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9.4 Ladder operator
I, =1, +il, and 1 =1,—il,
i+ s raising operator
I_is lowering operator
Ladder operators are using to raise or lower the eigen value of angular momentum.
Commutation relations of I, with I, and 1_
[ 0] = [l L+ i) = [, L] + [l L] = inl, + i(—iRl,)
= inl, + al, = h(l, +il,) = hl,

And
[ 1] = [l L — il = [, L] = i[l,, ] = irl, — i(—inl,)

= ihl, — al, = —h(l, - il,) = —hl_

Generally, [l,,1,] = +hal

-+

Commutation relations of 1, and I_ mutually
[ ] =0 0 =l = (L + i) (L, — il,) — (I, — il,)(1, + il,)
=L(I, —il) + i, (1, — il,) — L(L, + il,) + it (1, + il,)
= 2i(l, L — L) = 2i[ly, ] = 2i(—inl,) = 2,

Similarly, [I_,[,] = —2hl,

9.5 Spin angular momentum

The spin operator $,,S$,and S, associated with the components of spin
angular momentum satisfy the commutation relation

1Sx,Sy] = S¢S, — S, S, = i S,
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S,,5.] =SS, — S,S, =i hS, [S;,Sx] = S,Sx — S¢S, = i S,

If we consider an electron (spin=1/2) each operator S,,S,and S, must have just
two eigen values (1/2% , -1/2h)

1 1 1
Sx=§h0'x Sy=§fl0'y SZ=§flz
Where 6y, 6,,and 6,are new operators with
~ _ [0 1 ~ _ [0 —i ~ _[1 O
%=1 0] Jy_[i 0 “Z_[o —1]
The matrices associated with 6., 6,,and 6,are Pauli matrices.
1.0 1 1.0 —i 1.1 o0
w5 =5 Ry 0] ’ Sy_ih[i ol SZ‘Eh[o _1]
1 1
Sx=§(S++S_) Sy=2—l_(S+—S_)

9.6 Eigen value of L2, L,

If we represent a stat function ¥(n,I,m) where 1 and m are orbital and magnetic
guantum number

LY (n,L,m) =1L+ 1) ¥ (n,1,m)
LY (n,lLlm)=mV¥ (n,l,m)

The eigen values of 1, and I_

LY (n,lLm)=Il+1)—-m@m+1) (n,l,m+1)

LY (n,L,m) =I(l+1)—-m(m-1) (n,[,m—1)
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Example (1):
Evaluate [a,, 0, ]

[O‘x, ay] = 0,0, — 0,0y

LA
[Gx'0y1=? é][? ol %

[0y = b —J [0 J_Zb —z_z[o-qJ_m%

In Dirac notation
l@) ket state function ¢
(p| bra is complex conjugate ¢*

So the eigen value of orbital angular momentum
LILm)y=JI(l+1)—m@m+1) |m+1)

I_|Lm)=l(l+1)—m@m-1) |l,m—1)
[,|l, m) = m|l,m)
2|, m) = 1(l + D|I,m)
Also, the eigen value of spin operators

Szlims) = iTnslin"'s)

S+|ms) = \/S(S + 1) —my(mg + 1)|mg + 1)

S—lms) = \/S(S +1) —ms(ms — 1)|ms — 1)
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9.7 Spin — Orbit interpretation

Spin -orbit coupling J=L+S
JP=(@L+85*=1*+5*42LS

1
L.S=1,s,+ sy + 1,5, = 5 (lys_+1_sy)
Example (2):

For |l, m;) state evaluate [, |1,0),|1,1),|1, —1)

LILm) =JId+1) —m(@m +1) [I,m +1)
1,|1,0) =v2 |1,1)
l+|1,1) =+V2—2 |1,2) = 0 impossible state

H.W.

1- For |S, mg) state evaluate S, E — %} S_ E%)

2- Evaluate [,|1,0)
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9.8 Zeeman Effect

As we mentioned in Chapter 3, the splitting of spectral lines when an atom is placed in an
external magnetic field was looked for by Faraday, predicted on the basis of classical
theory by Lorentz, and first observed by Zeeman,'” for whom the effect is now named.

In quantum mechanics, a shift in the frequency and wavelength of a spectral line
implies a shift in the energy level of one or both of the states involved in the transition.
The Zeeman effect that occurs for spectral lines resulting from a transition between
singlet states is traditionally called the normal effect, while that which occurs when the
total spin of either the initial or final states, or both, is nonzero is called the anomalous
effect."” There is no fundamental difference between the two, however, so we will gen-
erally not distinguish between them, save for one exception: the large value of the
electron’s magnetic moment complicates the explanation of the anomalous effect a bit,
so we will discuss the Zeeman effect in transitions between singlet states first.

Normal Zeeman Effect

For singlet states, the spin is zero and the total angular momentum J is equal to the
orbital angular momentum L. When placed in an external magnetic field, the energy
of the atom changes because of the energy of its magnetic moment in the field, which

is given by
m
i +g AE= B =8 7.8
i=2 +|1_-; f _eh p  where the z direction is defined by the direction of B

-1 I 2my, {compare with Equation 7-54). Using Equation 7-45 for

-2
B we have p. = —m,py = —m,(eh/2m,), and

efi
AE = +m, EB = myugh 7-69

[

Since there are 2€ + 1 values of m,, each energy level

T+ splits into 2¢ + 1 levels. Figure 7-28 shows the splitting

&h B  of the levels for the case of a transition between a state

FIGURE 7-28 Energy-level splitting in the normal Zeeman
effect for singlet levels £ = 2 and ¢ = 1. Each level is split
into 2€ + | terms. The nine transitions consistent with the
selection rule Am = 0, =1, give only three different

B t 2me with £ = 2 and one with £ = |. The selection rule
Am, = =*1 restricts the number of possible lines to the
nine shown.

Because of the uniform splitting of the levels, there are
only three different transition energies: Ey + ehiB/2m . E,,

energies because the energy difference between adjacent and E, — ehB/2m,, corresponding to the transitions with
terms is efB / 2m_ independent of €. Am, = +1, Am, = 0, and Am, = —1. We can see that

there will only be these energies for any initial and final values of €. The change in
the frequency of the emitted spectral line is the energy change divided by h. The fre-
quency changes are therefore * eB/2m, or (.

116




