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3.7 Hermitian operator

The operators of interest in Q.M. fall into a special class of operators
called Hermitian.

An operator A is said to be Hermitian if its expectation value in any
normalized state ¥ is real

[w*Avdy

T Tyway

iel[" WiAY,d9 = [W,A" WidY

or| [0 WrAW,dY = [ AW;Y, dY

where W1 and V> are normalized eigen functions.

Also, an operator 4 is said to be Hermitian if it is equal to its adjoint AT or
(A=A4% or

(¥|4]o) = (0|4]¥)
Note: (¥| bra vector |@) ket vector

(¥|®) Inner product

Hilbert spaces: &) shall sl @l jun allall sas gl JRIl) G pucall o g p5 (38ay clizad 8
IR

(P|0) # 0 (normalization) (¥|@) = 0 (orthogonal)

3.8 Properties of Hermitian operators

i- Every eigen value of a Hermitian operator is real.

Proof

Let ¥ be an eigen function of Hermitian operator A belonging to the eigen
value A . According to condition of Hermitian operator

f Y*Addx = f AW dx
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Putting (® = P) in the above relation, we get
j Y Avdx = f/i*sv*sv dx

AW=M\¥ , A = eigen value of operator A and P eigen function
Hence

J Y A¥dx = J/l*‘P*‘P dx
~ A is a number, therefore
)Lj Y'Pdx = A* j Y'Y dx

And hence

This is only possible if A is real number. this proves that every Hermitian
operator gives real eigen values.

ii- If two _eigen functions (W: &W¥>) operated by the same Hermitian
operator give two eigen values, they will be orthogonal functions.

Proof:

Let A be any Hermitian operator, (¥1&%,) be two eigen functions of
operator A.

If A1 & A, are eigen values corresponding to ¥1&¥, of operator 4 ,then
AV, =\, , AV, =),
[Z wiAw,d9 = [ A"¥;¥, d9 condition of Hermitian

[Z Wi AW,dx = [ Wi W, dx = A1 [ Wi, dx = A, [ P71, dx

s~ Avisreal  ------o--o--- 1)
Similarly
j PrAY,dx = jwmzl;fz dx = 2, J P, dx — — — —(2)

Now from eql & eq2
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f PrAY,dx = A, j Yy, dx = A, f Yry, dx
Subtracting eq2 from eql
Aljsvl*svz dx — A, j YrY, dx = f PrAW,dx — f PrAY,dx = 0

AL-22)( [P ¥, dx) =0

A — A, # 0 because A; & A, are different eigen values i.e. 4, # 1,
Y YP,dx =0

i.e. W1 and ¥, are orthogonal functions mutually.

iii- If A and B are commuting Hermitian operators, then the operator
AB is also Hermitian.

Proof:

To prove this, we write
j Y*ABddx = f p*A(BP)dx
A is Hermitian, then
j‘P*A(BCD)dx = f/i*sv*(éqb)dx
B is also Hermitian, then
[A*w*Bo dx= [ B* A*W*d dx
A and B are both Hermitian, then
[W*ABddx = [ B* A"V dx
=[(BA)Y"W*ddx — — — —(3)

A&B commute

A A

|A,B] =0 > AB = BA

Substitute this into eq.3, then
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f Y*ABddx = j (AB)* ¥*ddx
According to definition of Hermitian operator
f YrAddx = fA*sU*cp dx

Then AB is Hermitian operator

3.9 Linear operator in quantum mechanics
In Q.M. we are concerned almost exclusively with linear operator.
An operator T is said to be linear

1- If it commutes with constants, i.e.
TC = CT , Cisconstant
2- Obeys the distributive law T(¥ + @) =TV + T®

3.10 Problems

Problem 1
In its lowest energy state, the eigen function of a S.H.O. satisfies
)
¥ o exp ( )
What is the correctly normalized eigen function?
Solution:
let the normalizing constant, N
)
~ ¥ = Nexp ( )

Y is real

a2 a2
P*P= N2exp (%)exp ( kzx )

=NZ2exp (—kx?)
j Py dx = NZJ exp(—kx?) dx

— 00

Let y2 = kx? s0 y = Vkx than change the variable to y = Vkx
~dy = Vkdx
00 % N? .o
. WPWdx = \/—Ef_oo exp(—y?) dy
This integration can be found in tables of integrals. It would be always
given, and its value is v
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00 NZ
P Wdx = —A/1r
j_oo vk

For normalized eigen function ffooo P*Pdx =1

N? k kL
s Vm=1 soN? = \/; - N=(-)s

Therefore, normalized eigen function, is
2

k 1
¥ = ()4 exp(——)
Problem 2
Calculate the expectation value of ( Py) for a particle associated with the

wave function

Solution:
h o
h=:%

For normalized w.f.

A= ‘I’A‘de

(P)—f \/:smzix ?a)\/gsin(a%vdx

h

Py == 2nx_ 0 (27‘[36) .

sm(—) F sin

|
N|QN‘Q\N|Q

2h - 2mx 21X\ 2T
(P) =—— fsm(—) cos (—) — dx
ai J a a a

2
27X

Letu=— - du=2—ndx
a a

27X a
Whereu=% where X =3

21T a
U=——-—=T DU=T
a 2
And where x = — =
21T —a
u=———  ->U=-—T
a 2
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2h (™" 2h (™
(P,) =——,J sinu cosu du =——,2J sinu cosu du
ail_, ai J,

. T
_4hsin?u

ai 2

. —ai(zero)—O

Problem 3

Y(x,t) = Ae Mxlgiwt
Let A a normalization const

WY(x,t) = Ae Mxlgiwt

f‘z”*‘z”dx = fl'n”(x,t)lzdx =1

jllzu(x, t)|2 dx = jAe—/llxle—iwt Ae~Mxlgiot gy
=4[,

1= 2A2j e~ 2Axl gy
0

e 2Mxl gy =1

e—z)tx

—2A

T 2a

=21
0

1 =242

e—2/1x]°°
0

_-a? _a
=7 0-D=73

ZA2=1 5 A=+2

Y(x,t) = Vie Arlgint
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Problem 4:
() =Afax =x7) for0 <x <a

(a) Normalize the wavefunction

(b) Find (x), (x%)

SOLUTION
(a) The wavefunction is real. So ¥* ¢ = ¥* and we have:

fﬂ/]dx :f Ag(a.t —xz)za‘.t = AE[ a‘x’ —2ax’ +x
0 0
= A’ [ (P 3) —ax' 2+ 23]

=A@ 3-d 2+ /5]

= A*[10d° /30 — 154 /30 + 6a° /30
= A%’ [30,= A = \/30/d’

(b) a
(x) = fxzy‘xzdx = (3[]/(15) f xlax = x2)dx

40

= (30/a) f a’x’ = 2ax* + Xdx
{

= (30/a”) [¢* (x*/4) = 2a (x /5) + x*/6]
= (30/a’) [a° /4 —24° /5 + a° /6]
= (30/a”)(a*/60) = %

{xz) = fj:zybzdx = [3[]#[15) [J x? (dur - Jz)zdx

Jn
4 o]
= {30{5.'5) f a’x* — 2ax’ + x0dx
0

= (30/a”) [a® (x*/5) — 2a (x* + x" /7)1
= (30/a°) [a® (x*/5) — 2a (x* + x7/7)]
= (30/a”)[a"/5 — 24" /6 4+ a’ /7]

242

-7

31




