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4.2 The uncertainty relations

The width of a wave packet ¥,(x) and the width of its amplitude
@(k) are not independent, they are correlated by a reciprocal relationship.
The reciprocal relationship between the widths in the x and k spaces has a

direct connection to Heisenberg's uncertainty relation (AxAP, > g) :
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For simplicity, let us illustrate the main ideas on the Gaussian wave packet.

2 1 X
Po(x) = () e aZgtkoX . 8

1 a? 2
B(k) = () e # T 9
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Two localized wave packet ¥, (x) = (%)% e~ aeiko¥ and (k) =
(%)% o~ ko)’ peak at x=0 and k=k, respectively, and vanish far
away.

In fig. above,|¥, (x)|? and |@(k)|? are centered at x=0 and k=K,
Respectively.

It is convenient to define.

Ax — half width corresponding to half max. |¥, (x)|?

Ak — half width corresponding to half max. |@(k)|?

In this way when x varies from 0 - +Ax

k varies from ko— +Ak

the functions |¥, (x)|? and |@(k)|? drop to ez

POEOP_ 1 10k £ADI s
=e , =
|¥(0)[? 1@ (ko) |2

These combined with eq8&9, lead to
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Ax* 1 Ay = ©
72 = 5 SO X = 5
2
Also —EAk2=—-2 5o Ak=-
2 2 a
Hence AxAk = % Ak = — we have
h
AXAP = -|————— — 11
2
A comparison of eq.11 with Heisenberg's relation
>0 >0 >0 12
AXAPx = E AyAPy = E AZAPZ = E -----------

Reveals that the Gaussian wave packet yields an equality, not inequality
relation. In fact, eq.11 is the lowest limit of Heisenberg's inequality. As a
result, the Gaussian wave packet is called the minimum uncertainty wave
packet. All other wave packets yield higher values for the product of x

.. h .
and P uncertainties: AxAP>E In conclusion

the value of the

: . : : h
uncertainty’s product varies with the choice of ¥, but the lowest bound, s

, IS provided by a Gaussian wave function also

ALA9>h
2

)

AEAt>h
2
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Problem

Calculate the uncertainty in position of (a) a neutron moving at 5x
10®m/sec and (b) a 50 Kg person moving at 2 m/sec.

Solution:
h
(@ AxAP, = 3
h h 1.05 x 10734
Ax > ~ =
20P  2mv 2X1.65%x10727 x5 x10°
=6.4x 10 m
This distance is comparable to the size of a nucleus.
—34
) Ax>—nx L =180 _ 5 %1036 m
2AP 2mv 2X50%x2

This magnitude is beyond human detection (neglected)

4.3 Application of uncertainty principle:

could

The principle of uncertainty explains a large number of facts which
not be explained by classical ideas. Some of its applications are

discussed here.

1-

The non- existence of the electron in the nucleus:
Radius of nucleus is of the order 10?2 ¢cm, so that if any electron is
confined with nucleus, the uncertainty in its position must not be
greater than 102 cm.
According to uncertainty principle

AgqAp~h

Where

Aq is uncertainty in position

Ap is

uncertainty in momentum

h h

h=— , AP = —
21 Agq

1joule =107erg  h=1.055x 10 j.sec = 1.055 x 102 erg.sec

Aq =2r=2x 10" cm diameter of nucleus

h _ 1.055x107%

AP =—=
Aq 2x10°12

~ 5.275 x 107 gm.cm/sec
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If this is the uncertainty in momentum of the electron, the momentum of
the electron must be at least comparable with its magnitude, i.e

P~ 5.275 x 1071® gm.cm/sec
The K.E of the electron of mass m is given by

P? (5275 % 1071¢)?

I = om ™ 2x91x10-28

erg

_ (5.275%10716)2
2X9.1X10728x1.6x10~12

=0.95 x 108 ev = 95 Mev

This means that if the electron exists inside the nucleus, their kinetic
energy must be of the order of 95 Mev. But experimental observation
shows that no electron in the atom possess energy greater than 4 Mev.
Clearly the conclusion is that electrons do not exist in the nucleus.

2- The radius of the Bohr's first orbit
If Aq & Ap are the uncertainty in the position and momentum of the

electron in the first orbit, then we have
h

AgqAp~h or Ap~ E
The uncertainty in the K.E. of the electron may be written as
1(mAv)> 1(4p)* 1 h, h?
2 m 2 m  2m E) NZm(Aq)Z
The uncertainty in the potential energy of the same electron is

1
AT = Em(Av)2 =

Ze?
AV = g
So that the uncertainty in the total energy is AE = AT + AV
h? Ze?
Mm@ " i
The uncertainty in the energy will be minimum if
d(AE) d?(AE) |
m— 0 and A(00)? is +ve
d(AE h? Ze? _ d(AE
Thus dEAqi = e T aor ----1, for minimum E put dEAq; =0
_ Rk ze? or h? _ Ze? or Ag = h?
m(sq)®  (Ag)? m(Aq)®  (Aq)? mZe?

Differentiating eq. 1 again, we get
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d’(AE) _ 3R> ze

d(Aq)?  m(Aq)* T (Agq)?
B 3h? 5 Ze? B 3h? 5 Ze?
m(Aq)3Aq T (Aq)3 h? (Aq)?
mZe?

m(Aq)3

d*(AE) 3Ze* 2Ze* _ Ze* .
d(AQ)Z B (Aq)?’ (Aq)3 - (Aq)3 = LS positive

2

I.e. the relation Aq~mf;e2

orbit. Therefore, the radius of the first orbit is given by

represent the condition of minimum in the first

2 2
r=Agq~ . > = 2h = Which is just the radius of Bohr's first
mZe 4t mZe
orbit.
Problem 1:

An electron is confined to a box of length 10® m , calculate the
minimum uncertainty in its velocity.
Solution:
me = 9.1x 103! Kg, h=1.054 x 103 j.sec

AgqAp~h

There fore (AqQ)max(AP)pmin~h
Given (AQ)max = 1078 m
aP)., = h _ 1.05x 1034
T (A ey 1878
But

= 1.05 X 1072°Kg.m/sec

(Ap)min =m (Av)min
o~ m (Av),,;, = 1.05 x 10726
1.05x 107%®  1.05 x 1072¢
(Av)min = =

m ~ 9.1x 10731
=1.15 x 10* m/sec
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Problem 2:
Find the uncertainty in the momentum of a particle when its position is
determined within 0.01cm. Find also the uncertainty in the velocity of an
clectron and an a- particle respectively when they are located within
5x108 cm.
Solution:
AgqAp~h
h  1.05x 107%7
P3¢~ 001

If Av is the uncertainty in the velocity of a particle of mass m, we have

AP =mAv - AgAP =Ag.mAv~h & Av=——
mAq

= 1.05 X 1072% gm.cm/sec

Uncertainty in the velocity of electron:
me= 9.1 x 102 gm Aqg=5 x10"8cm
h 1.05 x 10727
mAg 9.1 x 10728 x 5 x 108
Uncertainty in the velocity of a- particle
m, = 4 x mass of proton=4 x 1.67 x 10* gm = 6.68 x 10%* gm
h 1.05 x 10727
mAg  6.68x 10724 x 5 x 108

WA = = 2.3 x 107cm/sec

WAy = = 3.14 x 103cm/sec
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Problem 3:

A particle of mass m in a one-dimensional box is found to be in the ground state:
2 TXx
V(x) = \/:sin (—)
a a

Using p = ihd /dx we have:

poco=inge | Gam ()| = 0 e ()

Find Ax Ap for this state.

and:
- —hT TX —hT . T
P r(x) =1.ﬁ— —{,us( ) —511'1 (—
a .
= (p) = f W () py (x)dx
We found in the example above that {p) = O for this state.

() = [ty cods
a ¥ 2.2 ¥
= ﬁ \/gsin (%) huj_: ‘/gsin (HT)(II
2_2 pa a2
[ (R (T

2R27? el — cos (32X
B Jrf gO@(a]dx
0

a? 2
o
A2 A2
— x —
3 3

,i".!z;".l:"2 ?1;'1'

= —(p)? =

{x}) = f Yrr(x)xydr (x)dx = f J_Qm (II \/jsm (er) dx
= azfnﬂ_x (sin (Z—I))zd_x

24’

Notice that /(12 — 6)/12 = 0.57, and so AxAp = h/2
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