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9.4 Ladder operator 

 𝒍̂+ = 𝒍̂𝒙 + 𝒊𝒍̂𝒚               𝑎𝑛𝑑       𝒍̂− = 𝒍̂𝒙 − 𝒊𝒍̂𝒚                          

𝒍̂+ 𝑖𝑠 𝑟𝑎𝑖𝑠𝑖𝑛𝑔 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟  

𝒍̂− 𝑖𝑠 𝑙𝑜𝑤𝑒𝑟𝑖𝑛𝑔 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟  

Ladder operators are using to raise or lower the eigen value of angular momentum. 

Commutation relations of 𝒍̂𝒛 with 𝒍̂+ and 𝒍̂−  

[𝑙𝑧, 𝑙+] = [𝑙𝑧, 𝑙𝑥 + 𝑖𝑙𝑦] = [𝑙𝑧, 𝑙𝑥] + 𝑖[𝑙𝑧, 𝑙𝑦] = 𝑖ℏ 𝒍̂𝒚 + 𝑖(−𝑖ℏ𝒍̂𝒙) 

= 𝑖ℏ𝒍̂𝒚 + ℏ𝒍̂𝒙 = ℏ(𝒍̂𝒙 + 𝒊𝒍̂𝒚) = ℏ𝒍̂+ 

And  

[𝑙𝑧, 𝑙−] = [𝑙𝑧, 𝑙𝑥 − 𝑖𝑙𝑦] = [𝑙𝑧, 𝑙𝑥] − 𝑖[𝑙𝑧, 𝑙𝑦] = 𝑖ℏ 𝒍̂𝒚 − 𝑖(−𝑖ℏ𝒍̂𝒙) 

= 𝑖ℏ𝒍̂𝒚 − ℏ𝒍̂𝒙 = −ℏ(𝒍̂𝒙 − 𝒊𝒍̂𝒚) = −ℏ𝒍̂− 

Generally,  [𝑙𝑧, 𝑙±] = ±ℏ𝒍̂± 

Commutation relations of 𝒍̂+ and 𝒍̂− mutually 

[𝑙+, 𝑙−] = 𝑙+𝑙− − 𝑙−𝑙+ = (𝒍̂𝒙 + 𝒊𝒍̂𝒚)(𝒍̂𝒙 − 𝒊𝒍̂𝒚) − (𝒍̂𝒙 − 𝒊𝒍̂𝒚)(𝒍̂𝒙 + 𝒊𝒍̂𝒚) 

= 𝑙𝑥(𝒍̂𝒙 − 𝒊𝒍̂𝒚) + 𝑖𝑙𝑦(𝒍̂𝒙 − 𝒊𝒍̂𝒚) − 𝒍𝒙(𝒍̂𝒙 + 𝒊𝒍̂𝒚) + 𝒊𝒍𝒚(𝒍̂𝒙 + 𝒊𝒍̂𝒚) 

= 2𝑖(𝑙𝑦𝑙𝑥 − 𝑙𝑥𝑙𝑦) = 2𝑖[𝑙𝑦 , 𝑙𝑥] = 2𝑖(−𝑖ℏ𝑙𝑧) = 2ℏ𝑙𝑧 

Similarly, [𝑙−, 𝑙+] = −2ℏ𝑙𝑧 

 

9.5 Spin angular momentum 

 The spin operator 𝑆̂𝑥, 𝑆̂𝑦𝑎𝑛𝑑 𝑆̂𝑧 associated with the components of spin 

angular momentum satisfy the commutation relation  

[𝑆𝑥, 𝑆𝑦] = 𝑆𝑥𝑆𝑦 − 𝑆𝑦𝑆𝑥 = 𝑖 ℏ𝑆𝑧 
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[𝑆𝑦 , 𝑆𝑧] = 𝑆𝑦𝑆𝑧 − 𝑆𝑧𝑆𝑦 = 𝑖 ℏ𝑆𝑥                 [𝑆𝑧, 𝑆𝑥] = 𝑆𝑧𝑆𝑥 − 𝑆𝑥𝑆𝑧 = 𝑖 ℏ𝑆𝑦 

If we consider an electron (spin=1/2) each operator 𝑆̂𝑥, 𝑆̂𝑦𝑎𝑛𝑑 𝑆̂𝑧 must have just 

two eigen values (1/2ℏ , -1/2ℏ) 

𝑆𝑥 =
1

2
 ℏ 𝜎̂𝑥          𝑆𝑦 =

1

2
 ℏ 𝜎̂𝑦         𝑆𝑧 =

1

2
 ℏ 𝜎̂𝑧 

Where 𝜎̂𝑥 , 𝜎̂𝑦𝑎𝑛𝑑 𝜎̂𝑧are new operators with 

𝜎̂𝑥 = [
0 1
1 0

]        𝜎̂𝑦 = [
0 −𝑖
𝑖 0

]              𝜎̂𝑧 = [
1 0
0 −1

] 

The matrices associated with 𝜎̂𝑥 , 𝜎̂𝑦𝑎𝑛𝑑 𝜎̂𝑧are Pauli matrices.  

∴ 𝑆𝑥 =
1

2
 ℏ [

0 1
1 0

]    ,    𝑆𝑦 =
1

2
 ℏ [

0 −𝑖
𝑖 0

]     ,     𝑆𝑧 =
1

2
 ℏ [

1 0
0 −1

] 

𝑆𝑥 =
1

2
(𝑆+ + 𝑆−)             𝑆𝑦 =

1

2𝑖
(𝑆+ − 𝑆−) 

9.6 Eigen value of 𝑳̂𝟐, 𝑳̂𝒛 

If we represent a stat function Ψ(n,l,m) where l and m are orbital and magnetic 

quantum number  

𝐿2𝛹 (𝑛, 𝑙, 𝑚) = 𝑙(𝑙 + 1) 𝛹 (𝑛, 𝑙, 𝑚) 

𝑙𝑧𝛹 (𝑛, 𝑙, 𝑚) = 𝑚 𝛹 (𝑛, 𝑙, 𝑚) 

The eigen values of 𝒍̂+ and 𝒍̂− 

𝑙+𝛹 (𝑛, 𝑙, 𝑚) = √𝑙(𝑙 + 1) − 𝑚(𝑚 + 1)   (𝑛, 𝑙, 𝑚 + 1) 

𝑙−𝛹 (𝑛, 𝑙, 𝑚) = √𝑙(𝑙 + 1) − 𝑚(𝑚 − 1)   (𝑛, 𝑙, 𝑚 − 1) 
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Example (1): 

Evaluate [𝜎𝑥, 𝜎𝑦] 

[𝜎𝑥, 𝜎𝑦] = 𝜎𝑥𝜎𝑦 − 𝜎𝑦𝜎𝑥 

𝜎̂𝑥 = [
0 1
1 0

]        𝜎̂𝑦 = [
0 −𝑖
𝑖 0

]              𝜎̂𝑧 = [
1 0
0 −1

] 

[𝜎𝑥, 𝜎𝑦] = [
0 1
1 0

] [
0 −𝑖
𝑖 0

] − [
0 −𝑖
𝑖 0

] [
0 1
1 0

] 

[𝜎𝑥, 𝜎𝑦] = [
𝑖 0
0 −1

] − [
−𝑖 0
0 𝑖

] = 2 [
𝑖 0
0 −𝑖

] = 2𝑖 [
1 0
0 −1

] = 2𝑖𝜎̂𝑧 

In Dirac notation  

|𝜑⟩ 𝑘𝑒𝑡 𝑠𝑡𝑎𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝜑 

⟨𝜑| 𝑏𝑟𝑎 𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑐𝑜𝑛𝑗𝑢𝑔𝑎𝑡𝑒 𝜑∗ 

So the eigen value of orbital angular momentum                                                                                                                                                                                                

𝑙+|𝑙, 𝑚⟩ = √𝑙(𝑙 + 1) − 𝑚(𝑚 + 1)   |𝑙, 𝑚 + 1⟩ 

𝑙−|𝑙, 𝑚⟩ = √𝑙(𝑙 + 1) − 𝑚(𝑚 − 1)   |𝑙, 𝑚 − 1⟩ 

𝑙𝑧|𝑙, 𝑚⟩ = 𝑚|𝑙, 𝑚⟩ 

𝑙2|𝑙, 𝑚⟩ = 𝑙(𝑙 + 1)|𝑙, 𝑚⟩ 

Also, the eigen value of spin operators 

𝑆𝑧|±𝑚𝑠⟩ = ±𝑚𝑠|±𝑚𝑠⟩ 

𝑆+|𝑚𝑠⟩ = √𝑠(𝑆 + 1) − 𝑚𝑠(𝑚𝑠 + 1)|𝑚𝑠 + 1⟩   

𝑆−|𝑚𝑠⟩ = √𝑠(𝑆 + 1) − 𝑚𝑠(𝑚𝑠 − 1)|𝑚𝑠 − 1⟩  
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9.7 Spin – Orbit interpretation  

Spin -orbit coupling J=L+S                                                        

𝐽2 = (𝐿̂ + 𝑆̂)2 = 𝐿2 + 𝑆2 + 2𝐿. 𝑆  

𝐿. 𝑆 = 𝑙𝑧𝑠𝑧 + 𝑙𝑥𝑠𝑥 + 𝑙𝑦𝑠𝑦 =
1

2
(𝑙+𝑠− + 𝑙−𝑠+)  

Example (2): 

For |𝑙, 𝑚𝑙⟩ state evaluate 𝑙+|1,0⟩,|1,1⟩,|1, −1⟩  

𝑙+|𝑙, 𝑚𝑙⟩ = √𝑙(𝑙 + 1) − 𝑚𝑙(𝑚𝑙 + 1)   |𝑙, 𝑚𝑙 + 1⟩ 

𝑙+|1,0⟩ = √2  |1,1⟩ 

𝑙+|1,1⟩ = √2 − 2  |1,2⟩ = 0 𝑖𝑚𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑠𝑡𝑎𝑡𝑒 

 

H.W. 

1- For |𝑆, 𝑚𝑆⟩ state evaluate 𝑆+ |
1

2
, −

1

2
⟩ , 𝑆− |

1

2
,

1

2
⟩  

2- Evaluate 𝑙𝑧|1,0⟩ 
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9.8 Zeeman Effect 

 

  


