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3.4 Postulate 4 

When a given system is in a state Ψ, the expected mean (𝑎̅) of a sequence of 

measurements on the observable whose corresponding operator 𝐴̂ is given by  

𝑎̅ =
∫𝛹∗𝐴̂ 𝛹𝑑𝜐

∫𝛹∗ 𝛹𝑑𝜐
 

There will be more detailed discussion about this in later unit. 

3.5 Problems 

Problem 3.1 

Show that [𝑥̂, 𝑝̂𝑥] = 𝑖ћ 

Solution:  𝒑𝒙 = −𝑖ћ
𝜕

𝜕𝑥
  

[𝑥̂, 𝑝̂𝑥]𝛹=−𝑖ћ(𝑥̂
𝜕

𝜕𝑥
−

𝜕

𝜕𝑥
𝑥̂)𝛹 

              =−𝑖ћ(𝑥̂
𝜕𝛹

𝜕𝑥
−

𝜕

𝜕𝑥
(𝑥𝛹)) 

=−𝑖ћ(𝑥̂
𝜕𝛹

𝜕𝑥
− 𝛹 − 𝑥

𝜕𝛹

𝜕𝑥
)= −𝑖ћ(−𝛹) = 𝑖ћ𝛹 

[𝑥̂, 𝑝̂𝑥] = +𝑖ћ  

Problem 3.2 

Show that if   𝑙𝑥 , 𝑙𝑦 , 𝑙𝑧 denote the x,y,z components of angular momentum 

[𝑙𝑥, 𝑙𝑦] = 𝑖ћ𝑙𝑧 

Solution:𝐿⃑ = 𝑟̂ × 𝑝̂                𝑟̂ = 𝑖̂𝑥̂ + 𝑗̂𝑦̂ + 𝑘̂𝑧̂ 

                                      𝑝̂ = 𝑖̂ (−𝑖ћ
𝜕

𝜕𝑥
) + 𝑗̂ (−𝑖ћ

𝜕

𝜕𝑦
) + 𝑘̂(−𝑖ћ

𝜕

𝜕𝑧
) 

𝐿⃑ = −𝑖ћ ||

𝑖 𝑗 𝑘
𝑥 𝑦 𝑧
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

|| 

𝑙𝑥 = −𝑖ћ(𝑦
𝜕

𝜕𝑧
− 𝑧

𝜕

𝜕𝑦
)  
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𝑙𝑦 = −𝑖ћ(𝑧
𝜕

𝜕𝑥
− 𝑥

𝜕

𝜕𝑧
)  

𝑙𝑧 = −𝑖ћ(𝑥
𝜕

𝜕𝑦
− 𝑦

𝜕

𝜕𝑥
)  

Thus     [𝑙𝑥, 𝑙𝑦] = 𝑙𝑥𝑙𝑦 − 𝑙𝑦𝑙𝑥 

= [(−𝑖ћ) (𝑦
𝜕

𝜕𝑧
− 𝑧

𝜕

𝜕𝑦
) (−𝑖ћ) (𝑧

𝜕

𝜕𝑥
− 𝑥

𝜕

𝜕𝑧
)] − [(−𝑖ћ) (𝑧

𝜕

𝜕𝑥
−

𝑥
𝜕

𝜕𝑧
) (−𝑖ћ) (𝑦

𝜕

𝜕𝑧
− 𝑧

𝜕

𝜕𝑦
)]  

 = −ћ2 (𝑦
𝜕

𝜕𝑧
− 𝑧

𝜕

𝜕𝑦
) (𝑧

𝜕

𝜕𝑥
− 𝑥

𝜕

𝜕𝑧
) + ћ2 (𝑧

𝜕

𝜕𝑥
− 𝑥

𝜕

𝜕𝑧
) (𝑦

𝜕

𝜕𝑧
− 𝑧

𝜕

𝜕𝑦
) 

= +ћ2(−𝑦
𝜕

𝜕𝑧
𝑧

𝜕

𝜕𝑥
+ 𝑦

𝜕

𝜕𝑧
𝑥

𝜕

𝜕𝑧
+ 𝑧

𝜕

𝜕𝑦
𝑧

𝜕

𝜕𝑥
− 𝑧

𝜕

𝜕𝑦
𝑥

𝜕

𝜕𝑧
+ 𝑧

𝜕

𝜕𝑥
𝑦

𝜕

𝜕𝑧
− 𝑧

𝜕

𝜕𝑥
𝑧

𝜕

𝜕𝑦
−

𝑥
𝜕

𝜕𝑧
𝑦

𝜕

𝜕𝑧
+ 𝑥

𝜕

𝜕𝑧
𝑧

𝜕

𝜕𝑦
  

[𝑙𝑥, 𝑙𝑦] = ћ2(−𝑦
𝜕

𝜕𝑥
− 𝑦𝑧

𝜕2

𝜕𝑧𝜕𝑥
+ 0 + 𝑦𝑥

𝜕2

𝜕𝑧2
+ 0 + 𝑧2 𝜕2

𝜕𝑦𝜕𝑥
− 0 − 𝑧𝑥

𝜕2

𝜕𝑦𝜕𝑧
+

0 + 𝑧𝑦
𝜕2

𝜕𝑥𝜕𝑧
− 0 − 𝑧2 𝜕2

𝜕𝑥𝜕𝑦
− 0 − 𝑥𝑦

𝜕2

𝜕𝑧2
+ 𝑥

𝜕

𝜕𝑦
+ 𝑥𝑧

𝜕2

𝜕𝑧𝜕𝑦
)  

= ћ2(𝑥
𝜕

𝜕𝑦
− 𝑦

𝜕

𝜕𝑥
)  

But  𝑙𝑧 = −𝑖ћ(𝑥
𝜕

𝜕𝑦
− 𝑦

𝜕

𝜕𝑥
) 

(𝑥
𝜕

𝜕𝑦
− 𝑦

𝜕

𝜕𝑥
) =

 𝑙𝑧

−𝑖ћ
                             [𝑙𝑥, 𝑙𝑦] = ћ2  𝑙𝑧

−𝑖ћ
=

ћ

−𝑖
𝑙𝑧 

[𝑙𝑥, 𝑙𝑦] = 𝑖ћ𝑙𝑧  

 

 

Note : similarly we can obtain  

 [𝑙𝑥, 𝑙𝑦] = 𝑖ћ𝑙𝑧 

[𝑙𝑦 , 𝑙𝑧] = 𝑖ћ𝑙𝑥  

[𝑙𝑧, 𝑙𝑥] = 𝑖ћ𝑙𝑦  
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Problem 3.3 

A particle is moving in a potential V(x)=
1

2
𝑚𝜔2𝑥2  

a- State the energy operator. 

b- Verify that Ψ(x) is a stationary energy eigen function where 

𝛹(𝑥) = 𝑁𝑒𝑥𝑝(−
𝑚𝜔

2ћ
𝑥2)  

c- What is the energy eigen values corresponding to Ψ(x). 

 

Solution: 

a- Energy operator is Ĥ = −
ћ2

2𝑚

𝜕2

𝜕𝑥2
+

1

2
𝑚𝜔2𝑥2 

b- If Ψ(x) is a stationary energy eigen function  

 

Ĥ Ψ(x) = const. Ψ(x) 

[−
ћ2

2𝑚

𝜕2

𝜕𝑥2
+

1

2
𝑚𝜔2𝑥2]𝛹(𝑥) = −

ћ2

2𝑚

𝜕2

𝜕𝑥2
𝛹(𝑥) +

1

2
𝑚𝜔2𝑥2𝛹(𝑥) 

But  
𝜕2

𝜕𝑥2
 𝛹(𝑥) =

𝜕2

𝜕𝑥2
 𝑁𝑒𝑥𝑝 (−

𝑚𝜔

2ћ
𝑥2)  

                =N[
𝜕

𝜕𝑥
(
−𝑚𝜔

2ћ
) 2𝑥 exp (

−𝑚𝜔

2ћ
𝑥2)] 

 

𝜕2

𝜕𝑥2
 𝛹(𝑥) = N [(

−𝑚𝜔

ћ
) exp (

−𝑚𝜔

2ћ
𝑥2) +

𝑚𝜔

ћ
𝑥
𝑚𝜔

2ћ
2𝑥exp (

−𝑚𝜔

2ћ
𝑥2)] 

                 =−𝑁 [1 −
𝑚𝜔

ћ
𝑥2]

𝑚𝜔

ћ
 𝑒𝑥𝑝 (

−𝑚𝜔

2ћ
𝑥2) 

Ĥ Ψ(x) = −
ћ2

2𝑚

𝜕2

𝜕𝑥2
𝛹(𝑥) + 𝑉(𝑥)𝛹(𝑥) 

Ĥ Ψ(x)= 𝑁 (1 −
𝑚𝜔

ћ
𝑥2)

𝜔

2
ћ𝑒𝑥 𝑝 (

−𝑚𝜔

2ћ
𝑥2) +

1

2
𝑁𝑚𝜔2𝑥2𝑒𝑥𝑝 (

−𝑚𝜔

2ћ
𝑥2) 

Ĥ Ψ(x)= (1 −
𝑚𝜔

ћ
𝑥2 +

𝑚𝜔

ћ
𝑥2)

𝜔ћ

2
𝑁𝑒𝑥𝑝 (

−𝑚𝜔

2ћ
𝑥2) 

i.e.  Ĥ Ψ(x)= 
𝜔ћ

2
𝛹(x) 

c- Energy eigen value = 
𝜔ћ

2
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problem 3.4 

A particle m in one dimensional box 0 ≤ 𝑥 ≤ 𝑎 is in the ground state 𝜑(𝑥) =

√
2

𝑎
 sin (

𝜋𝑥

𝑎
). Find the expectation value of position  〈𝑥〉. 

〈𝑥〉 = ∫ 𝜑∗
+∞

−∞

𝜑 𝑑𝑥 = ∫ √
2

𝑎
sin (

𝜋𝑥

𝑎
) 𝑥√

2

𝑎
sin (

𝜋𝑥

𝑎
) 𝑑𝑥

𝑎

0

 

=
2

𝑎
∫  x (sin (

𝜋𝑥

𝑎
))2

𝑎

0

𝑑𝑥 =
2

𝑎
∫ 𝑥 (

1 − cos (
2𝜋𝑥
𝑎

)

2

𝑎

0

 )𝑑𝑥 

                    =
1

𝑎
∫ 𝑥 

𝑎

0
 𝑑𝑥 −

1

𝑎
∫ 𝑥 cos (

2𝜋𝑥

𝑎
)

𝑎

0
 𝑑𝑥 

∫ 𝑥 
𝑎

0

 𝑑𝑥 =
𝑎2

2
 

=
1

𝑎
∫ 𝑥 

𝑎

0

 𝑑𝑥 =
1

𝑎
[
𝑥2

2
]
0

𝑎

=
𝑎

2
 


