can have only a unique set of certain values of
hv or its integer multiplication

He developed a model that could coping the experimental relation of black body radiation as following:

8mthC 1
1(v) = T2 (S

where

C is the velocity of light. -



S

8mhC 1
@: 15 (ehC/AkT)

At high frequency (short wavelength)
hC/AKT s large enough to make the value of /(v) equal to zero.

For Low frequency (long wavelength)
hC/AKT<<1 as the relation will be somewhat similar to that of Rayleigh and Jeans

Black body or Cavity Radiation =

36



Photoelectric effect /
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In 1905 Einstein explored the experiment of photoelectric effect in order to understand it as
Planck did for black body radiation.

v |

(,f"’\\ | ., / . . /

\ ) / /

\ ) Y,

J/ lens in )
S metal thin plate electroscope
hight
source

The figure shows the photoelectric effect

The incident light at a thin layer plate of metal ejects electrons which change the
charge of plate from neutral to positive

37



Photoelectric effect G
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Einstein supported Planck hypothesis and he gave the second postulate in quantum theory.
He stated that

“the electromagnetic radiation has particle like characteristics and
each of these particles having Planck quanta energy (E=/v)”

The photoelectric effect having two more advantages in addition to the last postulate

» It is solved the problem of centuries about the nature of light which behaves as particle
like.

»the photoelectric effect can be considered as a source of g particles or ray

38



Photoelectric effect G
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There is no ejected electron until the frequency of light becomes equal or larger than a
certain value.

This minimum frequency is called the threshold frequency v,

> |Its value depends on the type of metal.
» The Kinetic energy of ejected electron is proportional with the frequency of incident light.

The excess of kinetic energy of the ejected electron (E+) as can be represented by this relation:

Er=-mvi=hv—hv,=hv—W
2

Where
W is the work function of metal.

39



Example of Photoelectric effect e
— What is the maximum velocity of electrons ejected from Ni metal by a light of

200nm wavelength, if the work function of Ni is 5eV. Noting that the mass

of electron is 9.1x1031kg, the conversion factor 1eV =1.60x101° J and the
velocity of light C=3x108 msL.

3x10® m/s
 200x10° m

Er=hv—W=6.626x107* x 1.5x10% — 5x1.6x107° = 1.94x107%° |

1 = 2Er 2x1.94x10 19]
Er——-—mv: — 1 — | — —
2 m 9.1x10 1 kg

6.53x10° m.s 1

1 — 1.5x101™ s 1 or H=z

40



Mass—energy equivalence g
mass—energy equivalence states that mass is concentrated
energy. In his theory of special relativity Einstein formulated the

equation

—_ 2 L
E=mC (2-4)
E /m=c2=(3x 108 m/s)? = 89875517873681764 J/kg (= 90 x 101> joules per kilogram).

So the energy equivalent of one kilogram of mass is

»89.9 petajoules
»25.0 hillion kilowatt-hours
»21.5 trillion kilocalories

or the energy released by combustion of the following:
21 500 kilotons of TNT- equivalent energy

41
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In1911

Rutherford was successfully given a true idea about atom structure which
achieved from his experiment of bombardment of a very thin layer of gold by
a-particles.

At that time his new idea has been attacked by electromagnetic theory of
that the charged particle emits energy throughout moving.

In 1913

Bohr produced a solution to this problem by an interesting combination of
classical mechanics with quantum theory.

42



Bohr atom —

/
His developed theory may be considered as an additional of three postulates to qguantum
theory:

»There is only certain of allowable orbits for an electron in H atom.

Nshell(n=4)
M shell(n=3)

Lshell (n=2)
Kshell(n=1)

Protons

Electron

Discrete Orbit Orbit

Energy Shell
Energy level

> In these orbits the magnitude of angular momentum (L) of the electron can only
have quantized values according to the following relation:

h )
L=n (g) —nh n=1,234 ... ...etc  (2-5)
Where

n can be considered as the principal orbital quantum number
h=h/2r.

43



Bohr atom —

/Them of each orbital level could be estimated by the following relation

Where m, the rest mass of the electron,

B m,e? 1 e isthe elementary charge,
noT o 2(4meg)2h2 n2’ €, isthe permittivity of free space,
h isthe Planck constant
n is the principal orbital quantum number
E —13.6 eV _%
n - n2 ( B )

» The electron can only pass from one stationary state to another.
The frequency of a spectral line due to the transition of that electron is also quantized
and equal to Planck or photon energy as

AE=E2_E1=hV

Using last postulate one could calculate the wavelength of the transition in the hydrogen
atom using this model.

Z2me*[1 1 11 n,= Initial
hy = [ ——]=13.622[ __ .]ev =
8h2eZ [n?  n2 2 n2 n,= Final

44



Bohr atom

The figure shows continuous and line spectrum.

The figure explains the emission spectrum of H atom according to Bohr assumptions

n=T
n=&

n=o

EBrackett Series
wy¥y E(n) te E(n=4)
Faschen Series

TTYYY E(n} to E{n=3)

Balmer Serles
E{n) te E(n=2)

YYTYTYTY

Lyman Series
Ein) ta E (n=1)

It contains two weak points:

» The first is that the electron moves around the nucleus in cyclic orbits.

» The second is contradicting with uncertainty principle as the momentum and
position of electron can be determined simultaneously in accurate means

45



Bohr atom _—
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2.4.1. Example: What 1s the energy of an electron i the n=3 energy state
of a hydrogen atom?

: -13.6 eV
According to Eq. 2-8  E,, =

n.?,

136
E,=—5—=15111¢V

Thus, The energy of an electron i the n=3 energy state of a hydrogen
atom is2.42 x 107 J.

46



Sommerfeld Quantization
/ —
“In 1915 Wilson and Sommerfeld developed a method of quantizing

The method can be illustrated by two main steps:

» The first is by solving the problem using classical mechanics.
»The second is throughout taking the equation that could fulfill the quantum condition.

The quantum condition for a system of f degree of freedom is

$ pidg; = nh (i =1,2,3, ..... ) (2-9)

where

95 the integration symbol means the integration of complete cycle
n is the quantum integer number, n=0, 1, 2, 3,

The real position and momentum of the system according to quantum condition must be
equal to Planck’s constant or its multiplication by integer number.

Application the quantum condition indicate
» The atomic orbits are elliptical (not circle).
» The result of application to simple harmonic oscillator is not acceptable as contradict

with uncertainty principle. .



The dual nature of light i
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In 1924

De Broglie stated that the light having dual behavior of both particle- and wave-like
properties.

He is postulated that
“light does not only display or show particle-like characteristics, but small particles may at
times show wave-like properties”.

He derived a very important relationship between wavelength and momentum which it
Is essential for guantum mechanics.

p:% (2-10)

48



The dual nature of light /
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The derivation of this model was as following.

The energy of photon E=/iv at the same time the mass-energy
equivalence (2-4) is E = mC?, therefore,

C hC . .
hv = mC?, V== Then, 7=mC2=> —=mC ,

The velocity of photon 1s equal to the speed of light v therefore,

h
E! =mv (p = mv)

_n
P=3

49



The Hydrogen Atom. e

1.1A

Depiction of a hydrogen atom showing the diameter as about twice the Bohr model radius.

(0.53 A)

» The treatment of atoms by quantum mechanics is considered as an essential task for

solving the problems of both chemist and physicist.
»The H atom is the simplest atomic system which only has two particles of an

electron with mass m, and nucleus with mass M.
50



—The Hamiltonian function of H
Supposing the nucleus is fixed
H_—1 11}
1 —Ze?
H:—(E_|_ Z 4 2)_|_ (4-31)
2Mp Px F‘_«},— Pz 4T E,LT

Converting the Hamiltonian function to Hamiltonian operator  using postulate 11

2 2

1 A
T (p2+p2+7) mmpf |0, 0 2
2m " 2m |92 dy? Y
B EE 2 s Zes
o — [ = = ! 2] i (4-32)
2mg Lox dy dz ATE,T

Substituting this Hamiltonian operator in Schrédinger equation HY = E¥ one can get

i Ia az e
( [axg - )’P E¥  (4-33)

51



R [Er g dul o 2
[ o ] - =E¥ o
Zm . ldx> oy dz"| Aner R

3ty  Fcw Py

3’y A*w  Fw sz(E Ze?

- 4-36
ax2+ay2+azﬂ+ = )IP 0 (4-36)

-*-LH:EQT

This Eg. (4-36) cannot be solved as the Cartesian coordinate unable to describe such a
two particles system. The transformation of the last Eq. to spherical coordinate

52
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- | ;,

13 an) 1 3 ( : aw) 1 9w 31 Mg
——|r°—J]+ —(smb— |+ F+— )@=
r? ar ( ar) ' rsing a8 ) amiese | dme,r (4-37)

3 (r,G, @)

The Figure shows Spherical coordinates for describing the hydrogen atom.

The equation mathematically is difficult to solve because:

The supposed spherical shape of an atom cannot be described by

one position which depending on three parameters (r, 6 and ¢).
53
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— m, Eqg. 4-37 should be written as a product of three functions:
»One dependenton r,
»One dependent on 6,
»One dependent on ¢.

T‘FET, H, 'i’j = H{T:] E}{E:] q&{q&,] (4-38)

» Each of these three suggested wavefu nctions (R, @ and ®) need

corresponding Hermitian operators for substituting them in equation 4-37.

»>Thu A, £* and L.an be considered as the corresponding operators
for the wavefunctions R, @ and @ respectively.

» S0, three ordinary differential relations result

»Each of these three equations can mathematically be solved with a
guantum number for satisfying each of these relations

54
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Hence, the atoms having three integer quantum numbers in contrast to only one
with other systems.

>The equation of A and R gives the principal quantum number n (n=1, 2, 3, .. ),
>the equation of Z* and @ gives orbital quantum number I [1=0, 1, 2, . . ., (n-1)],

> The equation of Z_ and & gives magnetic quantum number m, (m=0, +1, +2, . .,
+).
The energy (E) or the eigenvalue of hydrogen atom was estimated from the first
equation of A and R which it’s parallel to that of Bohr atom

Where as Letter symbols are associated with orbital quantum number | as follows

i — B 1 2 3
Symbol & p d |

59
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Plot of the radial

wavefunctions versus
inter-atomic distance
(a) does not giving a

physical meaning

about the position of

each orbital as the

function R(r) cannot

gives idea about the

probability of finding

the electron in
somewhere.

.
D N4 &5 € 10 12 1

R

0.2+

0.2

R

z 14

14
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2 4 & =2 10 1z
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= 10" 1%m

(a)

10 12

(a) Electronic radial wave function R(r) for
hydrogen atom

1
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,/

Whereas, the plot

of the probability

density for finding
the electrons

r2 R?(r) versusr

Could give such
valuable
information about
the atomic structure
as shown in the
Figure (b).

(b) probability density for finding the electrons
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5;-%/(: (aéo) aZe= 3 (3 cos?  — 1)
ST

V2 (z

312
) a?e~ 7% sin 0 cos 0 cos ¢

3i2 )
) 0%~ ?/3 sin 0 cos 0 sin ¢

3i2
: (Z-) 0%e~ 9% sin?  cos 2¢

1 Z )\ ’ :
—--) a2¢ 7% sin? @ sin 2¢
a

F4
g — =—T
T
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The resultedwavefunction models may give anindication for the shapﬁ the orbitals.

For instance,
» the wavefunctions of s orbitals (¥, ¥, and ¥;) show no dependency on any angle

which may indicate the spherical shape of such type of orbital.

The angular probability density which depends on angular variables # and ¢ as could be

represented as follows. s :
: W2 = @099

e
s

< { /vy \ﬂl Y \/Y <4 &‘ / 1:
g \"‘Lx S T "ﬂ e )“?
where W2 is the probability of finding an electron at a given direction ® and ® at any

distance from the nucleus to infinity
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#. The problem of Schrddinger equation with not hydrogenlike
.. ~ atoms.— =

/

2

2 2
L™ 2 o 2 ie
E_"¢p ‘g
M T dwm. . Anex

where V,° and V¥ are the Laplacian operators for mucleus and electron

Each Laplacian operator needs three dynamical operators (H, I?.and f,z with three
differential equations.

Six dynamical operators are needed in order to solve this problem.

There are three dynamical operators representing the kinetic energies of the center
of mass (nucleus) with respect to the conservation of energy at three axis (7,, f’y
and Y))

Thus, Six dynamical operators (4, I, ﬁz, Y,, Y, and ;) with six related
differential equations.

But, for a system possesses three particles such as Helium (He) atom. Nine dynamical
operators must be needed as an essential mathematical requirement for solving this
system. 59
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If one supposing that the nucleus is fixed in order to neglect one of three Laplacian operators.

However, only six dynamical operators are available (#, [2, L . ¥,, ¥, and 7).

The kinetic energy of center of mass (¥, f’y and Y,) will be eliminated. Because of the kinetic
energy of nucleus which considered as the slowest particle and then can be supposed as fixed.

Hence, Schrodinger equation (quantum mechanics) cannot exactly solve systems
that having more than two particles which it is mathematically impossible.
Therefore, approximate methods must be used for solving non hydrogen-like atoms.

60
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Chapter Five

Approximate Methods

61



Approximate Methods o

e B

/' —

Schrddinger equation can only solve systems with two particles such as
hydrogenlike atoms.

Therefore, approximate methods are necessary for solving atoms with more
than two

There are two methods for such purposes:
» The Variation Principle.
»Perturbation Theory.

Perturbation Theory depending on The Variation Principle

62



The Variation Principle a2
The variation principle can be defined simply as that the calculated energy of a
system must always be higher or equal to its exact energy.

[ Y*HWdr
E = WAL = B (5-1) postulate 1V

where
E is the calculated energy
E, is the exact or real energy of the system

If we considered E constant values rather than functions and operator
Then, we get the minimum value of the energy throughout variation
the values of constants.

Variation word ===» Minimization term that used by scientists
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Variation principle may be illustrated as following

/

Let us supposed that ¥ is a trial function

And ¥ depends on a number of arbitrary parameters, 4,, 4,, ...., 4
Therefore,

YA, 1, - (5-2)

The values of these arbitrary parameters can be chosen in order to obtain the lowest
possible (the most accurate) value of the energy.

n:

So, the energy is a function of these parameters
The minimized value of energy can be obtained throughout solving the equation

3E :
T 0 (i—17_ _ nj (5-3)
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/- Linear COW

—

The common type approximate wave function ¥ for system of n electrons can be expressed
in terms of the linear combination of atomic orbitals

Contours and energies of s and p MOs through

Figure 11.19 5 P R s

& combinations of 2p atomic orbitals.

A Subtract Node

(py=Py)

5 - @[ >@.
= p MO
2 (antibonding)
;| PODOD
§
&

px px
Add = ‘ ~
(o +Py) (bondlng)

Node

Subtract
(py - py) 2p MO
EEEEE— ‘ (nntlbondlng)

MO
—
Py Py Add (bondmg)
(B, + )

V=0>00+06d,+. . . .+, = ?:1{:}'?5’; (5-4)
Where

C; are coefficients parameters
¢; are N-electron functions 65

P

Potential energy
I




e

chording to postulate 1V, the corresponding energy of this ¥ is

i=12 =1 G CjH;

E = I 4 &9
It
=12j=1Ci CjSy)

where
e f‘i’; Ho;dr Sij = f'i’a 'i’jdf
The minimization of the last energy with respect to the corresponding n

L, S0 O G 1 (5.8)
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Mmum solution of the last ion—is-by builmumr

determinant of the following form:

Hll_E'S-ll HIE_ESIE waw mEw wEw Hlﬂ_E'S-lﬂ
'H']'ll _E'S"]‘ll H‘]".'_E _ES']'?.E Ew wEw waw w Hﬂﬂ _Egﬂﬂ
The solution

T = Z}}:l 'i’j E:r'i
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Perturbation Theory —
>

/

The main principal of this theory is the comparison between unknown system
with that of related known one.

H for the system of interest differs only slightly from H of related system

pi , P8 Ze® Ze® | &° 2 __2
H = | | g—FP. "¢

2T 2T i i ri?2
Zm  ATME,T

where H, is the Hamiltonian operator of known or unperturbed system
iy Yy

A=H,+AV v
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The Schrodinger equation of known system (unperturbed)
& 0 Oypr0
HD{PIT?. & ET'.'. T'Fﬂ (5-12)
Whereas, the Schrodinger equation of unknown system (perturbed)
HY =E W
A—=0 H-H, ¥ -% E,—-E

E.=E)+AE}+A°EZ+ ... (514) _
3 “D “1 5 i 5 (5-15) Taylor series
Y, =PI+ AP+ A2P2 + ..
Values of 4 between zero and 1
The quantity En is called the ith-order energy

P! s the ith-order wavefunction -



e

Substituting the expressions of Eqs. 5-11, 5-14 and 5-15 in Schrodinger
equation of perturbed system we get:

(Ho + AV)(¥0 + A¥L + AP¥2 +--) = (E2 + AEL + AEZ + ---)(¥2 +
AP 4+ 2@+ ... (5-16)

(Ho®? + AVY2) + (AHFL + 22VEL) + (2H W2 + 22VE2)
= (EPWO + AELWO + Q2E2@O)po
+ (EQA¥) + AEMEY + APEZ¥Y + --)
+ (APEQW2 + BPEIW? + A*EZA2W2 + ---)

When 2=0 this equation will reduces to unperturbed values as Eq. 5-12 which
called the zeroth-order equation as can be represented as follows

(i, 5 1§ (5-17)
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According the power of A
(. ENywly e gyt g 5 The first order
(Hy —ED¥2 + (V—EDW¥! — EZ¥? = 0 (5-19) The Second order

The energies can be expressed according to postulate 1V by normalization
of the wavefunctions as

e PRI,
E,E = f IIUTE EI’”'.FT:' drt (5-21)

and, in general
. 0= i—1
Ei = (PO V¥ 14y

Tak
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The energy of first-order can be expressed by the follows through
combining Eqg. 5-14 with 5-20.

EO 4+ AEX = (@O ([, + AV) ¥odr = [P AP dr (523
Alternative expressions for the second- and third-order energies are

E2= [P (H, — EO¥ldr+2 [FOV¥idr (529)
L 0 L (5-25)



/
> / B
The first-order wavefunction can be calculated using variation principle using
the second-order energy equation (5-24) through replacing ’P’ﬂl by an

approximate function @ as following,

E2<W = [¢*({,— E9)®dr+2 [¥Vedr  (5-26)

The approximate second-order energy can be minimized with respect to
variation of @

dE?
30,

and the calculated approximate first-order wavefunction could then be used
for estimating the approximate value of the third-order energy (eq. 5-25).

=0 G 17 n
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Chapter Six
The Atoms



The Atoms e

e B

/' —

» The exact treatment of atoms using quantum mechanics only found for
hydrogen-like atoms.

» Systems with more than two particles cannot be solved exactly using
Schrédinger equation as mathematically impossible

There are two main problems will appear with many electron atoms:
»Many electron atoms including the many electron-electron repulsions.

» The distinguishing between electrons must be avoided in accordance
with uncertainty principle.

745)



Uncertainty Principle i
/’ e

In the 1920s, The accuracy of measurements was investigated by Bohr and
Heisenberg

If the experiment is designed to locate the position of the particle with great
precision, it is not possible to measure its momentum or velocity precisely

and vice versa.

The conclusion:

There must always be uncertainties in measurement in such a way of that the
product of uncertainty in position, 4x, and in momentum, 4p, Is

Ar Ap =H @)
2T
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In the 1927s, Heisenberg

The uncertainty principle or sometimes Heisenberg uncertainty principle

The position and momentum cannot both be determined in
accurate way simultaneously.

AEAt=h 62
2m
The uncertainty principle has very essential aspect when one deals with a

systems who having identical particles such as atoms and molecules.
This due to that any distinguishing between identical particles such as

electrons is considered to be as remarkable mistake which must be forbidden.

Uncertainty Principle _

77



- Helium atom —

Figure shows spherical coordinates for describing the helium atom

e;ande,  arethe two electrons,
N Is the anucleus,

ry; and ry, are the distances between each of e, and e, with N respectively,
I, Is the distance between electrons.

78



—_Helium atom —
/ it

If one supposes that the nucleus is fixed,
the Hamiltonian operator

A —f? e Tl Tal e*
I — Ve ——V:———— + —  (6-3)

2Meg 2Meg w1 TNz T2

A > EE 3 EE e’
H = F F = (64

Eme N1 Eme TNz 12

The Hamiltonian operator of this equation is look as the sum of two hydrogenlike
atoms in addition to the electron-electron repulsion term, e?/r,. Let

. EEE
e 2
H, = A
2"‘%& o
A ﬁ EE’
e 2
H, = A
Eme N2
2
e
Ve
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“Then, equation 6-4 can be represented by the follows

H B 65

Where
H, and H, are the Hamiltonian operators for each of electrons 1and 2,
Vi, IS electron-electron repulsion term.

Substituting these in Schrodinger equation gives

[ﬂi +H, + Vi |#%(1,2) = E¥(1,2) (66)

In order to solve this equation, an extreme approximation is needed by neglecting
the repulsion term V,, as following

[0, + H,|¥(1,2) = E¥(1,2) (6-7)
On the other side, ¥ must be covering each of electrons 1 and 2 as following

Y(1,2) =¥ (1)¥%(2) 638
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Helium atom e

‘Then,equation 6-7 will becomes
[H; + K ]9 (W%, (2) = E¥,()¥(2)  (69)
H, (Dw,2) + B,y,(0)%,02) = Ev,(1)¥,(2) (6-10)
Thus, separation the variables using the expression E=E,+E, gives the following
two equations for each electron:
H,v,(1) = E,%,(1) (6-11)
H,%,(2) = E,%,(2) (6-12)

The two equations (6-11 and 6-12) are actually the same which only differ in the labels that
used. In other words, these are one-electron atom Schrdodinger equation as already was
solved. Thus, both equations 6-11 and 6-12 can be represented as

HT-'PTII‘IR[ = Eﬂ.;r"rjﬂ.[m; (6'13)
T'FE]-: 2] T T'Pﬂilimm (ljrpﬂzizmm EZJ = T'F.:r {:]_jT-PE {:EJ

The corresponding energy E... 1165 L:LE - T:%] el
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Electron spin e
_>The sodium D-lines of two closely spaced identical lines indicating the
duplication of the number of states that available for the valance electron.

»Such phenomenon does not exist in the line spectrum of 3ps
hydrogen , helium and neon. 3.04--- et /0021 eV :

But also found in several metals such as mercury ¥}

» The spin eigenfunction was not involved
throughout the solution of hydrogen atom using
Schrodinger equation.

=k
o ©
g 8

2+ 0597 nm

Energy (eV)

The two possible spin eigenfunctions

igm: — lFn::r: (6-16)

AT e danie e FA R
2

Where 5.8 =— —hﬁ (6-17)

S, is the spin angular momeftum operator in z-direction
a and p are the spin eigenfunctions

1/2 1and -1/2 ¥ are the electron spin

The total wavefunction for electron (%) I'.EU o I‘.tul-ﬂ' (6-18)
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Pauli Exclusion Principle.

\ /

=

» The distinguishing issue that forbidden by uncertainty principle. playing an
Important role when one deals with a system of interacting identical particles.

»Such a system is found determining the wavefunction for many-electron atoms

Helium atom as simplest example for
many-electron atom

> n this system the electrons 1 and 2 are both in 1s orbital with different spin

g 1s()1s(2)a(1)B(2) 6-19)

Spatial functions x spin functions

This equation (6-19) is not satisfactory which contradict clearly the uncertainty
principle.

Because electron 1has spin up and electron 2 has spin down as clear distinguishing

between those identical particles -



Pauli Exclusion Principle. —

So, there is another probability which also not acceptable by Heisenberg principle
(uncertainty principle) as follows
Y = 15(2)1s(Da(2)B(1) (6-20)

In order to avoid the distinguishing phenomenon, addition or subtraction of
equations 6-19 and 6-20

S é[lS(l]lS(Z]ﬂE(l]ﬁ(Z]—F 1s(2)1s(Da(2)p(1)] symmetric (6-21)
o %[13(1]13(2]&(1],8(2] — 1s(2)1s(Da(2)£(1) ] Antisymmetric (6-22)

In other words, the magnitude of subtraction of equation 6-20 from equation 6-19
does not equal to that of equation 6-19 from 6-20 as following

[1s(1)1s(2)a(1)B(2) — 1s(2)1s(Da(2)B(1) ] =
~[1s(2)1s(Da(2)(1) — 1s(D1s()a(1)p2)] &)

Both wavefunctions of symmetric and antisymmetric are correct with respect to
uncertainty principle. but the helium atom in its ground state just has one correct

wavefunction
84



Pauli Exclusion Principle.

In 1925 e _—

> merimentally shows that only the %tisymmetric wavefunction Is
correctly describes the helium atom.

» At the same time, the symmetric wavefunction is not correct which must be
excluded.

/

The exclusion principle

“no two electrons in an atom or molecules can be in the same
state or configuration simultaneously”.

if the two electrons of helium atom having same spin function therefore the wavefunction will
be equal to zero

» The above treatment of Helium atom will be quite complex for other
many electron atoms.

» As the probability of avoiding the distinguishability increases.

» The treatment of lithium and boron atoms gives 6 and 24 equations.

» This problem was mathematically solved by Slater throughout his determinant

»Pauli exclusion is quite useful in chemistry :
there is no two electrons in atom have the same quantum numbers n, |, ml and ms



/
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. e
‘Not all particles are satisfying with antisymmetric wavefunction;

» Particles with half-integer spin (1/2, 3/2, 5/2, ....) all require antisymmetric
wavefunctions which are referred to as fermions.

*Fermions are considered as the fundamental particles of matter
«Satisfied Fermi-Dirac statistics
Electrons , Neutrons, and Protons

Particles with integer spin (0, 1, 2, ....) all require symmetric wavefunctions which
are referred to as bosons.

*Bosons are considered to be the force carriers.
 Satisfied Bose-Einstein statistics

*Photons and helium nucleus -



First Excited State of Helium Atom e

\ /
This example shows the two electrons of helium atom must differ in their spatial
wavefunction as one electron in 1s orbital and the other electron is in 2s orbital.

The treatment of each the spatial and spin wavefunctions will be separated in
then added to each other by multiplying process.

%[15(1]25(2]—#15(2]25(1]] (6-24)

=[1s(1)25(2) — 1s(D2s()]  (6-25)

There iIs no concern about exclusion principle at this stage because the above
wavefunctions are considered as a partial which need to be combined with spin
functions.

The two electrons are in different orbitals, it is possible to have the same spin or
opposite as following four possible spin functions.
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First Excited State of Helium Atom s

a(1)a(2) &2 a(1)B(2) 62
B(1)B(2) €27 } a(2)B(1) (629
no problem with distinguishability problem with distinguishability

=[a(DB@) +a@)BMD] (630
=[a(DBR) — a)BD)] (E-31)

»Each of the four equations (6-26, 6-27, 6-30 and 6-31) are correct with respect to
uncertainty principle.

»Which will be used to multiply each of the two spatial functions (6-24 and 6-25).
» Eight wavefunctions should be obtained but only the antisymmetric will be

taken according to exclusion principle.
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First Excited State of Helium Atom s

- / i
The results show there are four neglected symmetrical wavefunctions with four
antisymmetric

P = 5[15(_1)25(_2” 15(2)2s(D][e(1)B(2) — a(2)B(1)] (6-32) singlet
;i %[15(1]25(2] —1s5(2)2s(1)][a(1)B(2) + «(2)B(1)] (6-33) triplet
Y, = }E [15(1)2s(2) — 15(2)2s(D]a(Da(2) (6-34) triplet
= }E [1s(1)2s(2) — 15(2)2s(1)]B(1)L(2) (6-35) triplet

» The spatial part of ¥, is symmetric but the whole function is antisymmetric due
the negative sign of spin part which not symmetric.

» The spatial part of Y2, ¥3 and W4 are all antisymmetric but their spin parts are
symmetric which also makes the wavefunctions are antisymmetric.

»>The energy level of singlet state > the energy level of the triplet states
»The energy level of the triplet state are degenerate.
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First Excited State of Helium Atom s

»The helium atom at its ground state, the 1s two electrons are paired
and the resultant electron spin is zero.

e

»But First excited state when one electron will be in the 2s orbital,

the electrons may be paired (antiparallel), as in the singlet state
represented by %1 wavefunction

»Or unpaired (parallel), as in the triplet state represented by %2, ¥3

]
@

and ¥4 wavefunctions.

—>
o

»In presence of magnetic field, there is no any split can be detected in singlet
energy level, but the triplet energy level is split into three distinguished levels.
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Slater determinant 2
—

In 1929 Slater Solved

» The complexity problem of exclusion principle for many electron atoms
» The antisymmetric wavefunction

by developing a mathematical method for constructing the antisymmetric
wavefunction using determinants

1 [1s(ntl) 1s(1)(1)
T Vz1s(Qa(2) 1s(2)B(2)

The results of this model is similar to that of equation 6-22 which representing the
antisymmetric wavefunction of this atom

W (6-36) Slater determinant

¥, = = [1s(D1s(2)a(1)B(2) — 15(2)1s(1)a(2)B(1) ] Antisymmetric (6-22)
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The wavefunction of N-electron system can-be represented by Slater

~ determinant in the following general form.

By(x1) Dy(x) Da(x) - - Opy(xy)
By(x;) By(x3) D3(x) - - Oy(x;)
W — % E’lgxaj D, (Iaj D (Iaj .y (Ia] (6-37)
where E:II(IIN] 0, (Iw] D, (Iw] R TR 1) ¥ [In,]

@;(x;) is the one electron function representing both the spatial and spin parts.

In general,

» Slater determinant introduces the elements of same spin orbital in a given
column.

» the elements of the same electron in the given row

» no electrons in an atom or molecule have the same of all quantum numbers.

By(x;) 0y(x5) 0B3(x;)
For lithium atom (N=3) ¥ = ﬁ.-% 0:(x3) 0;(x) 03(xy)
D;(x3) O,(x3) Oz(x3)
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Hartree and Hartree-Fock SCF methods for atoms —

i e LRt 000 S0 I

—_—

In-1927,
Hartree formulated what are now known as the self-consistent field (SCF) method for

overcoming the problem of calculation the wavefunctions of many electron atoms.

Hartree considered:

» The nucleus of spherical shape which located at the center of atom.

» He assumed that each electron moves in spherically symmetrical potential that
resulted by the combination of the force from the nucleus and the force from all the
other electrons.

» The approximate effective potential is estimated by linear combination of atomic
orbitals throughout neglecting the electron-electron interaction (correation).

In 1930 Fock developed Hartree method by
» the addition of spin wavefunctions

»Slater determinant
For determining the antisymmetrical wavefunction.

Hartree-Fock SCF method -
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