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6.2 Free particle in a box

Let a single particle of mass "m" be confined within a rectangular
potential box with edges parallel to X,Y & Z — axes of length Iy,ly,l,
respectively. The particle can move freely within the region

0<x<l, , 0<y<l, ,0<z<l]
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Wave Mechanics 4 -- Particle ...

I.e. inside the box, the potential function V(x,y,z) is equal zero, but it is co

ever where outside the box. Therefore, the particle will rebound when it
will strike either of the boundaries.

The schraedinger eg. for the particle is

2
——V?Y = EY V=0
2m

OrVZ‘P+2h—TElP=O S V=0

E is total energy of the particle

m is mass of the particle

This eq. solved by separation of variables.
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Y(xy,z)= X(x) Y(y) Z(2)
Substitute in eq.8 and divide by ¥ we get

10%2X(x) 10%Y(y) 1azZ(z)+2mE_0
X 0x2 Y 0y2 Z 0z2 h2 ~

10°X(x)  10°Y(y) 10°Z(2) ZmE

X 9x2 Y 0y? Z 0z2 h?
2
Let %aa);(zx) = k2 k, —const. ———— — 9
L2 = 10%Y(y) 10%Z(z) 2m
¥ Y 0y2 Z 022 h2
2 2
16 Y(y) .2 _16 Z(2) B ZmE
Y 0y? T 77922 n?
19%Y) _ 2
Lot ;2o = k2 10
102Z(z) 2m
—k2 ——E=k

X7 9z2 h2

This eq. may be written as

10%Z(z
— (): 3 ————— 11
Z 0z2
2m
=—k,26—k}2,—¥E
2m

5 2m 5 2m 5 2m
kx:__Ex' ky:_ﬁEY' kz=—¥E

The egs.(9,10,11) may be written as

02X (x) 2m

AT BX=0 ————a
0%Y(y) 2m

Sy T B =0 - === b




0°2(2)  2m
0z2 h2

E,Z=0—-——— 12

The general solution of eqg. 12a will be sine function of arbitrary
amplitude, frequency, and phase, i.e.
X(X)=Asin (Bx + C) ----------- 13

Where A, B & C are constants to be determined from consideration of the
boundary conditions as

|¥|? represent the probability of finding the particle at any point within
the box.

| X (x)|? is the probability of finding the particle at any point along x-axis

As the pot. — o "Very high" at the walls of the box, the probability of
finding the particle at walls will be zero, i.e.

| X(x)|? =0  when x=0 & x=l

Or X(X)=0 when x=0 & x=Ix

Using these boundary condition, eq.13 gives
X(X)=Asin(Bx+C)=0

sinC=0 whenx=0 andsin (Blx+C) =0 when x=I

which yield C=0 & sin Bl =0

or Bly=ny nx=1,2,3,------ +Vve integer
n,m

B=—

Ly

Substituting values of B & C in eq. 13

Ny TTX

X(x)= Asin

Ly

For simplicity we assume A to be a real number, then using the condition
of normalize
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Le
|1 X(x)|?dx =1
0

2
We have folx Asin®Z| dx =1
Or A? folx sinzn’;—:xdx =
! 2
A2==1 - A= |=
2 L

Substituting the value of A in eq.14, the normalized function X(x) is given

by
2 | N,TXx
X(x)= |—sin—— — — — — — — — 15
L L

0°X (nxn>2
ox2 L,

Sub.15 & 16 into eq.12a , we get

02X(x) 2m
0x? +h2

EX=0

N, T\ ? 2m
—( ) X)) + 2 E X(x) =0
L h2

Or Ex—i(

T 2m

nxnh)2 _ nih?

— —17 when h=—, n=1,2,3 ---
2T

Ly © 8mi2

Note :1- energy is quantized E1, E2,E3,------
2- Epin=E; #0

Similarly, we may solve egs.12b &12c and obtain

2 Ny,
YO) = |~ sin22 n,=123--—-———
ly ly
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2 n,nz
Z(z) = |— sin— , n,=123—-————
L, L,

= njz/hz 18 E, = nzh” 19

Y 8ml2 " 8mi2

Having
2m

And

) 2m 5 2m 5 2m

=g b =l ke h
E=Ex+E/+E,

Egs. 17,18,19 give the allowed values of energy levels along X, Y & Z
axes respectively.

The allowed values of total energy are given by
2

nz 2

h? ny n
sm|1Z 12 12

Where ny,ny,n, denote any set of three positive numbers.

The complete wave — function ¥, ,, . has the form, for various
xbyiltz
values of the values of the quantum numbers ny,ny &n; .

lpnx,ny,nz (x» Y, Z) = X(x)Y(y)Z(Z)

2 . N,HTTX . n,my . n,mz
=2 sin == sin 2= sin—=
Lelyly Le L L
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Problem 1:

Prove that the wave functions of a particle in one dimensioinal box(l,, =

a) are orthogonal,
2  Nn,mx
Y(x) = |— sin
L Ly

2  n,mx
¥.(x) = Esm " whenl, =a

The orthogonal condition is

Solution:

j Y, ¥, dx=0 n#l

In free particle wave function in a box

2 (¢ nnx | lnx 1%  nnx | lnx
— | sin sin dx=—| 2 sin— sin— dx
al, a a al, a a
_1ca (n—l)nx_ (n+Dmx
= J, (cos - cos———)dx
1 a - (n—Dnx a - (n+ Dnx]®
=— sin — sin =
al(n—Dm a (n+Dm a

0

Because n — 1 — integer &n+1 — integer
So sin 0=0
sinlh—Dn=0 & sinn+D)m=0

2 (¢ nmx | lnx
- sin—— sin— dx = zero
al, a a

The wave functions are orthogonal
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Problem 2:

a- Verify that a travelling wave solution of the schraoedinger eq. for a
free particle
Y(x,t)= Aexpi(ksx —wt) is also an eigen function of linear
momentum
b- Evaluate the probability density for the same travelling wave
solution and show that both results are consistent with Heisenberg
uncertainty principle.
Solution:
a- ¥(x,t) = A expi(k,x — wt)

Et
= Aexp(ik,x) exp (—i f)

Where E is the energy eigen value and

\J2mE,

x h
N h @ _ha . —~iEt
P‘P(x,t)z?a ¥(x,t)= ?aAexp(lkxx)exp (T)
=hk,¥(x,t)
hk, is eigen value of linear momentum P = hk, = ,/2mE,

thus, for a fixed energy the linear momentum is uniquely defined.

b- The prob.density=¥*(x, t)¥(x,t) = A*A
i.e. This is independent of X and thus the X-coordinate is completely
unknown
I.e. As the momentum is uniquely defined, the position cannot be
known (AP =0 , Ax = o0).

Problem: HW

1- A crystalline chip in a cell phone has a side length of (0.2nm). Calculate
the minimum speed of an electron move inside it.

2- Calculate the maximum speed of a particle has mass (1gm) inside the
box a side length (1 cm). calculate the A- particle's energy if the
velocity is (3 cm/s). B- n to that energy level.
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