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Quantum Mechanics

Classical mechanics is an approximation of quantum mechanics . The fundamental difference between
classical ( or Newtonian ) mechanics and quantum mechanics lies in what they describe . In classical
mechanics , the future history of a particle is completely determined by its initial position and momentum
together with forces that act upon It . In the everyday world these quantities can all be determined well
enough for the predictions of Newtonlan mechanics to agree with what we find .

Quantum mechanics also arrives at relationships between observable quantities , but the uncertainty
principle suggests that the nature of an observable quantity is different in the atomic realm . Cause and
effect are still refated in quantum mechanics , but what they concern needs careful interpretation . In
quantum mechanics the kind of certainty about the future characteristic of classical mechanics is impossible
because the initial state of a particle cannot be established with sufficient accuracy , the more we know

about the position of a particle now , the less we know about its momentum and hence about its position
later ,

The quantities whose relationships quantum mechanics explores are probabilities . Instead of
asserting, for example , that the radius of the electron’s orbit in the a ground state hydrogen atom is
always exactly 5.3 x 10™ m, as the Bohr theory does , quantum mechanics states that this Is the
most probable radius . In a suitable experiment most trials will yield a different value , either larger
or smaller , but the value most likely to be found will be 5.3x10* m .

The certainties of classical mechanics are illusory , and their apparent agreement with experiment
eccurs because ordinary objects consist of so many individual atoms that departures from average
behavior are unnoticeable .

Wave function :

The quantity with which quantum mechanics is concerned is the wave function @ of a body . While
W itself has no physical interpretation , the square of its absolute magnitude |W|° evaluated at a
particular place at a particular time is proportional to the probability of finding the body there at
that time . The linear momentum , angular momentum , and energy of the body are other quantities
that can be established from W,
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The problem of quantum mechanics is to determine W for a body when its freedom of motion is
limited by the action of external forces .

Wave functions are usually complex with both real and imaginary parts . A probability must be a
positive real quantity . The probability density | |.’ for a complex W is therefore taken as the
product (W W ) of W and its complex conjugate W', The complex conjugate of any function is

obtained by replacingi (= V=1 ) by - whenever it appears in the function . Every complex function
W can be written in the form

W=A+iB wave function

Where Aand B are real functions . The complex conjugate W' of W is
W=A -8 complex conjugate , and so
[WP=w'weA'-'8" = A" + 8, since I'=-1

Hence |W|* = W'Wis always real quantity ,as required ,

Normalization

Even befare we consider the actual calculation of i , we can establish requirements it must always fulfill ,
For one thing, since |W|? is proportional to the probability density [ P ) of finding the body described by W/,
the integral of |W|over all space must be finite ~ the body must be somewhere , after all if

f.':. [@]*dv =0 the particle does not exist

And the integral obviously cannot be [ * ) and still mean anything . Furthermore | I’ cannot be negative or
complex because the way it is defined . The only possibility left is that the integral be a finite quantity, if g is
to describe properly a real body .

It is usually convenient to have ||’ be equal the probability density P ) of finding the particle described by
@, rather than merely be proportionalto (P ).

If Jwf isto equal P, then it must be true that
[ WP av =1
Since the particle exists somewhere at all times

o pdv=1

A wave function that obeys Eq. ( 5.1 ) is said to be normalized . Every acceptable wave function can be
normalized by multiplying it by appropriate constant , we shall shortly see how this is done,

(5.1) Normallzation
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Well behaved functions

The well - behaved functions are admissible as mathematical representations of real bodies , these functions
must have the following characteristic .

1- Y must be continuvous and single - valued everywhere |,

2‘%. %%.‘:—? , must be continuous and single - valued everywhere ,
3- |y must be normalizable , which means that Y must gotozeroasx — + @,y —sdw 7 <+ 4 «jn order
that [|%|? dv over all space be a finite constant .

Given a normalized and otherwise acceptable wave function W, the probability that the particle it describes
will be found in a certain region is simply the integral of the probability density |W | over that region . Thus

for a particle restricted to motion in the x = direction , the probability of finding it between x; and x; Is given
by

P = 117 d (5.2) Probability
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The wave Equation :

Schrodinger s equation , which is the fundamental equation of quantum mechanics in the same sense that the
second law of motion is the fundamental equation of Newtonian mechanics , is a wave equation in the variable W'

: ._‘."
Aaxd  pd gy

~

-
-

(53) Waveequation

I
|

L

Which governs a wave whose variable is y that propagates in the x = direction with the speed v,

Partial Derivatives

Suppose we have a function f(x,y ) of two variables , x and v, we want to know how f varies with only one of them

written ;5.
s
& df
;" (T"; ).-;wu-
i, f=cx?
af
“tzcu

And so, If, f=yx?
o
o ‘(:—:' Jeviomame  =2yX

The partial derivative of =y x* with respect to the other varisble, v, is

[ d
_" ‘J' ,un-tuﬂ = II

&y ay

Second order partial derivatives occur often in physics, as in the wave function . To find 3—;’; e first calculate
d 1/2 x and then differentiate again , still keeping y constant :

ar &

aw " alar)
For f=yx?
L=t (o) =2y
2% ax
Stmilarly
:—;’,=§;(x’)-o

Solution of the wave equation may be of many kinds , reflecting the variety of waves that can occur = a single
traveling pulse, a train of waves of constant amplitude and wavelength, and so on

.............................
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All solutions of the wave equation must be of the form

Y=F{t,+%) (54)
Where F is any function that can be differentiated , The solutions F(t -’;' ) represent waves travelling in + x

direction, and the solutions F(t, Of ) represent waves travelling in the - x direction .

Lot us consider the wave equivalent of * free particle " which is a particle that is not under the influence of any
forces and therefore pursues a straight path at constant speed . this wave is described by the general solution of £q.

(5.3) for undamped ( that ks ,constant amplitude A ), monochromatic ( constant angular frequency w ) harmonic
waves In + x direction namely

y: Ae~wli=x/v) (5.5)

In this formula y is a complex quantity , with both real and imaginary parts , because
e™¥ s cosf ~ising

Eq. [ 5.5 ) can be written In the form
VaAcosw (t == ) -iAsinw(t =% ) e (56)

Only the real part of Eq. ( 5.6 ) has significance in the case of waves in a stretched string . There y represent the
displacement of the string from its normal position ( Fig. 5.1 ), and the imaginary of Eq. ( 5.6 ) Is discarded as
irrelevant .

>
<

AP

— s

L AASTTAA

5 y = A cos w(f-xfv)

Figurn 5.1 Waves in the xy plane traveling inthe +x ditection aleng a sirelched siring lying on the

N axis.

Example : Verify that Eq. (5.5 )is asolution of the wave equation .

du

Solution : the derivative of an exponential function e* is ,{; (e¥ )= " =

The partial derivative of y with respect to x ( which means t is a constant ), from £q. { 5.5 ) is therefore

u
-

u|T

-
=

Y

Y

x

And the second partial derivative is
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and the second partial derivative is

iy "
[ Fwly = wly

de?
Combining these result gives
ay 1 aly

dxi  wloagd

Which s £q. { 5.3 ). Hence Eq. [ 5.5 ) Is a solution of the wave equation .
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Schrodinger's Equation : Time - dependent
Form

In quantum mechanics the wave function 1 corresponds to the wave variable of
wave motion in general . However, 1/, unlike y, is not itself a measureable quantity

and may therefore be complex . For this reason we shall assume that ¥ is specified in
the x- direction by

l[):Ac-‘w“"x/v) (5.8)

When we replace w in above formula by 2mrv and v by Av, we obtain

P=Ae =) (59)

We already know that v and A are in terms of the total energy and momentum of
the particle being described by ¥/

Since E=hv =2mhv and, A=% =z—:—h-
We have
Y =Ae~(/h) (Bt~ px) (5.10)

Equation ( 5.10 ) is a mathematical description of the wave equation of unrestricted (
free particle)of total energy E and momentum P moving in the +x direction , and this
expression is correct only for freely moving particles ,

In general , we are most interested in situations where the motion of the particle is
subject to various restrictions , for example , is an electron bound to an atom by the
electric field of its nucleus . What we must now to do is obtain the fundamental

differential equation for ¢, which we can then solve in a specific situation .

We begin by the differentiating Eq. ( 5.10 ) twice with respect to x, yielding

2 2
- gy s

And once with respect to t, yielding
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M (E
Rk (5.12)

At speeds small compared with that of light , the total energy E of a particle is the

sum of its kinetic energy ( p®/2m ) and its potential energy V, where Vis in general

a function of position x and time t .

2
E=Ep; +V (5.13)

Multiplying both sides of this equation by the wave function
Ew=2% 4 vy 1
2m

From Eqgs. (5.11 ) and ( 5.12 ) we see that

gup=-$ %% (5.15)
2
And piy =-h? 22 (5.16)

Substituting these expressions for E ¥ and p*¥ into Eq.(5.14 ), we obtain

v n ay
ih:)-" S ¥ VY ceeeeeeeeeeee (5.17)

this equation is the time — dependent Schrodinger s equation in one dimension .

In three dimensions the time - dependent form of Schrodinger s equation is

N aly  dlv

e BW
ihor =- (ax= ay?

ar 2m

vy
*a:? ) +VY¥Y e (5.18)

Where the partide's potential V is some functionofx,y,z,and t. ForknownV,

Schrodinger s equation may be solved for the wave function ¥ of the particle, from
which its probability density ¥? may be determined for a specified x,y,z,t.
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In other words , Schrodinger's equation cannot be derived from " first principles ",

but represents a first principle itself .

Expectation Values e

‘P(x,v,z,t)’«.s,almb‘.}ga.3.;,....?\,.,\,5,;11;"5,,.._.3 iy 38 slas Ja (e palaid
uncertainty principle aaaililis. 2 35 (e pieaadl Jga Sl ladd! aias o (g a5 A1l a3

SVl fes e e gl ads as Ky ¢ e Lo 3806 Ll gl W 1z Ly -
* 32 el e Y2 probabilities

As an example, let us calculate the expectation value « x» of the position of a particle
confined to the x - axis , that is described by the wave function ¥ (x, t).

To make the procedure clear, we shall first answer a slightly different question :
what is the average position x of a number of particles distributed along the x - axis
in such a way that there are N, particles at x,, N, particles at x,, and so on ?

The average position x in this case is the same as the center of mass of the
distribution , and so

’? _N|X)+ NyXo+ NaXg+ ——~—
Nyt Nat Nab e

- LN
v
Sy Py AliaYU Xppdsa 22 N M”‘&}d&‘uﬁh‘-‘-‘u&“’&&“ﬁu

el ola o X et Jos dx :J’...-'J&'JH—;.“

P = pf? dx
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The same procedure as that followed above can be used to obtain the expectation
value <G (x ) of any quantity ( for example , potential energy V(x ) ) that is a function

of the position x of a particle described by a wave function ¥ . The result is
{G(x )= I_"; G(x)|y|Pdx  -eemeemeeeee (5,21 ) Expectation value
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Schrodinger's Equation : Steady - State
Form
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(Steady — state Schrodinger's equation in one dimension ) « (s Aldadll o2 4
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In three dimension

a3y Py | dF v .
ax? *: ayz ¥ dz2 ( E- Vv ) 'p 0 (5.24 )

awa:wo.;»v,uw»,smmw@( 5.24 ) Ukl oia 5

Steady - State Schrodingers equation in three — dimension .
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In general , Schrodinger's steady — state equation can be solved only for
certain values of the energy
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5.7 SCHRODINGER’S EQUATION: STEADY-STATE FORM

Eigenvalues and eigenfunctions

In a great many situations the potential energy of a particle does not depend on time
explicitly, the forces that act on it, and hence U, vary with the position of the particle
only. When this is true, Schrodinger’s equation may be simplified by removing zll

reference to t.
We begin by noting that the oncodnmenswnal wave function ¥ of an unrestricted

particle may be written
W = Ac UMREp) = pp=CEMX+p/Rx o gy =GE/Y (5.31)

Evidently ¥ is the product of a time-dependent function ¢~“/* and a position-
dependent function . As it happens, the time variations of all wave functions of
particles acted on by forces independent of time have the same form as that of an
unrestricted particle. Substituting the ¥ of Eq. (5.31) into lhe time-dependent form of

Schrodinger’s equation, we find that

W ER
Edrg ~CE/M o o -(tE/h)c + U ~(E/A)
e 2m ('ix2 ve

Dividing through by the common exponential factor gives
Steady-state 82 :
Schradinger equation "' ﬁz s =0 (5.32)

in one dimension

Equation (5.32) is the steady-state form of Schrodinger’s equation. In three dimen-
sions it is

Steady-state - i a
- Schradinger ' W | ¢ 2m :
. et — + 5 E-U=0 ;
equation in three ax dy? a7 i (E = U (5.33)
dimensions

An important property of Schrodinger’s sieady-state ‘equation is that, if it has one
or more solutions for 2 given system, each of these wave functions corresponds to a
specific value of the energy E. Thus energy quantization appears in wave mechanics as
2 natural element of the theory, and energy quantization in the physical world is re-
vealed as a universal phenomenon characteristic of all stable systems. :
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— ——— Quantum Mechanics

9

A [amiliar and quite close analogy to the manner in which ene1y quantization oceurs
in solutions of Schrodinger’s equation is with standing waves in a stretched string of
length L that is fixed at both ends. Here, instead of a single wave propagating indefi-
nitely in one direction, waves are traveling in both the +x and —x directions simul-
taneously These waves are subject to the cendition (called a boundary condition) that
the displacement y always be zero at both ends of the string. An acceptable function
Yx, 0) for the displacement must, with its derivatives (except at the ends), be as well-
behaved as ¢ and its derivatives—that is, be continuous, finite, and single-valued In
this case y must be real, not complex, as it represents a directly measurable quantity.
The only solutions of the wave equation, Eq. (5.3), that are in accord with these various
limitations are those in which the wavelengths are given by

2L
= e— 3 ) F I X
A, oo n=0 3

as shown in Fig. 5.3. It is the combination of the wave equation and the restrictions
placed on the nature of its solution that leads us to conclude that y(x. #) can exist only
for centain wavelengths A,

Eigenvalues and Eigenfunctions

The values of energy E, for which Schrodinger’s steady-state equation can be solved
are called eigenvalues and the corresponding wave functions i, are called cigen-
functions. (These terms come from the German Eigenwert, meaning “proper or char-
acteristic value," and Eigenfunktion, “proper or characteristic function.”) The discrete
energy levels of the hydrogen atom

E..=--§:,—‘;g{-‘7'(;1,-) n=1,23...

are an example of a set of cigenvalues. We shall see in Chap. 6 why these particular
values of E are the only ones that yield acceptable wave functions for the electron in
the hydrogen atom.

An important example of a dynamical variable other than total energy that is found
to be quantized in stable systems is angular momentum L. In the case of the hydro-
gen atom, we shall find that the eigenvalues of the magnitude of the total angular
momentum are specified by

L=VIl+1)A 1=0,1,2,...,(n=1)

Of course, a dynamical variable G may not be quantized. In this case measurements
of G made on 2 number of identical systems will not yield a unique result but instead
a spread of values whose average is the expectation value

= [ clyP ax

In the hydrogen atorn, the electron’s position is not quantized, for instance, $o that we
must think of the electron as being present in the vicinity of the nucleus with a cer-
tain probability [¢f° per unit volume but with no predictable position or even orbit in
the classical sense. This probabilistic statement does not conflict with the fact that

hell I

2ol

.'..-

; L

nel

n=0112)D,...

Figure 5.3 Standing waves In a
stretched string fastened at both

ends.
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The particle in a box : Energy Quantization

L PV TR T Lo gt ey

(5.3 JS) Gytica 5o Om W)y WS O jad aseea 3 )3 8 0 K3 g 5 Ablaa plasi Jia Jyl )
e 3G N 3 gy A 2 Ll
1- to see how Schrodinger s equation is solved when the motion of a particle is subject to
restrictions .

2-To learn the characteristic properties of solutions of this equation , such as the limitation
of particle energy to certain specific values only .

3-To compare the prediction of quantum mechanics with those of Newtonian mechanics .
s dda Gt dm s dalio x=L gx=0 O X Jsnadsb o 5 sane Ll piadl 48 ja Gy auliis
( constant ) 4 sisa IS0 438ds &5 Gllsl ) A8Ua 2k Y adli o sl adey sl pladaal Sie g ¢ (led)l 3
¢ 8 tieall Gt de ALY L g LS Y A0S Jils 53 68N WilSan B BN O panaal 3y o ) ol
* 3atieall JAI (1 hem 5 st e pini A pgeally ) BB RS SV Oy

= --.: Fiaure (5-%
Aparticde cenfined to
(o - - o.bcx a,; uJ;(.‘-Uw. L

g PRAUmE S0 & aatum sasmas ™
! - —

" N

o s Gatiall i (35 o puliiy Y ped 0 AR (a2l Vo Wiy o (S Y i) S U
Prladia AL VN HEE x> Ly xS0 N ie gald Paasd e liadey o 2 jal
ex=L 3 x=0 Gwundlagy ey §aiall Jils

V=0 oo sty aalyda A ool o sadadl i Sy 50 Allea (5,23 ) dladdl 152 gl

A Gatieall Jals Sy )2 Albes o Joans
2
CE+ T EY=0 (5.25)
M i oY dllty el Jualith di p @2/ da? SN Jualidl Sy s atieall JAb V=0 S
skl x e
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Equation ( 5.25 ) has the two possible solutions

= Asin ZhL: X (5.26)
P =Bcos |25 x (5.27)

Wlaall o Linf 8 Gilall £ yome 4 (5,25 ) Asbaall G 2ol ey (oD G4t O G S
S0t giad o e Jalallada o o s U8 s gy G B g A Skl O G e 050800
G Jal Bl cos0 =1 gSWy s x=Ly x=0 =ty = 0+ boundary condition st il

Bl giidlin e e x=0 22 (h 00Y Bydicall JA03 sl Ba sy o) (S0 ¥ (5,27 ) Al

x=0 e =0l ey (526 ) Whaa M JD e 5in0 =0 JSWy ¢ oo g obn o sy
S x=L = h=0 e Jeandy

i;‘"—}El.==rr.21r.3rr,—-~--

- (5.28)

=nm n=12,3 -,

This result comes about because the sines of the angles 2w, 3w, ——-, are all
(zero)

s e 7, 2m, 30, - W30 G GV I3
From Eq. ( 5.28 ) it is clear that the energy of the particle can have only certain
values .

A pasead! AT o384 plal A0 S e JS5 1y 0n Al ejgenvalues Ao pansall adill Jud ol 928y
Cua Al b an i Gl (5,28 ) Adtedl g lggle Jpanll (S

28 12 = n?p?
nimind
€=
Cus (B, )l 3ol S0 G Gle SGSE aE Yy
En=",‘,::§’ YL B o IR S | )

S 2l ey ol Oy particle in @ box 3aties (o ased e sl S JG Aliladd) 52
* ( quantum number )
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4
dieall a3 +( 5,29 ) Astaall B Ak DS e A eltie O g Y G gtlea (3 ) eana piany
v A gl adlis 3aas TGl 3 gtieall JAIS prall jeas Al A (A8 a8 )

It is significant that the particle cannot have zero energy, if it did , the wave function

would have to be zero everywhere in the box and this means that the particle cannot be
present there

sy 438 i 2 (5.29) Wlad) i LS Ga0as oty Foaad N ALVU E=0J plad pe
bdas (g — AN o e 53S0 (S LRS00 ) B ¢ S BIS OIS it el
°.~IP—M
Aaly e (uncertainty principle ) 2sadl pse e o

Axap =h
o T peeee i (3 pdieall JAL penna piand E 20 055 Bl Gay laidll 1
pio e s Ax = L Ggtieall (e (5 e dad e (3 2l ate (U 5 tlall JAK ) yemna il IS W
B gl i b sl

Apa%

QS G ) E = By Akl g sl a5 ol Bady o (( p=0 oM iu) E=0 S ae Si Y 3

E=-mv? —w2F=mv® — 2mE = m*v?

L

2mE = p* — p=+V2mE
Py = £ J2méE,
(5.29 ) Ll G By (& ey saidsy
P
p=%2mE, =% T

& o JaS ¥ (5,29 ) Altaddl ol i € ¢ Jaad LS stadh) pe L aa Gl a0 30 e i) Ty
Wl S e i Ued o G (BT 5 a0 Ughaad L G (8 A o1 Wilaalle

(1A% )4 o Gatiem A oy JAY 2
« (10cm ) 4 e Gstin Jil: (10 gm ) WalS Ala i S0 Y
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o nimdn h h 662 % 1034
n- — T ee— e————

~34
g == = 1054 X107 J.s

o (314)F x (1054 x 1072 p5 )P
2x91 % 1077 K x (10719 )2

= 6.0 x 107" n? Joule = 38 n?eV
Cun i ((n=1) Latie (Fp ) o Daliads B3 el Jaks oy SN Sk 200s
E, = 38 eV
JE ALE K g =608 eV « Ey=342 eV ¢ ;=152 eV (VS £ 55 o AN AR G gy
¢ A i S oy A0S 5 ) ey e lia Dy gl o2y (5.4 )
Ul 4000 Al Ay
L=10cm , m=10 gm=10"* Kg
0355 5580 A panadl) AL Ay (0 e

E. = nim? (1054 x 1077 )5y
n- -3 -1 2
2X10% Kg x (107'm)

=55 x 107% n? Joule
0205 S OV e (5.5 X 1076 Joule )haid A n=1 O gl ANy 5 S0 Laa AN (0S5 A1 a3a S
5 0o W e Sy Ve pulladga Sy il (33X 107 m /s ) oS de sm W AS S D
lan | a8 e Jide iy (2 /S ) A Sieml sl a3 S0 el eyl RS
Cf Sy yieed) 034l (S Y Cpay lan & i 0S5 ) el 35 ST i e ( n=1070)
D gl L a3 OV a2l a0 Juasd (S Y 1 ¢ e JS2 o i W 0y ¢ and! Lginas
¢ el Sl B A 5l Al gl e 8 00 liSie plad e ) S Al a2
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The parb’c/c L a’oox : Ent’rjj QUan{iza(‘JOn !

Ta 50|V€ SC!\)"OOlfﬂﬂél',S eflméion, EVEN Y -.'LS ‘f)impk“r ::‘It'-
C“{}'(f’“éf ’Penw, usua[ly rcc]ul}'e's Sophw{;i(a(ea/ srealbeme -

Lical fechngues . For dlus reason -he Sl-uo(j of Claam.!-usw

mechanies has Lr'a.clr'-éfona(/j beenn reserved Jor aclvancee

5l—uolew‘s ulw Imv( -(lw rc-]w’ru( pro-fa'ciwuj " ma{l«.em-

:L,-L"cs'- #ou/evu s sNce ?uan-{-um e C/wuu'c.s Is -u\é -‘-Lco—

Ve chcn.l 5+ruc‘;uvfe wl\ose

results ave closest to exper-

Imendal  rea l.'é\; g AAFR wus explore Cks medlods aund app-
Lieakions ¢ f we ave 4o achiewe any “no’ers‘fana/"/‘j o wmo-
devn physies. As we shatl see, gven are’m’::‘vc’J limi L eol
matdhemadicad chkgromw( s sufficient for ws to fo -
How e Arains of dhought Abat have ledd quanduun

el l‘L&L\/l‘Cj -—l o its 9 rCa{:tsf' ac/» fe Ve e/w‘é <.

One Jivsh prob’e,:w ews iy Sehroolingers equnbien 75 {hef
of aparticle bOunc-(/;tﬂ back and forll. between +h<
walls ef abax (Fig 53) .

Our interest ;o his problem is Hhveefolel s o see how

-SCI‘V"C("N:)GV'-S EQLméu‘on s Solved when the modion of- ou
Paf’l'"Cle 'S .Sub,[fc"{ ’éc rc'sf:r:'cf:'ons s -+o leawn SJhe ch—

avacderis4ic Pl’o,’)c;/f"es o4 saludiens o -l e,?u.aaél'or\,
$L((/\— s Hhe ’l'/rzr”lt’»{‘lbk c:f ,’Dnr{v'c-/e €nCr gy ~o cer-Lain
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SPGC{‘{';C ‘V(.JUC'S on/j,' cuu{ -i-o COMPare -N\( Preol,'c_
{"DAS 0-? C}t(alt:{unz A’f(('/\("\l.(s u/:{‘x -us.uSe 0:/ /\/c’w’é—

ONICN me(./u:uu'cs .

NE way 6?¢C§Q~\ e peclicked wmolisn by Bevyinng Ak
N \S vestrieded Lo -(:mvu(.p\? 4‘(0,%) b 9% dax b
Lueenn. % zo and =L by o'nﬁfm‘tc’j havod walls . A
parl-fc/e elees  not Jose energ y when b colliofes wil,

5ucL wealls 5 DS —{lwé s -&oém( fﬂcry/ 6“&35 Con:;'lom(n

Frene Ale  formad o ik o ’@ Wandl g ;‘_’ o v ——
anics , the potential efesdy v of fhe parbice rs infinite
on both sides of-dhe box, wWlile V 1s ccm.s-la.\,(-s‘j
0 Luir ssnvententecen ke isnle . ‘Since He ()ar-(.‘(,le P
nnot have o infinile amount of energy, ¢t cannot ex-
ist outside Hbhe box, and so ts wave funchron ¥ 1S
o for x <o and X L. Ouw task isto Aind wht

- Al
v (s Widlin He box » namely - beluween X=o <

jk;L-

\,\} ;t‘\t‘i\ -U\e 130 X SC\\ VOO\ \’l\rde \f.S efl/ LkDCé (2 ™ bQ(_o LS

cl k\{\ 2w
.‘.

E([’ =0 —
dx? o

(5-25)
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< ,'
- = F-'cjure (5-3)
eQ , i
'u : Apafl;'lc,-‘t Cor\ft'necl Lo abox
l I
of widil L.
V
0 L >

since Vzo Heve. (The +otal olevivative ol'¢/ehx® re

+4he same as the par-b'w( olerivative W/ dx? because (f
is afunction of x Oﬂlj inAhis ProbfeM)- Equakion (5-25)
has the two possible solutions

Y = A sin /2m5

A A mEtemm——p (5'26)
2mE
Y = Biges 1:1 W e |((GRTE)

whidh we can Vew’-fj b'.) Substitodion ‘oack into Eq. 5.25.
Heir sum s alse a Solution. A and B are consfants

+e be e.va/ua:(ca(.
These Solutisns are subject Lo -the important {-;C,u,,a/au.‘7
condition Ahad W= o Hor x =0 and Fer x=L. Since

(cos¢ =1) » the second Solution cannot deserrbe -Hhe

pat’f’fde ’oeauue i+ c/oe: /z:)—/ van: sh cu( X =0 - Hen(e we.
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onclude {4 B=o. Since (sin0=0), A%a Airst se-
\k'}\'or\ on’dys 7,‘(’015 W.:O a/f X=06, Qs f£.7uv'/€0(,
Yoo ?) will be 0 al x- L o‘dj Dhen

2NE
= T . 29
-L\'L 2 2/ 2 37(_’ ----- (5-. 28)

]
-~
=
AN
a2
|
&
s
-~
AW\
v
)
/

This resull comes albowt be cause e sines 441«6 ““9’6.'
T 2 2T 5, 3T , .--w ave all (0) TFrom Eg. 5-28) i1 75

eleay -(:kk/{ e Cneaj/'./ o,f—-ﬂ\-t par{‘r‘c/c Coun /\avg a/dj
certain values; which are ke egenvelies mentione

' -the pPYevious section . " These eigen values , constit u.,(r,?
the energy levels of Hle Sysfem , are
En = nt M2h-

= 3 y 43,12»13/'"' (5'.27)
am L

“The l'nffje)' n Corresponelz}y ~o dhe eacryy fevel En 1S
called [1s ?uam'éuow number- . A particle confinedd Lo
a,bot Oarmé‘f /u:u.'e an w‘bf'z ﬂ-\-y élldl'ﬂj: -“\e r{&d- 0'% s
confinement [cadls o yestrictiens on ts wave ’ﬂmd“m

-Hu( Pe,-m;{- it o have on/‘y fhesc enewgies SPer'I-'eoC bj
Ey- (5-29)
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6.
It is 5’9“‘4"@«4\,{' -”uvf -ﬂ\c Pﬂr‘{fcfc Camtof have zero e€n-

el’?‘j ; .’5} l.'l': o(m( ' -H.(_ Lo oﬁu\e)(ﬂ'on (/) .,aau.,(c/ ,LC(V( fo
be zerec C/Vo:rw.vdkm ivAke beox , oved s meéans -ﬂtk(’ Hee
Paré'de cazmo( be p/csenff 'H\M .

The exelusion of Eze as a possible value Jor e en-
erdy of atrapped parlicle, like tho limtabion of £ 4o
Qa o(l?cre,{é sel e‘f o(c[in-l'{t velues » /5 a ietan'éu-\ —mecha-
nicad reswlé -vaé has no Coun(crplr‘f sn classical npeclon-
nics, where ol enargies , a'nciucls'm: zeve, Ar€ Presumeel
Pa;n’ble-

Tle uncfr-/:m'n.éy prinei ple /)rovu'c/er confirmation oA E=0
is not acdmissible . [Ae cause Ahe Qt\r'\i(\«e 'S 'L\m??eo\\'f\ N
beox |, ke Utl:ev-la-‘»v(j in ts position is  OX =L, ke
coidte of e box - “The cm.car'{afmlfv o its mamenduva
st —!kcrc!we be Ap 2 EL—.

which is M‘{ C::Mpa.-éfla‘e wi-{‘k E-o. We node "\\\DJ{"

s J%Oﬁielx-‘uw\ err(.spmmj—mj “+te E.L I5, Since —7‘[&4‘.

Pa ricle eneryy Aeve 15 t’IL-tr're/J Hinedic »

o SR /Qvnl E.‘l = ¥ TR

L
cdlu'clv it in accord wifle e urchr{*au'n.(j prir\c:/ﬂe-

\N\h]) Or€ R Vw" aware o—f C/terjy Clum'»'éfzwé/bil IO
owin CXPe"ie"Cf? 5“\’&\‘3 o moy ble Yo\\\'Mb back and
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6
'uom' Cetin have any 5[)6&1(, ano( —JLey(jcfe ah-a e/\erzw,

We chooge o give it incluc‘o‘/xﬂ zero. In ovder to
assuve ouyselves Haf F9-(5-29) docs nofl condlich ok
ouv olirect observadions wWhile 'pro\l\o\iAQ waiqug 'm&\ca\\‘ks
On c. micrescofic scafe, we Shad COMP""“’ Jhe por il
energy (evels of (1) an electron in abox 1A° wide

a)\.ﬂl (2') o. IO—-s nuvrél{ N\ a.éo/‘\- [0 €7 bJ;c/("‘

La case (1) we have »ri= 9-1210—3,/11 and L=1A°=

~(O

o m 3o ,Uu.,{- -”u. Permc'd’f"l dedron enayie} auye

= ¢ -39 \2
B, = K& Tx (1054 X6 ™" J-s)

2% Qx> Ky X UO"°~\)L

& 60 xm"’8 ﬂzI = 3% ntev

The  minimum eneryy e eledvon can have i3 3FeV
coro'e.sponc//):? to Az1. Tl seguence of eneryy (evels
continues eoifl E. =3 & » Eg = Y2 eV ,Ey =
bos e v, and ss on (I—‘a‘a-(G‘-‘()) . These cnergy fevels aw
fb(fﬂtfcfea\'{:\_\) far «par{: teo nuke Al ‘[“““'l"z“‘é"’” ‘Tﬂ
elechron energy in such, abox econspicucus iof Such o loox

ou.b«ally oliel €xrst.
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In cast ‘2 we Kave m= log = {o."'/&f/ end L=)oem=

o™ m , S0 had Hu permitted nuble energies are

- z
Ei = n*x T x (1059 x:ogq‘d}s)

-2 = 5
2 X16 K9 x (10 'm)

= &5 KigTo! nzg
—64
The minimum eneryy e marble can have /s 5.5 X0 J-

C-°"”65P°Ml"‘3 ~te n=1. A marble widh WS Kinedic energy
has ecspeed o f On] ‘33 % 16 3'(m/;) end s 4Aer€4cf<

PR 4 u‘\‘ .::.—k- oy b

experwmelt-‘,a\(:, ma(as !;lnjth_sl\able from (= 5{&‘{/ onary

marble . A Ym;*;me{e speed  a marble nu7/u€ have I's,

54], /3 (m/s)-w\ucl‘k c.orrespanals —Lo -lke energy Ieue,l

Mf \-"IJ /Lr_“.

o,f- ?Ml«.—(—um nurnbe;.— 2= (o c_‘ The (Dern’hSS,ble C'\O‘y!
W L) \ ,) s

[eu»:,ff aré So Vewj < (ose¢ -&09&‘{@/ 2 —‘f-/\en -/*luvé -,l‘{»t’(

'S ne W‘7 ‘£¢> c/c-éerrmne e fer N W\aréjle Cau

vﬁah. on on.)( -Hgo)e enfrylc’} /.Dr'cc/, Cé'w( by 57 @’2')
oy any <nerfy s hatever .

Hence Al olo nasa o:/f every a(afy Experience
(7¢wn-(qnt e-f{cc/s are rm/’)euc’cp'&/lélx. po —/-{u'! c_t_cCouwé,
.«F:'f "/{u- suceess I'/k"//l"j 0[-”'”“!"\ vaﬂ /&/CW-{dm‘aw Mme -

chanies .
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The particle in a box : wave functions

sl il Gadia s
In the previous section we found that the wave function of a particle in a box whose energy
is E is given by

i = A sin ’2;‘"—5 x

o ( E ) i gercdl il o,

n2gwap?
En=_.g
2mlLs

o eMe | aseaall da ydl Uy Ailan By o E 08 iy

Pn =Asin-'":—‘ (5.30)

This equation ( 5.30 ) represent the eigenfunctions corresponding to the eigenvalues E,,
P Con s G WAL ) Al il paas (3ia5 (5,30 ) Run ) SV o 0858 O D ey
IS (U ALYy ¢ 5 paiaan G, /B ¢ Py 00 Sy (X) JAaillAplal A ppd S
Xx=L o x=00e [P, Pdx iS5 i o a il iy ( finite ) 2stsa oliadll paa e 1)y, |2
Jgaall o3 ada ) geana prall Ol i
[\ Wal? dx = [ | |Pdx

L, nrx
=A? [y sin® (== ) dx

sin?@ = 2(1-cos20 )

o Wal?dx =5 [y dx = [ cos(* ) da

A2 L znnx)t
== (55)sn =],
=42§ (5.31)

[WnlPdx of Sums (A4 ) Aslia dad Juis flide (1, ) %0 sie dun o SV o Jgeaall
() s |1y |? S 1 x 4 dx o x O el SV pdlx ) ALY S
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2 WalPdx =1 (5.32)

[ pdx=1

Collaal! T iy 1 eluill i Lo S el 39,8/ %100 Yiaind it (5 Jil) Gy iseall
ok Lasi (5.32) 5 (5.31)

1=k
2
S 13 L pia (355 ptinall S psnd D gl Uz Sl i il
A= % cemmmce- (5+33)
nall 3365 Lo giall L gall DY o 2ai da pall YD Uea (SA dad O iy paillsy
w..=J§ sin== (5.34)

probability densities Lhiaia ¥l SUUSHy )y ¢y ¢ 3y Loshall Lnpll SV dage (5.5 ) SN,
Ol ami e Ay A pa L 36 (0 =1,2,3 )Py o s e SE Ga Lis Sy 1 P32 ¢ [, ]2 iy |
il La g U“I%I’

L e el e R

\ Y an

o STy x e S e pneal asY (p ) e Y1 S g it | O e s Dy, S Ly

 ptiall spin LS ex=Ly x=0 S|P =0 (s Py Py ) U sl S
Uh‘bxlz .‘}_Lﬂ..‘u.,u.‘l.l' on“ﬂwwﬂwﬁuw&f&ﬁw'd»}%b
s =] U 4 g Ll 0 @l Sl sl sim G| [P Cin e 6 (3 L) i abic Lud
v n=2 A s o gl Sl Y 0ds O pps ¢ B pticall Ciealio 215 precal! dapd s 5408 Lllaial
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Jats a8l all pad o il 2 o Ll Y s it 5 A 23 eI oo ) S 58 g o
¢ &yical

Example: An electron is in a box ( 0.1 nm ) across , which is the order of magnitude of
atomic dimensions . Find its permitted energies .

Solution : here m=9.1 X 1073 Kgand L=0.1nm=1x10"""m

So that the permitted energies are

n?n3( 1.054 x 10~7* 1.5)*
" 2x9.1%x10-%Kg x(10-19 )2

= 6.0 X 107'% n?J =38n?eV

The minimum energy the electron can have is 38 eV, correspondingto n=1, the
sequence of energy levels continues with E; = 152 eV, E; =342¢V, E; = 60BeV

b U e (e Cung A4S 5 ) gy e e g gl o3 ol a3 (5.4 ) KI5 LS, Lia

Applications of the uncertainty principle :
syl pe fae e Clids
plle A i g 58 03 e La 2 0 Sus (6,63 X 10734 .5 ) lan siaa ( o ) 13 5 )
o ot 1aa AU e W i S Al glatae s GRall Tl 13 Ay 3 A Y1 Slasealdl g 0 30
¢ liaY Bl LS 53l Jabs an g o O ASIN (g 130 Lagh e g8 Fengl) Y 20
One interesting question is whether electrons are present in atomic nuclei .

o L 28 ¢ 500 415 1350 30 03 SV (1080 o815 + (1071 1 ) sm ot 58005 b i
Ol S (Ap ) 08I pa 5 8 sl et o8 lln g 4 (1072 m ) e 23 Y o s (Ax ) asdse
AxAp = h ( uncertainty principle )
2

Ay > i> 1.054 x 10~ |5
P Z55x= 2x10-1 m

Ap 2 0.5 % 107%° Kg.m [s
$ sbeet O3 SSIV1 285 00 Latie g 1A 1 SV e g s o) s (p ) s STV 425

MoC? At ySull &g SEVI A8a a2 ja 52my L8 S5 (T ) A8 2148l (B 0.5 X 1072 Kg.m /s
S Andl] A8l (5 gl Linall pladi) WiCa 1My o

T=pc
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=0.65% 107 Kg.m/s x3 x 10° m/s
=1.5% 1072 | = 9.4 MeV
Ly pal) il o e (10 MV ) 353y 315 Jals (g SSIU A8 ol 3N 03555 o cand 45
o i 158 (0 + Rl 3 on 565 JBF Atk Jemi il 55 pn Rl 23 S o S0
O+ 50 A Sy S0 A3 A e an o Wle 1+ 81l Jats e o 05 Y g S
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Th: par*&ic’e n a,‘oax s owave ffmco{;fms 2 &

In -Hlt PI‘CW'OMI section e «Iouna( -{rkwé ke waJg -‘w\c.-
{.‘on af; a,’)ar‘:ide in a,loox udkose eﬂl"jj 'S E f_s

- A sin ImE
v i

Sinte  Ywe ’poss{b\e energies ave

nt ot b
2m L}

En =

SMbsf'th\\cb Ex go,« E yields

Wa = A swn U::x ______ = 5 3e)

Jor e Q“’;‘\\‘g«mg\‘w\s cufrcspon&\'ns te ke ewnergn
eigyenvalues En .

It is easy to \/eru'fj Shat these c»'gen—fmgb'ons meet
all +he vequivenents we have discussed : for eacl guantum
number N, o 15 a Single—valued Ffunction of x, and
Wa and (2Wa/2% )are continuous. Fg, thermove , +he
n‘n\l.egm( of (Hh]® over all Space s dinvde 5 a3 we Can
see by \'A-ﬁtgrw’c"'ﬁ Wa)zo‘x Lrom x=0 4o X=L (since
Hee particle ; by hypothesis 5 s confined woithin Hese

‘;M; %5 ) :
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/ |Wal* oz = S () A

s A‘LJ A "T")o{x
JN.\" Al = )

7o normalize ¥ we rmu{- assn'gn a value 4o A sSwely
+ead \HJ,“L 'S eclug_,( 4o Abe ljrolpa.bf/fé) Pclz o_l .-,Mo(n'a’
Hee Paréide bedween x and v +olx 2 vadler Hian mem(j
proportional ko p. If (Ya)? is te equad p, Ahen it
MU}{ be ‘éru( M

D

-I l('i)n"’ 0176 - _l _____ =R (5'_3?_)
SiNnce PN
J pdx =g

is Hhe mathematical way of stating Hhat +he par-
Licle exists Somewhere ad all —Lines. Co~pan‘47 E«y(S“SI)

QACI (g-gl) 2 W€ See 4““’( -#AC Lwave .fu,\(,-(-.'gng "Z a,Pav-
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’m ”°’m“’l'35d w/ ave fund-«'a.u oﬁJL{ /)af‘\lfC/Q cre

+ere Pa ve

2 .oATl X
), = /—-— Sin PRSI ( ) 0.
n 1K L )

The normadized Lvave juno{cén) ¢ > Y, and \93
‘E‘°7 edther with Hie probw‘aiff‘ly o(ensl-\lie; l\‘)“'- 2 [\(l) ",
and )\{/”" are P/o‘f,‘('ea( n F-y -(5.5).

wWhile Y ma-s be nc?a/‘"ve as well as posibive, (LJ,.]l

e a.'uay} posidive and , since G, is normalized , ks vals
at o given x s e?wv( +o Hhe pre bab{/.‘rfj P 07[ fm.c(c"«y
Hhe pavdicle Heve -

In every case [Ya]® =0 oA x=0 and x-=-L,-the
boun dlavies of-He box. At a pacticulor poiad in ke
box —the ,?“ba.loih’-l«j of 4he pavticle beiny present may be
very liffvent for Liffewnt Qquanfum aunibers.

Tor instance, (g = has s maximuea velue ef (4 L) in
Ahe widdle of e ex , while \\DL\" = o Yew : agarhids
ia Mhe  (owesk eneray tewe\ ok n =1 iP5 wesk Nikely e
be in e owidAe o f Ave Wex, while  sgardieh A Aw
next ‘\fjhcw shde of n=2 is never here | classical
physics, of course, preclicts She same pre bab/liFy i
e T;o.v-él'de being  amywar® ia e ey
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The wave funclions Shown in Fig: (5.5) resemble Jie

pessible  vibrations = | a string Hixed at beth ends,

Such. a5 Ahose of dhe strebched string of fiq.(5-2) .- This
5 o Censequence o f e -fad' Hat waves in a Strebched
Shiag and Hhe wave veprcsenl-"«o amoving pardicle ave dhes-
cribed by cclu.v{fam of dhe Same form, sodhal. when -
entical restrictions ove placed upon each Wind od wave,

‘eormal vesults oayve idend cal.

45 U W;f’
£ N wzf'/\f

3

7 | ]Q’. 'L =

xX=o %=1 g =L

F.fjw'f (5-5) wave -fu-\o‘a'ma ancl beloubal.i‘j o% q‘)t\f*'\'c-k

Confined Lo abox widw Fiald wals.
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APP I'.c“-é"oa.s o b M uncc»—'{‘a:m(); prmc:}p'e! 5

plankﬁ constant h 15 Se small thal She 1/ mitations
imposed by Hhe un certaity principle ore signvficant
only i fle relane of Hhe odom. On Such Scale,

ho weveo , =tr’s P""A.Cf/'a/e s a‘ﬁ 3rea.{ Ae/P i unolers ba-
nelv Many Pltenommcz_- Ttrs wordle keep"*«g 1A mMing\
at He lower limit o tisz for DxDP is rarely

Nf(a.ma/ .
& Ax AP = '.t.‘;: ( unceriainly ?rir\cke\d

= Anetuer form «f Ao uncerdaninly princiele conceras  Crevey

o Xieng. We sigml Witk te messwre Awe ) =

ewailot ed A\LIM Alde s interval At inan adomic process.
Xt ae LaLvg Yy (s ta e dorm of ewn Waves ,Ywe \leikeod
AMwe  awar\able  yvestricks e cCuracy WM oMidh Wk Qaw
Aedeveinn e [requeacy ¥ o Jo wowes. Lek ws assume
Mok A wiatvowa  wawnceyhoia -Lv> W A nawa od wewves
W Couanl R ol wavk ProuR \S otk Wawe.  Staca A% Lre-
quencyy of Az woves unde Study 35 eaual A W nuwwbe-
of Arps -we Covwk dided Py W Alme lalervel [ Ave

\y\q\gq,/&o\\'.\&’ DY & owr .QTQ'\\AQ-\(‘D mms\,\ygw\g,\% .S

A‘u ; L y +ha Coyve SPGAOLZ” enen)y uacgr.‘q,%
Ot (s
AE = L A'U = _.t‘__ oy AE A_“ Zt
St

A mare prec:'se calculation based .,n,-“w, nature 94 Jave
groups changes w7 pesult ko

AEAL > % ( wncertoindy in enegy awdh dime) » and
fhi's 6914(('.04 states Aot He /D/oc/uc(' o-.l‘/'{'{ uncer-‘c\\‘d)
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University of Mosul

College of Sclence
Department of Physics
Second stage
Lecture 7
Modern Thysics 1]
20242028
Lecture 7

Quantum Theory of the hydrogen atom

1+ Schrodinger’s equation for the hydrogen atom

2+ Separation of variables

Preparation
Lecturer, Hala 1. Jasim
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6.1 Schrodingers equation For ke \r\-so\rocéc.n okopn -

A hydreqen atom comsists o o proten, e parkicle ol eleckric
c\\ﬁvtse +¢ 5 and an electron, a particle u} C.Lou'gc —€ whichh s
1836 +imes lo‘gk&r Jhan ke proton. TFor 4he sake of convenience
we shall conside~ +4he proton to be stationary , with +he elecivor
moving about in (Es vicinity but prevented fram escaping by Hu

proton3 electric ficlo(- As in dAhe Rolr Aweory , ke COrrec Lion —go.o

proton modicn s simply a matter o{' rep,ac;,\,% Ahe eleckven mas

m by ke reduced mags w1 .
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.Sc\\fo‘clingev’s ec\uq&\'on for Me elecdhron in Ahvee Almensions,

w\\'\é& S whek wlp mask  wse -&Jf A\ \\\s&rw’beh ol e 5 VS

- / - - ’ -
WL M 200 ald e S5y ¢~y
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+
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The potentiol eneryy (v) heve (s the electric  polentrad enery

V = - B s (5.2_) Elcd'w'c. ?a-l-ca#a/ encryy
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Snce V Iis a -r’und"on Oﬁ (r) radher —han o‘ X3Y9,2 we
cannck Substikwke Eq- (6-2) dhirechly iake ®q. (6-¢) .
2l s .’éfy s (%9, 2) Scmdds rd @5 el V =Y Uus
c (6-1) A, 22 vl (6-2)

There are dwo alternatives. One is to express / in terms of H

cartesian coordinates (x,y,z) by replacing v by /xt+jL+ Zv
The other s 4o express Schrodingers equabven in terms of e
5Ph¢n'r.~( polar coor-dinates (r, &, @) alcfc'ncd ‘n F-j C&=t) .
Owing 4o Ahe symmedry of ke physical situabion » dotng Ane \als
is oppreprioke heve,

- - /. ob - ” - » .
" N 2Ly, WY VLl i L 2V el Lk S

Car Lesian coofJ-'M-‘:!

.J;(z”;*,_z Sl Lv) e Zus (%0 Y, 2 )

. P P T " /- o 2 o ;
(5Phenc‘d Po\qr Coardincke) aadal | ke V) DVp Aoars dlae W i

) - - /- -,

Wiy @ f) T Yo S arw) anloy (6= gL et (v,6,3
2 3 e

. ))p;}\ g)ﬂ\}ow

—> N

P %= rsnG cos ¢
Y Y= rsng snd

€
B 7

L=y CoS@

F{%ur‘.’ (6.1)
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The 5‘3hercfca.( pelar ceordinates r, G, ¢ o f 4le povat
P Shewn in F:’g-(é.:) have ~fhe ;eo/(o-w'n., c‘nécrpre‘taﬁ"fons:
" 8.
:d\:;j""f:ﬂ-‘ P aadl (v/6.,9) :—:‘;&J\ a_\.’.L.u,ag'yoy
Y= lﬂ\"“\ o;’ rcul;us vec\ov —grom OrQ%'\A o 4o Po’“\'\- P
v = \E"fj'--l-  3n

i - \
- P o) 251 () dwdih s s e gad) Vo = T
\

G - qna\g bg-hd{cﬂ ro&ius veckor and +Z SRS

W

Zzenikth ow&\e

Co:-' <

A\

th+ yt+ 20

)
A\

Ces™' &

——— =

r
© G| ool psds 42 ol_iyu s bt el Qs - g
qb = av\%\c between A\e pre:)ec-\:\'on of dhe radius veckor in

Me xy plane and Awe + X axis 5 measured ia dhe
Aivechion Shown

\!

A Zimuin anale

¢ = 4tan~' ¥

X
Xy uiedi S ol 2o b Miawe v dopandy Eup = P
az imud\s umo§¢ BAYAL :a,\:e Ssvsr (+X) c\.;)/l)

In spherical  polar coordinates Schredingers equation i's

writben :é_,g"a‘,'_,,J. j,_,f'-o Al 2o & é-_:&)‘ -:&\_-:b)’,r:ﬁ-}
\ 17 2N | 2m
._..1.@_ (\r Q’).l_ 3 (sing )W) z v
v o r*sin§ 26 rrswo 2@T 4+ D

(E-VYW =0 --—(£-3)
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su\oa\'ku’fivj B (6-2) -g.,r e po{v\-\-\'a‘ enerayy v @
and mukiplying dhe entire  eanakion oy (r¥*sin®*C ) > we
cbtain

6;""3 l Yq’.?_q.}) + SmG (5.\\6 L )1. 2t o+ 2.mr‘1'5m10

T

€ +E)p =0 -9

TRE Y

Hyc/rojen adont J-T
Equabion (E-4) /s the pnréa( olifferen tial equadion fur e wav
Junckien ¢ of dhe eledrsn in ahydrogen adem: Togedlen wi
dhe variows Conditins @ Mmust obey , namely -hatl @ be
nermolizable oad dhak W and s devivatives Ve contiauowny
and s\‘«%\(-\rs\v\ta ok eads peink S, 5, Ahis eauatier
Comple-l-clj spec.if-'c; e behavior of Hhe electron.

pts s\ 55 P TOM P BIEN DT Sl Dok o0 (6-4) S
b . . - - Ve

-},wlﬂﬁﬂ'“c{) G 20 e B e, el ad) L A, Gmier a

Vi d—’,.a —’/ X

. ,.;-:’J/:"“")\
We mask : =

“ Selve Eq 6-4) Psv ¥, s caon, i Ba\ewEa

by sSeReraNan  yariobles. Bwd describes Awe SQace A whith

’ " —_ . . ""él‘
-"/.J_V,-ujjyi = e 2 Xs (6-4) aLwl) ef‘fdc("(‘ )1“

=\ \ a
Me dethron wasves . (€ -4) =utall,
' - e A4 . = e . -y P L
;va-"f“/u Qs 2lgv SAV 2lead) vy, c.,\,;.n.'-\ yes a-'.}u l.,al.c-gu_w\
when Eg. (€-4) 'S se\ved , ib turns ouk Awat Lhree Guankwm

numbess are kca,uircol te describe dne elechven in a\w,c\vec\ev\ alom,

‘n plqcc of Je So'n.gk ‘1‘“‘""“‘”‘ nuwmbe~ cf Jthe Bohw -“\Corj.

/_,/,..q),a.«) o ﬂlﬁﬂl’) il ol ﬂ—f).o‘ awy&-gw (€-4) sl s

Vv
//c;-,,vu\fabb.t)”‘-‘”'y’}"
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: 5
Tn 4he Bohyr model, Jhe electron’s motien s bas{(qllj O

one- dimensicad ; Since due only Quantidy Mgl varies as it
MovES iy its pesition in a definite orbt . Ont quantum numk
s en.aujk to 59((.?;"-1 She shate oj'- suckh own eleckren , :)“S\:
oy one quan-{-um number s encugh <o spco'fj Hhe Stake =
N Par-}.‘cle In o enf d.’mcnsimm\ e x-

B T P S B R ,,,35_»)‘ "d.//. ,.,_,»/* ,;_-’.9-'«‘5—.’ WUts <3

22 Wh 02b ¢ s TON BEp 23 pp N id, @b P I 2als

[P (P pyut 2 r:-’\-’ JY, D \ ﬂ;}‘U; W oy '«2b :L..f VoS

can by a U5
In « A7droclen ateom Hhe eleckront modion i's resiricked b
<Shel S squarve electric fLigld of 4he nudeus instead of b‘.
the walls oL abex , but neverdtheless the eleckven s $rec %o.
move in three  climensions 5 and &5 accordingly ot I

that 4hree fiuom{um numbers govern its wave fundhion alse.
Sy G pluN e B FLSN Q\SL wePsrasi) B> 22 T eEs 550
= i s E : s s

-:/’ pIFP N ESf ,(f:" 5T, r..l,lz-&--PJ\ s &7 L, 5, »!S)/v ?..w.z:_—,/d)
2 L A D et ) SR adss >l WA LP Pora) B05
- . MJ')\‘/’l)b;U\D C;-o;-)
ke dhree quantum numbers revealed by Jhe solukin of Eq.(6-4
‘t°9€,“\l.w Wil el fPaSii.b'C values ;, are ay ‘;0“0\#5‘.

- = ~ >N 3 ~ /
r (6-4) alilad) Yo - gw_c’nl\ Qs pnat) (y:‘" 2= S e slay

Princ;pc.( C,uam‘uw\ numbeyr = n = 1:2/3) ---"?..L-V.E,{;‘w\
Ov'bf{:a.l CIUm\JuM numbey = j: 0,172, s s -1

7
Ef,"._.‘;_a‘J)MJ)l
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= mj 30311_)12"‘°',1.1

Haync_{».z (iua-\(-um number =
cr----i-° \:-.IJ | Mjl 2.3J )

The lprino‘pa.,( 7uqn4-um number n governs Ll total eneryy

O} “t\( C\CCLWV\ 3 Q'\A C—‘"“’QSP‘"\&S +° "\\E q\kﬂv\%\hi‘v\ v\“w\b(_r N
os- e B o -\\tov\a . e Orbital ‘\““'\‘\“\W\ Nwmloer l %ovcrv\s
Are meanitude oL ke eleckven s ou\osw\ow wiome nfum  abouwk e

nwAlews 5 and dhe Mu\ne\-{c q\w»\-\uw\ nuwloer W QSN ErNs N
o\lfcﬁ‘\\".O“ °—§" Ahe Q"‘)V*\“V‘ ASTAE AU e, -
/ 4 A o ol Do .
NP o)) dir by 0 WDy Db as p gl (Lo, saadis
f/ . . . ~ 7/ 7
dp W Jo1P) ?’.j‘ v sam L vl Ay s 32 Q-5 (3

e 3 . ® - / , o /
cZ oUVr WA &) el y in-;aﬂl-J’ AN 2a)) ous o e s a))

(6-2) Separatior ol vaviables TG RE T

el ol D Bltae dr W, (6-4) ok ealas), 274, & LS %
d‘{"ﬂ‘g—"f"" s Al P 222 5,567 s Fo 2 ) asyd) LY
- e L)
The aduan‘['a.,(’ o{ w,'-[:in? Sc/v.rodfn.’grj &1“_._4;‘,0 in 5 pherical
polar cesrdinates for dhe problem of Mt hydrogen atbom s hat
in this Jorm it may be Sep‘l"a{'d intfe Hoee :'ndcpcnc/m( equatss,
each involving only a single coorclinafe . Swta a separakion I3
possible heve “Decauwte Ve wWowve 2undkvan W(r, €, ) has
Jorm o} a prao‘ud’ o} Alree different Juackions 1 Rem, wiwdd

depends on v odone 5 O (6 Whidh depernds on @ alone i aw

é tt) whick J&QQV\AS e~ ¢ olone.

. . o~ — Voo = - ® ( - -,
0{,}}.&\«,;\....: ~sda) | o\;l«.’ V) &Y pefariasdy 8 N Ay Ales .;..,._,,.,\,
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carls S b 8 2 lee AN &S, =Y QLA ado L)) @ tak el
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Ces E es dole W2 Me Wir, 6,) MAT> a1 P B W)s

o D), N Ol sy Ber s Mabr D Rin)

C Al @ M Lam
WwWe can proce.ec\ oy ASSWMminey Aok

o A\ S S\

W8,y = R Ge) pegy  ---—6-5) Hydrogen ekom

wa ve f..mc-@\'n

The func(:bn R(r) olescribes how the wavl -funcéz'on W OIJL
eledren varies adony o vadius vector from Ahe nucleus, widh &
ond ¢ condant . The function G (6) cleswribes how W varres
widlh Zeaith a»\z)\f & a.lov\.ﬁ ameridian on a sPhert centeres
oA ke nuclews ; widw v and P onslank . The  Fundivan Poa
cleserilors Mow Y varies wiAw azav wha cxv\ca\e CP cu\o\\as e po

vallel on o spheve ceakeved ob dhe nwcleus o Wit ¥ and &

Conshand

- 1 - ot / 20 -~ | - . =
o o Guldy b\ s gy N Y T2l db_:,ué'.oSJ Rir) 220, a
5;.,...),'9;',‘35‘/.:.‘,3293» & (8) E'\JLJI,(::};L'¢_,(9"."Z‘
B IN S g W LS P ) DL FL Py Sz

. e Grvr swpe
From £9- (6-5) , which we may  wrte more simply as:

w = Redd ond ‘we see twad
25 = RP 22 - rep 40
%m R ?555 RO c;:f_
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e Q'L"“ﬁe from F‘“"tid derivatives 4o ordinary Aerivadives
Can be MGJ( becawe wé Qrve Aass umias Jhak pack ol She IMO\JI;N

R,@ and F depends an.{7 an 4le resprv(u'v( variables r,c?an

when we subsi it uhe RG<§ dor P in Sc\\n&;mher's cc\u«-\iu\ . (-
ANe Wadrgen  adena (6-4) awd divide e endive Lauadvon ‘o

RGP, we Riad Nk

/ Rl - - * -
s (6-d) @2\ TR forfe SN 3 @ 0 RO ot g s
a:" Ré¢ C}u'-c-’ahll
SN d (r"':!é) 4+ B0 a Sin B ) g, Q\Lq)
d

g @=Y dHe © P a¢

- E> -_-.-.c —am(€4

+ 2my = sinté (
s 4T r
P T . =
Te third term ol E9-(6-0) is afuadiv ol ozimudn
a»wjlc = ‘"t‘] o while e olner derms  ort S Aisas of v and
& only - Let us rearrange Eq. (6-¢) 4o read

PSP osnb\ e im Ll ¢ 2.y 9, (4- c) ablely Zp S0 a4y L

B0 €60 By G By Sau L.u A R T 3

s;e d (10“2)*_ snc ol (sinc d@>

L A
4 amyt sintE e & E) . _é_i:'. ceme (6-F)
f 4F g, v P de

This e.alu.affon can be corvect an’y it both sides o-.f_ it are equ
Lo Je sawme constand , since Ahey are Suncdiins  of oliHferend varabl
As we shall see |, #/5 convenent 4o call 4his Constant (’“;) - The
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7.1 ELECTRON SPIN

Round and round it goes forever

The theory of the atom developed in the previous chapter cannot account for a num-
ber of well-known experimental observations. One is the fact that, many spectral
lines actually consist of two separate lines that are very close topether, An example
of this fine structure is the first line of the Balmer series of hydrogen, which anses
from transitions between the n = 3 and n = 2 levels in hydrogen atoms, Here the
theoretical prediction is for a single line of wavelength 656.3 nm while in reality
there are two lines 0,14 nm apart—a small effect, but a conspicuous failure for the
theory.

Another failure of the ssimple quantum-mechanical theory of the atom occurs in the
Zeeman cffect, which was discussed in Sec. 6.10. There we saw that the spectral lines
of an atom in a magnetic field should each be split into the three components speci-
fied by Eq. (6.43). While the normal Zeeman effect is indeed observed in the spectra
of a few elements under certain circumstances, more often it is not. Four, six, or even
more components may appear, and even when three components are present their spac-
ing may not agree with Eq. (6.43). Several anomalous Zeeman patterns are shown in
Fig 7.1 together with the predictions of Eq. (6.43). (When reproached in 1923 for
looking sad, the physicist Wolfg.mg Pauli replicd, "How c:m one Iook happ) when he
is thinking about the anomalous Zeeman effect?”)

In order to account for both fine structure in spectral lines and the anomalous
Zeeman effect, two Dutch graduate students, Samuel Goudsmit and George Uhlenbeck,
proposed in 1925 that

s

Every electron has an intrinsic angular momentum, called spin, whese magni-
tude is the same for all electrons. Associated with this angular momentum is a
magnetic moment.

T— No magnetic field

g"l Magnetic field presemt

Fx rc(lnl splitting
T TRRR ST “T1 No magnetic
[j :,_A'::.\ Amliy E)L_ L. field

: ' (\ )
B s = 0

4

Expected splitting

Figure 7.1 The normal and anomalous Zeeman effects in various spectral lines
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Table 7.1 Quantum Numbers of an Atomic Electron

Name Symbo! Possible Valves Quantity Detormined

Princapal " LA 3, Election enerpy

Olstal I 0.1,2,,...n-1 Orbital angular thomentum magnaude
Magnetic - -1 .... 0, .+ Orbital anpular-momentum direction
Span magnax m, =54 Electron spin direction

The space quantization of electron spin is described by the spin magnetic quantum
number m, We recall that the orbital angular-momentum vector can have the 21 + ]
orientations in a magnetic hield from +1 to =L Similarly the spin angular-momentum
vector can have the 25 + 1 = 2 orientations specified by m, = + ("spin up”) and
m, = =} ("spin down"), as in Fig, 7.2. The component S, of the spin angular momentum
of an electron along 2 magnetic field in the 2 direction is determined by the spin mag.
netic quantum number, so that

< component of 1
spin angular S;=mbh=2—% (7.2)
momentum 2

We recall from Sec. 6.10 that gyromagnetic ratio is the ratio between magnetic
moment and angular momentum. The gyromagnetic ratio for electron orbital motion
is —¢/2m. The gyromagnetic ratio characteristic of electron spin is almost exactly twice
that characteristic of electron orbital motion, Taking this ratio as equal to 2, the spin
magnetic moment g, of an electron is related to its spin angular momentum $ by

Spin magnetic ¢
moment o S .3

The possible components of g, along any axis, say the z axis, are therefore limited to

z component of

spin magnetic My = :-it'—';- = *pg (7.4)
moment

where g is the Bohr magneton (= 9.274 X 107*' J/T = 5.788 X 1077 eV/T).

The introduction of electron spin into the theory of the atom means that a total of
four quantum numbers, n, [, my, and m,, is needed to describe each possible state of
an atomic clectron. These are listed in Table 7.1.

7.2 EXCLUSION PRINCIPLE

A different set of quantum numbers for each electron in an atom

In a normal hydrogen atom, the clectron is in its quantum state of lowest encrgy What
about more complex atoms? Are all 92 electrons of 2 uranium atom in the same quantum
state, jammed into 2 single probability cloud? Many lines of evidence make this idea
unlikely

o 13
r.'

Figure 7.2 The two possible on-
catations of the spin angulas-
momentumm vector are "spia up”

(m, = +
(m, =~

0.

P and “spin  down®
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3P, = 'S, is an example, and is responsible for the strong 2,537-A line in the
ultnviolct To be sure, this does not mean that the transition probability is
necessarily very high, since the three 7P, states are the lowest of the triplet set
and therefore temd to be highly populaled in excited mercury vapor. The
B, = 1S, and *Fy = 'S transitions, respectively, violate the mles that forbid
transitions from J = ('to J = O and that limit 3J to 0 or =1, as well as violating
AS = 0, and hence are considerably less likely to occur than the *F, = 'S,
transition. The I, and P, states are therefore metastable and, in the absence
of collisions, an atom can persist in either of them for a relatively long time.
The strong spin-orbit interaction in merenry that leads to the partial failure of
LS coupling is also responsible for the wide spacing of the elements of the P
triplets,

7.12 X-RAY SPECTRA

In Chap. 2 we learned that the Xeray spectra of targets bombarded by fast
electrons exhibit narrow spikes at wav clmglln characteristic of the target mate-
rial in addition to a continuous distribution of wavelengths down to a minimum
wavelength inversely proportional to the electron energy. The continuous X-ray
spectrum is the result of the inverse photoelectrie effect, with electron kinetic
energy being transformed into photon energy hir, The discrete spectrum, on the
other hand, has its origin in electronic transitions within atoms that have been
disturbed by the incident electrons,

Transitions involving the outer electrons of an atom usually involve only a
few electron valts of energy, and even removing an outer electron requires at
most 246 eV (for helinm), These trunsitions accordingly are associated with
photons whose wavelengths lie in or near the visible part of the electromagnetic
spectrum, as is evident from the diagram in the back endpapers of this book.
The inner electrons of heavier elements are a quite different matter, hecanse
these electrons experience all or much of the full nuclear charge without nearly
complete shielding by intervening electron shells and in consequence are very
tightly bound. In sodinm, for example, only 5.13 eV is needed to remove the
outermost 3s electron, while the corresponding figures for the inner ones are
31 eV for cach 2p electron, 63 eV for each 2y electron, and L1 eV for each
1s electron. Transitions that involve the inner clectrons in an atom are what
give rise to discrete X-ray spectra because of the high photon energies involved.

Figure 7-16 shows the energy levels (not to scale) of a heavy atom classed
by total quantum number n: encrgy differences between angular-momentum
states within a shell are minor compared with the energy differences between
shells. Let us consider what happens when an energetic electron strikes the atom

MANY-ELECTRON ATOMS
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FIGURE 7:16 The origin of X.ray spectra,

and knocks out one of the K-shell electrons. (The K electron could also be
clevated to one of the unfilled upper quantum states of the atom, but the
difference between the engrgy needed to do this and that needed to remove the
electron completely is insignificant, only 0.2 percent in sodium and still less in
heavier atoms.) An atom with a missing K electron gives up most of its consid-
erable excitation energy in the form of an X-ray photon when an electron from
an outer shell drops into the “hole”™ in the K shell. As indicated in Fig. 7-16,
the K series of lines in the X-ray spectrum of an element cousists of wavelenyths

THE ATOM
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arising in transitions from the I, M, N, . . . levels to the K level. Similarly the
longer-w avelength L series originates when an L electron is knocked out of the
atom. the M series when an M electron is knocked out, and so on. The two
spikes in the X-ray spectrum of molybdenum in Fig. 2-8 are the K, and K lines
ol its K scrices.

An atom with a missing inner electron can also lose excitation energy by the
Auger effect without emitting an X-ray photon. In the Auger effect an outer-shell
electron is ejected from the atom at the same time that another outer-shell
electron drops to the incomplete inner shell; the ejected electron carries off the
atom’s excitation energy instead of a photon doing this. In a sense the Aunger
effect represents an internal photoelectric effect, although the photon never
actually comes into being within the atom. The Auger process is competitive
with X-ray emission in most atoms, but the resulting electrons are usually
absorbed in the target material while the X rays readily emerge to be detected.
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In Sec. 6.4 we saw that individual orbital angular-momentum states are
customarily described by a lowercase letter, with s corresponding 1o [ = 0, p
tol=1,dtol=2 andsoon A similar scheme using capital letters is used
to designate the entire electronic state of an atom according to its total orbital
angulax;-momcnmm quantum number L as follows:

L=l 12 34 § 0.
o P D F @ H 1.

A superscript number before the letter (P for instance) is nsed to indicate the
multiplicity of the state, which is the number of different possible orientations
of L and § and hence the number of different possible values of J. The multi-
plicity is equal to 28 4 1 in the wsual situation where L > S, since J ranges
from L + SthroughOto L — S. Thus when S = 0, the multiplicity is 1 (a singlet
state) and J = L; when S =, the multiplicity is 2 (a doublet state) and J = L
=+ Y when S = 1, the multiplicity is 3 (a triplet state) and J =L + 1, L, or
L — 1: and so on. (In a configuration in which S > L, the multiplicity is given
by 2L + 1.) The total angular-momentum quantum number J is used as a sub-
script after the letter, so that a *F,, sfate (read as “doublet P three-halves”)
refers to an electronic configuration in which S =, L =1, and J = %, For
historical reasons, these designations are called tenn symbols.

In the event that the angular momentum of the atom arises from a single outer
electron, the principal quantum number n of this electron is used as a prefix:
thus the ground state of the sodium atom is described by 3%S,; ,,, since its elec-
tronic configuration has an electron with n =3, [ = 0, and s = %, (and hence
j = Y4 outside closed n = 1 and n = 2 shells. For consistency it is conventional
to denote the above state by 3°5, , with the superscript 2 indicating a doublet,
even though there is only a single possibility for J since L = 0,

©7.10 ONE-ELECTRON SPECTRA

We are now in a position to understand the chief features of the spectra of the
various elements. Before we examine some representative examples, it should
be mentioned that further complications exist which have not been considered
here, for instance those that originate in relativistic effects and in the coupling
between electrons and vacuum fluctuations in the electromagnetic field (see Sec.
6.10). These additional factors split certain energy states into closely spaced
substates and therefore represent other sources of fine structure in spectral lines,

Figure 7-12 shows the various states of the hydrogen atom classified by their
total quantum number n and orbital angular-momentum quantum number . The
selection rule for allowed transitions here is Al = =1, which is illustrated by

MANY-ELECTRON ATOMS
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excitation
energy, eV
136 -pn=

——————————

- -

p —

FIGURE 7-12 Energy-evel diagram for hydrogen showing the erigins of some of the
more prominent spectral lines, The detailed structures of the n = 2and n = 3 levels and
the transitions that lead to the varicus components of the H, line are pictured in the
inset.

the transitions shown. To indicate some of the detail that is omitted in a simple
diagram of this kind, the detailed structures of the n = 2 and n = 3 levels are
pictured; not only are all substates of the same n and different j separated in
energy, but the same is true of states of the same n and j but with different
I. The latter effect is most marked for states of small n and [, and was first
established in 1947 in the “Lamb shift” of the 2°S, , state relative to the 22P, ,,
state. The various separations conspire to split the I, spectral line (n =
3 — n = 2) into seven closely spaced components.

The sodium atom has a single 3s electron outside closed inner shells, and so,
if we assume that the 10 electrons in its inner core completely shield + 10e of
nuclear charge, the outer electron is acted upon by an effective nuclear charge
of +¢ just as in the hydrogen atom. Hence we expect, as a first approximation,
that the energy levels of sodium will be the same as those of hydrogen except
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that the lowest one will correspond o n = 3 instead of n = 1 because of the
exclusion principle. Figure 7-13 is the energy-level diagram for sodium and, by
comparison with the hydrogen levels also shown, there is indeed agreement for
the states of highest [, that is, for the states of highest angular momentum.
To understand the reason for the discrepancies at lower values of I, we need
only refer to Fig. 6:11 to see how the probability for finding the electron in
a hydrogen atom varies with distance from the nucleus. The smaller the value
of I for a given n, the closer the electron gets to the nuclens on occasion,
Although the sodium wave functions are not identical with those of hydrogen,
their general behavior is similar, and accordingly we expect the outer electron

excitation

energy, eV ) r D F hydrogen
5.13 3 " ;‘:f‘ngm
g4 —0f —n=0

5d 5/ n=3j

/
—5p s § 4 e —_—n={
7
3d =9

FIGURE 713 Emergy- il
level dagram for 1o
diym. The energy
levels of hydrogen are
included for com-
parison,
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in a
is in an s state, less often when it is in a p state, still less often wherp, i j. .
a d state, and so on. The less shielded an outer electron is from the fuf( n"c; n
charge, the greater the average force acting on it, and the smaller (thae {s ((;'."
more negative) its total energy. For this reason the states of small { ip 30(}‘. -
are displaced downward from their equivalents in hydrogen, as in Fig. 7.1. 'u"‘
there are pronounced differences in energy between states of the same 7; :nd
Yy

sodium atom to penetrate the core of inner electrons most often Wi,
<n ;
"

different [.

&8 CamScanner |


https://v3.camscanner.com/user/download

THE PHYSICS OF MOLECULES

What is the nature of the forces that bond atoms together to form molecules?
This question, of fundamental importance to the chemist, is hardly less important
to the physicist, whose theory of the atom cannot be correct unless it provides
a satisfactory answer. The ability of the quantum theory of the atom not only
to explain chemical bonding but to do so partly in terms of an effect that has
no classical analog is further testimony to the power of this approach.

8.1 MOLECULAR FORMATION
A molecule is a stable arrangement of two or more atoms. By “stable” is meant
that a molecule must be given energy from an outside source in order to break
up into its constituent atoms. In other words, a molecule exists becaise the
energy of the joint system is less than that of the system of separate noninteracting
atoms. If the interactions among a certain group of atoms reduce their total
energy, a molecule can be formed; if the interactions increase their total energy,
the atoms repel one another.

Let us consider what happens when two atoms are brought closer and closer
together. Three extreme situations may occur:

1. A cocalent bond is formed. One or more pairs of electrons are shared by
the two atoms. As these electrons circulate between the atoms, they spend more
time between the atoms than elsewhere, which produces an attractive force.
An example is H,, the hydrogen molecule, whose electrons belong jointly to the
two protons (Fig. 8-1a).

2. Anionic bond is formed. One or more electrons from one atom may transfer
to the other, and the resulting positive and negative ions attract each other.
An example is NaCl, where the bond exists between Na* and CI- jons and not
between Na and Cl atoms (Fig. S-1b).

3. No bond is formed. When the electron structures of two atoms overlap,
they constitute a single system, and according to the exclusion principle no two
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clectrons in such a system can exist in the same quantum state, If some of the
interacting electrons are thereby forced into higher energy states than they
occupied in the separate atoms, the system may have much more energy than
before and be unstable. To visualize this effect, we may regard the electrons
as fleeing as far away from one another as possible to aveid forming a single
system, which leads to a repulsive force between the nuclei. (Even when the
exclusion principle can be obeyed with no increase in energy, there will be an
electrostatic repulsive force between the various electrons; this is a much less
significant factor than the exclusion principle in influencing bond formation,

however.)

lonic bonds usually do not result in the formation of molecules. A molecule
is an clectrically neutral aggregate of atoms that is held together strongly enough
to be experimentally observable as a particle. Thus the individual units that
constitute gaseous hydrogen each consist of two hydrogen atoms, and we are
entitled to regard them as molecules. On the other hand, the crystals of rock
salt (NaCl) are aggregates of sodium and chlorine ions which, although invariably
arranged in a certain definite structure (Fig. §-2), do not pair off into discrete
molecules consisting of one Na* ion and one CI~ ion; rock salt crystals may in
fact be of almost any size. There are always equal numbers of Na* and CI-
ions in rock salt, so that the formula NaCl correctly represents its composition.
However, these ions form molecules rather than crystals only in the gaseous state.

FIGURE 81 (a) Covalent bonding. The shared electrons spend more lime on the average between their
parent nuclei and therefore lead to an attractive force. () lonic bonding. Sodium and chlorine combine
chemically by the transfer of electrons from sodium atoms to chlorine atoms; the resulting ions attract

electrostatically,

(a)
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810 ELECTRONIC SPECTRA OF MOLECULES

The energies of rotation and vibration in a molecule are due to the motion of
its atomic nuelei, since the nuclei contain essentially all of the molecunle’s mass,
The molecular electrons also can be excited to higher energy levels than those
corresponding to the ground state of the molecule, though the spacing of these
levels is much greater than the spacing of rotational or vibrational levels,
Electronic transitions involve radiation in the visible or ultraviolet parts of the
spectrum, with cach transition appearing as a series of closely spaced lines, called
a band, due to the presence of different rotational and vibrational states in each
electronic state (see Fig. 4-12). All molecules exhibit electronic spectra, since
a dipole moment change always accompanies a change in the electronic con-
figuration of a molecule. Therefore homonuclear molecules, such as H, and N,
which have neither rotational nor vibrational spectra because they lack perma-
nent dipole moments, nevertheless have electronic spectra which possess rota-
tional and vibrational fine structures that permit their moments of inertia and

bond force constants to be ascertained.
Electronic excitation in a polyatomic molecule often leads to a change in its

shape, which can be determined from the rotational fine structure in its band
spectrum. The origin of such changes lies in the different characters of the wave
functions of electrons in different states, which lead to correspondingly different
types of bond. For example, a possible electronic transition in a molccule whose
bonds involve sp hybrid orbitals is to a higher-cnergy state in which the bonds
involve pure p orbitals. From the sketches earlier in this chapter we can see
that, in a molecule such as Bell,,, the bond angle in the case of sp hybridization
is 180° and the molecule is linear (H—Be—11), while the bond angle in the case
of pure p orbitals is %0° and the molecule is bent (H—Ir:).

I

There are various ways in which a molecule in an excited electronic state can
lose energy and return to its ground state. The molecule may, of course, simply
emit a photon of the same frequency as that of the photon it absorbed, thereby
returning to the ground state in a single step. Another possibility is fluorescence;
the molecule may give up some of its vibrational energy in collisions with other
molecules, so that the downward radiative transition originates from a lower
vibrational level in the upper electronic state (Fig. 8-30). Fluorescent radiation
is therefore of lower frequency than that of the absorbed radiation.

In molecular spectra, as in atomic spectra, radiative transitions between
electronic states of different total spin are prohibited (see Sec. 7-11). Figure 8-31
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_— excited state
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t =——f—— vibrational transition
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- ground state
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FIGURE 830 The crigin of fluorescence,

shows a situation in which the molecule in its singlet (S = 0) ground state absorbs
a photon and is elevated to a singlet excited state. In collisions the molecule
can undergo radiationless transitions to a lower vibrational level that may happen
to have about the same energy as one of the levels in the triplet (S = 1) excited
state, and there is then a certain probability for a shift to the triplet state to
occur. Further collisions in the triplet state bring the molecule’s energy below
that of the crossover point, so that it is now trapped in the triplet state and
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ultimately reaches the ¢ = 0 level, A radiative transition from a triplet to a
singlet state is “forbidden™ by the selection rules, which really means not that
it is impossible to occur but that it has only a minute likelihood of doing so.
Such transitions accordingly have very long half lives, and the resulting phos-
phorescent radiation may be emitted minutes or even hours after the initial

absorption.

FIGURE B:31 The origin of phosphorescence. The final transition is delayed because it violates the se-
lection rules for electronic transitions.
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spectra (Sec. 6.10), certain selection rules summarize the conditions for a radiative
transition between rotational states to be possible. For a rigid diatomic molecule
the selection rule for rotational transitions is

89 Al = %1}

In practice, rotational spectra are always ohtained in absorption, so that each
transition that is found involves & change from some initial state of quantum
number J to the next higher state of quantum number J + 1. In the case of a
rigid molecule, the frequency of the photon absorbed is

OE _ Epy -
Ypeu1 = ) = Oy

h

g.10 |
2z1

J+1 Rotational spectra

where I is the moment of inertia for end-over-end rotations. The spectrum of
a rigid molecule therefore consists of equally spaced lines, as in Fig. 8-22. The
frequency of each line can be measured, and the transition it corresponds to
can often be ascertained from the sequence of lines; from these data the moment
of inertia of the molecule can be readily calculated. (Altematively, the fre-
quencies of any two successive lines may be used to determine I if the spec-
trometer used does not record the lowest-frequency lines in a particular spectral
sequence.) In CO, for instance, the J = (0 — J = 1 absorption line occurs at a
frequency of 1.153 X 10'" Hz, Hence

leo = 5=+ 1)

L0 X 107 s
T 27 % L1533 % 10t 5!

= 1.46 X 10 kg-m?

Since the reduced mass of the CO molecule is 1.14 X 1072 kg, the bond length
Regis V1/m" = 1.13 A. This is the way in which the bond length for CO quoted

earlier in this section was determined.

8.9 VIBRATIONAL ENERGY LEVELS

When sufficiently excited, a molecule can vibrate as well as rotate. As before,
we shall only consider diatomic molecules. Figure 5-23 shows hiow the potential
energy of a molecule varies with the internuclear distance R, In the neighborhood
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E,r
J=4
rotational
energy
levels
J=3
FIGURE 822 Energy levels and spectrum of
melecutar rotation,
J=2
, ]=1
| F
I1=0
rotational BN
spectrum v

of the minimum of this curve, which corresponds to the normal configuration
of the molecule, the shape of the curve is very nearly a parabola. In this region,
then,

e V=V, + Lk = RF
where R, is the equilibrium separation of the atoms. The interatomic force that
gives rise to this potential energy may be found by differentiating V:

dv

F= ——

dR
812 = —kR - R))

The force is just the restoring force that a stretched or compressed spring
exerts—a Hooke's law force—and, as with a spring, a molecule suitably excited
can undergo simple harmonic oscillations.

THE PHYSICS OF MOLECULES

273

& CamScanner


https://v3.camscanner.com/user/download

274

parabolic approximation

"o (>3

FIGURE B.23 The potential energy of a diatomic molecule as a function of internuclear distance.

Classically, the frequency of a vibrating body of mass m connected to a spring
of force constant k is

1 [k
-

What we have in the case of a diatomic molecule is the somewhat different
situation of two bodies of masses m, and m, joined by a spring, as in Fig. 8.24.
In the absence of external forces the linear momentum of the system remains
constant, and the oscillations of the bodies thercfore cannot affect the motion
of their center of mass. For this reason m, and m,, vibrate back and forth relative
to their center of mass in opposite directions, and both reach the extremes of
their respective motions at the same times, The frequency of oscillation of such
a two-body oscillator is given by Eq. 8.13 with the reduced mass m’ of Eq. 5.5

force constant k

""omm{vwmﬁ

PROPERTIES OF MATTER

FIGURE B:24 A two body oscillater.
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ahstituted for m:

Two-body oscillator

1
L3 L) 'y = Y Vo

When the harmonic-oscillator problem is solved quantum mechanically, as was
done in Chap. 5, the energy of the oscillator is found to be restricted to the
values

815 E =(v+ Y%
where v, the vibrational quantum number, may have the values
e=0123,...

The lowest vibrational state (v = 0) has the finite energy Yhr,, not the classical
value of 0; as discussed in Chap. 5, this result is in accord with the uncertainty
principle, because if the oscillating particle were stationary, the uncertainty in
its position would be Ax = 0 and its momentum uncertainty would then have
to be infinite—and a particle with E = 0 cannot have an infinitely uncertain
momentum. In view of Eq. 8.14 the vibrational energy levels of a diatomic
molecule are specified by

218 E =(v+ 1)k \/l'; Vibrational energy levels
s

Let us calculate the frequency of vibration of the CO molecule and the spacing
between its vibrational energy levels. The force constant k of the bond in CO
is 157 N/m (which is 10 Ib/in.—not an exceptional figure for an ordinary spring)
and, as we found in Sec. 8.5, the reduced mass of the CO molecule is m" =
LI4 X 10-% kg, The frequency of vibration is therefore

[
0T 2%V '
1 1S7TN/m

SV T X 105 kg
=204 % 1012 |}z

The separation AE between the vibrational energy levels in CO is

AE=F,,, - E, = hr,
=663 X 10-M [-s X 2.4 X 10" 5!
=84 X 10-2 eV

which is considerably more than the spacing between its rotational energy levels,
Because AE 2 KT for vibrational states in a sample at room temperature, most
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of the molecules in such a sample exist in the v =0 state with only their
zevo-point energies. This situation is very different from that characteristic of
rotational states, where the much smaller energies mean that the majority of
the molecules in a room-temperature sample are excited to higher states,

The higher vibrational states of a molecule do not obey Eq. 5.15 because the
parabolic approximation to its potential-energy curve becomes less and less valid
with increasing energy. As a result, the spacing between adjacent energy levels
of high v is less than the spacing between adjacent levels of low ¢, which is
shown in Fig. 8-25. This diagram also shows the fine structure in the vibrational
levels caused by the simultancous excitation of rotational levels.

The selection rule for transitions between vibrational states is Ao = =1 in
the harmonic oscillator approximation. This rule is casy to understand. An
oscillating dipole whose frequency is v, can only absorh or emit electromagnetic
radiation of the same frequency, and all quanta of frequency r, have the energy

FIGURE 8.25 The potential energy of a diatomic molecule as a function of interatomic distance, show.
ing vibrational and rotational energy levels,

v

?
/
-

w4
\ iV 4
\ ‘?(\ vibrational energy levels

i
__4]/— rotational energy levels
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br,. The oscillating dipole accordingly can only absorly AE = he, at a time, in
which case its energy increases from (v 4+ ',.’._.)hr,, to (v + Y% + Dheg, and it can
oolv emit AE = hrgatatime, in which case its energy decreases from (v 4 Y,
(¢ + 1% — Dhvg. Henee the selection mle dp = 1.

Pure vibrational spectra are observed only in liguids where interactions
between adjacent molecules inhibit rotation. Because the excitation energies
imvolved in molecular rotation are considerably smaller than those involved in
vibration, the frecly moving molecules in a gas or vapor nearly always are
rotating, regardless of their vibrational state. The spectra of such molecules do
pot show isolated lines corresponding to each vibrational transition, but instead
a large number of closely spaced lines due to transitions between the various
rotational states of one vibrational level and the rotational states of the other.
In spectra obtained wsing a spectrometer with inadequate resolution, the lines
appear as a broad streak called a vibration-rotation band.

To a first approximation, the vibrations and rotations of a molecule take place
wdependently of each other, and we can also ignore the effects of centrifugal
distortion and anharmonicity. Under these circumstances the energy levels of

a diatomie molecule are specified by

L E =+ Wk /_+M+l)—

Figure 526 shows the J =0, 1, 2, 3, and 4 levels of a diatomic molecule for
the c =0 and v = 1 vibrational states, together with the spectral lincs in
ahsorption that are consistent with the selection rules ¢ = +1 and 3/ =

The £ = 0 = ¢ = | transitions fall into two categories, the I branch in w hu.h
i) = —1(thatis,J = J — 1) and the R branch in whichdJ = +1{J = J + 1).
From Eq. 8.17 the frequencies of the spectral lines in each branch are given
t)}.

vp=Eyy,—E,

1 /’k‘ fi
=\ ;;:HU- 1 - I+ l)lm

(31} =r, - I’-rT' J &R 8 e I' branch
and

rp=FE = Eyy

1 k
==V7 +{(J+0I+2)=-1 +Hl—
L =,.0+U+])L J=0,1:2, .4 R branch

blid |
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FIGURE 8-26 The rotational structure of the ¢ = 0— ¢ = 1 transitions in a diatomic molecule.
There is no ne at » = », (the () branch) because of the selection rule Af = =1

v
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There is no line at » = r, because transitions for which AJ = 0 are forbidden
i diatomic molecules. The spacing between the lines in both the I’ and the
8 beanch is dr = 5/2=1; hence the moment of inertia of a molecule can be
sscertained from its infrared vibration-rotation spectrum as well as from its
microwave pure-rotation spectrum.  Figure 527 shows the v =0 — ¢ =1
vibration-rotation absorption band in CO.

A molecule that consists of many atoms may have a large number of different
sormal modes of vibration. Some of these modes involve the entire molecule,
but others involve only groups of atoms whose vibrations occur more or less
independently of the rest of the molecule. Thus the —OH group has a charac-
tenistic vibrational frequency of 1.1 X 10" Hz and the —NH, group has a
frequency of 1.0 X 10" Hz. The characteristic vibrational frequency of a

carbon-carbon group depends upon the number of honds between the C atoms:

s < . N
the —C—CZ- group vibrates at about 3.3 X 10" Hz, the C=(< group

vibrates at about 50 X 10" Hz, and the —C=C— group vibrates at aboul
6.7 x 10" Hz (Figs. 525 and 5-29). (As we would expect, the greater the
number of carbon-carbon bonds, the larger the value of the force constant k
and the higher the frequency.) In each case the frequency does not depend on
the particular molecule or the location in the molecule of the group. This in-
dependence makes vibrational spectra a valuable tool in determining molecular

AGURE 8-27 The « =0 — r = 1 vibration-rotation absorption band in CO under high resolution. The
Ines are identified by the value of [ in the initial rotational state.
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FIGURE €28 The normal modes of vibration of the H,0 meolecule and the energy levels of each mode.

structures. An example is thioacetic acid, whose structure might conceivably
be cither CH,CO—SH or CH,CS—OIL The infrared absorption spectrum of
thioacetic acid contains lines at frequencies cqual to the vibrational frequencies

of the >C=O and —SIH groups, but no lines corresponding to the >C=S

or —OH groups, so the former alternative is the correct one.

FIGURE 829 The normal modes of vibration of the CO, melecule and the energy levels of each mede.
The symmetric bending mode can occur in two perpendicutar planes.
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