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Unit 6

Particles under the influence of a constant potential and particle in a
box

6.1 The free particle

A free particle is one for which the potential energy V is quite
independent of positions, and it may be set equal to zero, so that the
schraoedinger equation for a free particle become

N A 2
Ay =Ey & S N
2m
hZ
——V2Y + VY- E¥Y=0 V=0
2m
5 2m
V¥ (x,y,2) +¥E'P =
02y 92w 9%y 2m
Or 9x2 + 97 + 572 +h—2E11U =0--—-——-—-- 1

This is a partial differential equation in 3- independent variables x, y & z
and may be solved by the method of separation of variables.

¥ is finite everywhere in space since the particle is free to move anywhere
In space, so that we may write the solution of eq.1 in the form

Y (x.y,2)= X(x) Y(y) Z(2)

Where X(x) , Y(y) & Z(z) are functions of their respective coordinates
alone. Substituting this in eg.1 and dividing by X(x) Y(y) Z(z), we get

192X(x) | 10%Y(y)  19%Z(z)  2m

E =
X 0x? +Y dy? +Z 0z? +h2 0

lazX(x)_ 10%Y(y) 10%Z(z) 2m

X 0x2 Y 0y? Z 0z2 h2

In this eq. L.H.S. is a function of x alone while R.H.S. is a function of y
&z and is independent of x. It is, therefore, necessary that the value of the
quantity to which each side is equal must be independent of x,y &z, i.e.
Both sides must be equal to a constant k2 ,so that
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lazx(x)_ 2
X 9x2 kx 2
L2 = 10%Y(y) 10%Z(z) 2m
¥y 0yz Z 0z2 h2
lazY(y) _ 2_1622(2)_2m _________ 3
Y ay? X" 77822 1

In this eq. L.H.S. is independent of z which R.H.S. is independent of y.

Therefore, the above equation is to be satisfied both sides must be equal to
constant k2 ,so that

10%Y(y)

Y 0y? ym T T *
From eq.6 &4
10%Z(z) 2m
iy ik o A >
Eqg.5 may be written as
10%Z(2) 2m
- vt 6

In this equation R.H.S. is constant.
Let this constant be k2 , so that we may write

10%Z(2) 2m
7 K=k B m T

Or kZ+kZ+ki=-"2F

For convenience let substitute

2m
& = -5 B,

hZ

Then the differential equation in x from eq.2 may be written as
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19°X(x) 19°X(x) _ 2m

2 _
X oxz M T X oxz T e B
02X (x) 2m
T EX =0

The general solution of this eq. can be written as

2mkE,
h (x - xO)

X(x) = N, sin

Where N,.and x,, are arbitrary constants.

Similarly, we may obtain the differential equation in y & z by substituting

5 2m 5 2m
ky=—¥Ey& kz=_¥Ez
Inegs. 4 &7
62Y(y) 2m
3y + h E,Y =0
&
0%Z(z) 2m
557 + h E,Z =0

The general solution of these egs.

1/2mEy

Y(y) = N, sin - ¥ — o)

v 2mE,
Z(z) = N, sin " (z - z,)

E=E,+E, +E, Y =XY.Z
¥=N, sin —”Z?Ex (x — x,)N, sin —“ZZIEy (y —y,)N, sin —“thEZ (z - 2z,)

Where N= N, NN,

J2mE, \2mE,

¥ = Nsin (x —x,) sinT (y —y,) sin - (z—-2z,)

v 2mE,
h
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The complete wave functions with the time factor can be written as
follows

Ext
Y(xy,zt)=N sin@ (x —x,)e " si J2ME, G-

Sin
h

_i&yt  [2mE _iEzt
y,)e sm% (z—2z,)e " n

(Ex+Ey+E)t

Y(x,y,z,t)=N sin —“ZT:E" (x — x,) sin —“Z:Ey (v — y,) sin —“zhmEz (z—2z,)e”"

A 2mE J2mE A 2mE Et
¥Y(x,y,z,t) =N sinTx (x —x,) sinTy (y —y,) sin ™ 2 (z—2z,)e "™

Example H.W.

A particle with mass (m) and with zero energy has a time independent

2

waves function ¢ (x) = AXe 1? where A and L are constant. Determine
the potential energy V(x) of the particle.
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