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Chapter Two

Limit and Continuity

Distance between points and Distance between point and the line

Distance between two points A=(x;, y;) and B=(x,, y,) is defined by

d(A,B) =/ (x; — x1)? + (¥2 — y1)?
Example.

The distance between two points (-1,2) and (3,4) is

d=+3-(=1)%+ (4 —-2)2=+20

Distance between point and the line defined by

. |Ax + By + c|
VAZ ¥ B2
Example.

The distance between P = (3,4) and the line 2x + 3y + 1 is

0 12(3) + 3(4) + 1] 19
V2Z+32 Vi3
Slope.

The Slope of non-vertical line is

rise Ay y,—y
m=—-=—=
run  Ax X, —Xx;

The slope of a line is the tangent of the lines angle of inclination. If m denotes the
slope and @ is the angle, then: m = tan@.
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Example.
Find the slope of the line that crosses the x-axis with angle @ = %.

Solution.
m=tan® = tan 45 =1

Lines that are parallel or perpendicular

Parallel lines have equal angles of inclination. Hence, if they are not vertical,
parallel lines have the same slope.

Conversely is true if neither of two perpendicular lines L;and L, is vertical, their
slope m; and m,are related by the equation

Slopemy/™t Slope m, L

my.m, = —1.

If m,; = m,, then @; = @, and the lines are parallel

Point — Slope equation

The equation y — y; = m(x — x;) is the point- slope equations of the line that
passes through the point (x4, y;)with slope m.

Examples. Write the equation for the line that passes the point
i- (2,3) with the slope —% :

Solution:
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Slope —Intercept Equations

If we take the point (x4,y;) = (0,b) in the point slope equation for the line, we
find that

y—b=m(x—0)
Hencey =mx +b

Hence, the equation y = mx + b is the slope —intercept equation of the line with
slope m and y —intercept b .

Example.

1-The slope —intercept equation of line with slope 2 and y — intercept 5 is
y=2x+5

2-Find the slope and y —intercept of the line 8x + 5y = 20

Solution: H.W

Limit and Law of Limit

Definition: if the values of a function f of x approach the value L as x approaches
c we say f has limit L as x approaches to c and we write

Li_rgf(x) =L

Example. As table and Fig. suggest 1irr21(2x +1)=5
X—

y ‘Inputapproachesﬂrom left > ) < Input approaches 2 from rigt ‘
A
\ 19 1991999 1.9999 .. < . 2001 201 21 |
y=2x+1
[ 49 499499 4998 .. < . 5002 50152 ]
i ‘ output approaches 5 from Ieft> 5<gutputapproachessfmm right \
1
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The Limit Law. If L, M, ¢, and k are real numbers and lim f(x) = L and
X—C

limg(x) =M,
X—C

then:

=

. SumRule: lim(f(x)+g(x)) =L+ M
X—C
2. Difference Rule: lim(f(x) —g(x))=L—M
X—C
3. Constant Multiple Rule: lim(K. f(x)) = K.M , any number K
X—C

4. Product Rule: lim(f(x).g(x)) = L.M
X—C

. Quotient Rule: lim G =%, M #0

x-c gx)

(92

6. Power Rule: lim(f(x))" = (L)n ,n # 0
X—C

Remark.

=

If f(x) =k, (f is constant function), then lim f (x) = limk = k.
X—C X—C

2. If f(x) = x (f is identity function), then lim f(x) = limx = c.
X—C X—C
3. If f(x) = ax? + bx + k (f is quadratic function), then

4. lim f(x) = limax? + limbx + limk = ac®> + bc + k
X—C X—C

X—C X—C

Examples. Find

1). limx?(2 — x)

x—3
2
. X*+4x+4
2). lim
x—-2 xX+2

Solution 1).linét x2(2—-x)=3%.(2-3)=-9
xX—

2
. X“+2x+4 4+8+4
2) lim = =4
x—2 xX+2 4
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x2+4x+4

] ] x+2)2 ]
or lim =llm( ) =limx+ 2 = 4.
x—2 xX+2 x—>2 X+2 x—2

Right-hand and Left-hand limit
Right hand limit:

lim, f(x) = L, means that f(x) - L as x — c from right.
X—=C

®» | eft hand limit:

lim f(x) = L, meansthat f(x) = L as x = c from left.
X—C
= | imit exist:
lim f(x) exist and equal to L, if and only if lim f(x) = lim f(x) = L.
x—>cC x—-ct x—c~

2 _
Example 1. If f(x) = {i 2, jg i ; then

. 1 2 — 0 —
Jim fG) = lim (<2 = 2) = 2, and Ji f() =2,
i. e Limit exists. Since lim f(x) = lim f(x) = 2.

x—-2% x—>2~

Example 2. Find limm
x-0 X

Solution: since |x| = {x, x=0
. x, x<0

then lim+ (m) = lim (5) =1, and

x—0 X x—0T \x
. [x| . -X
lim (=)= lim (—) = -1,
x—>0" \ X x—-0~ \ X

i.elim (m) does not exist.
x—0 X

Because lim f(x) =1+ —1= lim f(x).
x—0% x—0~

Example 3. Find lim[x]. Solution: H.W

x—0
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Note. To find Limits, use substitution
a) If you get real number, then the limit exists.

b) If you get o, — oo, then the limit does not exist.

0 o .
c) If you get PRI 1%, 00%, oo — oo, you have some operations before

decided the limit exist or not (these operations: factors analysis, multiply
with conjugate, simplification).

. . x%—4
Example 4. Find lim ( ) .
x—2 2

- X—

2_
Solution. lim (x 4) = %

x->2 \ x—=2

2 _ —
. lim (x 4) = }Cl_r)rzl ((x I 2)> = }Ci_r)rzl(x +2)=4

x-2\ x —2 X —2

s x—1
Example 5 Find il_rg (&_1) .

0
0

. : x—1Y) _
Solution. }CI_IH (\/5—1) =

. -1  (Wx+DEx -1 .
ot () =ty (S 20D s 1) =2

Example 6. Find lim (x21_4)

xX—2

. ) 1 1
Solution. lim ( > ) ==-=o00
x—2 \x“—4 0

Example 7. Find lim
x—0

(=)

X

()

X

Solution:lim

x—0
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_ x+9-3 o ((Wx + NHWx+9+3)
e

X xVx+9+3

x—-0

i ( x+9-9 ) I ( 1 ) 1
= 11m =]lim|l——| =—.
-0\xy/x+9+3/ x0\yx+9+3/ 6
Example 8. find llm (x — [xD

_)

Solution. lim (x — [x]) = lim(x) — lim([x])) =3—-2=1
X3~ x—3~ x—3~
Example 9 Find lirr%([x —1]).
X—

Solution: . hm L ([x—1]) = lim 2 =2

x—37t

And llm 1([x=1])=1lm1=1

x—3"

~ lim([x — 1]) does not exist.

x—3
. Vx?+100-10
Example 10. Evaluate lim ———
x—0 X

Solution.

Vx2+100-10 _ Vx2+100-10 Vx2+100+10
x? x?2 " VxZ+100+10

x%+100—-100 x?

T x2(x2+100+10)  x2(Vx2+100+10)

1

~ (x?+100+10)

here fore, ;i_%l@ = }HO (mm) = 5 = 0.05

Exercise. Find

- lim (5): 2 tim (5252):

3-Find chiir(l) (1::;x) . 4-if f(x) = {g-l-_l)f, J;<>22, Is )lclir% f(x) exist?
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Limit involving infinity

®» |imitasx - coorx — —oo,

for example
I 2)=0. i ()=
Examples.

= lim (5+3)= lim (5+3) = lim 5+ lim (7) =

. lim

X—>—00

= lim 4. lim (1)

X——00 X—>—00 \X

) 4 ) 4
» |im (—2) = lim (—2)
X—>—00 \X X—>—00 \X
Limits of Rational Functions as x — +oo

1. lim (M) =0

x—+o0 \g(x)

if deg(f) < deg (g)

| —

5+0=5

1
X

2. xl_l}grnoo (%) = k (k is finite number) if deg(f) = deg (g)
: f ,
3. xl_1)r+noo (ﬁ) =oo ifdeg(f) > deg(g).
Examples
. -x y -x . —§
1- )11—1}010 (7x+4) '\ ,ELTO (7x+4) - ;11_{?0 (%ﬁ%)
Y -1 -1 -1
= 1l1im = =
x—00 4x 7+0 7
7+ >
li SX+2) _ s Sx+2) _ i—g+;—3 — i xiz+x% 040
2 lim (5555) = lim (555) = Jim (55 ) = Im (5] =55 =0
2 241 £+L 1+i 1+0
x . x BT 2 %2\ _ x2 | _ 140 _
3 31—»00 (x— ) N ;l_fga (x—l) N ;11_{?0 <xiz—xiz) ,}1_{23 (i‘%) oo
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Chapter Two

Some Important Limits:

1. limsinx =0

x—-0

2. limcosx =0
x—0
. sinx .

3. lim =1=1lim-—
x>0 X x—-0Ssinx
. tan x .

4. lim =1=Iim
x-0 X x—0 tanx
. log (1+x

5. 11mL =1
x—0 X

6. lime* =
x—0
. e*-1

7. lim =1
x>0 X
. e*-1

8. lim =1
x>0 X

9. lim= 1=logea

10.Jim (1+3) =e
11. lim (1 +i)x =e =

X—00

Continuity

®» Definition.

The function y = f(x) is continuous at x =

Limit and Continuity

(1+3)

In Exercises 5-22, find the limit.

5. limx*
A

a2

7. lim (2x = 1)

=)

9. lim (x? + 3x)

1L lim (2¢F + 4x + 1)

=3

1
13. lim
2 X

e
15. lim —

17, lim ——

19. lim vx + 1

=3

21, lim.(t + 3)2

In Exercises 23-26, find the limits.
23. fx) =5 —x, glv) =2*

(a) Illj} fx) (b) h_g} glx)
4. fix) =x+7, glx) =2

(a) .ﬁ.m:‘ fix) (h) !I_I:ﬂl 2lx)
25. flx) =4 =22 glx) = Vx+ 1

(a) Iin} flx) (b) Im} elx)

6.

8.

10.

12

14.

16.

2. fx) =23+ 1, gx)=¥x+6

(a) Iin} filx) (b) Ii|1\| elx)

. lim ——

lim o}
:

Nt—2

lim‘ (3x +2)
lim(—x* + 1)
x—=l

lim (3x? — 2x* + 4)

=1

lim
A3 X

+i
)

T

lim =
=23 X+ D

vxi+ 1

x=3 X

- !‘_‘}} x+4

. lim (2 = 1)}

V=)

(c

~—

lim g( £(x))

(c) lim gl f{x))

(c Iin} g(f(x)

-

(c lin} gl fixh)

c if and only if all three of the

following statements are true

1. f(c) exist (c lies in domain of f)

2. lim f(x) exist (f hasalimitasx — c)
X—C

(the limit equals the function value).

3. lim f(x) = f(c)

®» Definition.

The function f(x) is continuous if it is continuous at each point of its Domain.

Otherwise f is discontinuous (not continuous).
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Examples.

1. Show that f(x) = x? + x + 1is continuous at x = —1.,
Solution.
1.f(-D)=(-1?+(-1)+1=1 exist

2. liml(x2 +x+1) =1 exist
x——

3. xlirzllf(x) =f(-1)=1

~ f(x) is continuous at x = —1
2 ifx=1
2. Let f(x) = 1§ x2- , Is f(x) continuous at x = 1.
f@) { PR €
Solution.

1. f(1) =2 exist

2_ —
2. limf(x) = lim==2 = [imED*D = jimx+1) =2 exist
x—>1 x—-1 x—1 x—1 x—=1 x—>1

3. ii_r)rlzf(x) = f(1) =2 -~ f(x)iscontinuous at x = 1.

2x if x<3

3. Let =, ,
et J (%) {x—g if x>3
x-3

e |s f(x) continuous at x = 3.

e |s f(X) continuous at x = 4.

e |s f(x) continuous atx = 2.

Solution. H.W

x?-9 .
4- Let f(x) = { s fx<3 , find the value of k that makes f(x) is continuous
kx —3 ifx>3

atx = 3.
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Solution.

Since f(x) is continuous at x=3 then lirr% f(x) = f(3)
X—

2__ —
imX=2 =3k —3= lim &% _ 3k 3= limx+3 =3k-3
x—3 X—3 x—3 X—-3 x—3
6=3k—-3=3k=9=k=3.
Exercise.
2x+1 if x> 2
1- Let f(x) = { ,Is f(x) continuous.
3x —1 if x <2

2x if x >3
2-if f(x) = { , Is f(x) continuous or not.

x? if x <3

Vx

3- Show that f(x) = is continuous atx = 1

xZ+1

4- Show that f(x) = |x — 2| is continuous at x = 2

X +2 if x> 2
5- Let f(x) = { , is continuous.
3x —2 if x <2
sin2x :
ifx#0
X
6- Let f(x) = , is continuous.
2 ifx=0

7- Let f(x) = ax + 5is continuous at x = 1, and f (1) = 4 find a.
8- Prove that f(x) = tanx is continuous at x € [O, g]

9- Prove that f(x) = cosx is continuous at x € R

10- Prove that f(x) = e* is continuous at x € R
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kx? ifx <2
11- Let f(x) = , is continuous at x=2, find k.
3 ifx>2

® The polynomials. p(x) = a. + a;x + ayx? + -+ + a,,x™ are continuous at
every point of its domain of definition.

® The rational function is continuous at every point where it's denominator is
nonzero.

1. f(x) = xZsz is continuous at R\{2}
2. f(x)= iis continuous at R\{0}

Example. Show that f(x) = x + |x]| is continuous at x = 2.

Solution. Clearly that f; (x) = x is continuous at x = 2 (since f; (x) is polynomial)

and fy(0) = Il = (¥ ¥ 7

— _,iscontinuousatx = 2
—x, x <0

s f(x) = fi(x) + fo(x) = x + |x| is continuous at x = 2.

EXAMPLE - The function f(x) = V4 — x? is continuous over its domain [—2, 2]
. It is right-continuous at x = —2, and left-continuous at x = 2. 23
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® Signum Function.

The function f(x)=sign(x) is defined by

-1 x<0
f(x)=40 x=0
1 x>1

Is discontinuous at x = 0 because f(0) = 0 exist but
limf(x)=1#-1= lim f(x)
x—-1* x—1~
® Great Integer Function.
The f(x) = [x] is continuous at x = % but discontinuous at x=1.

lim[x] =[11]=1+0=1[09] = lim|[x]

x—-1% x—-1"
lirrgr[x] =[0.6] =0 =[0.4] = lir{l_[x]

Types of Discontinuous Functions
® ]1- Jump Discontinuity.

A function f has a jump discontinuity at x=c if lim f(x) # lim f(x)
X—=C X—=C

x+1 ifx<0 \
Example. If f(x) = , 5
x? ifx>0 Gl

Is f (x) continuous at x = 0. STt

Solution.
. _ . 2 _ _ . _ .
AR = g =0 1= S = et D

f is discontinuous at x = 0 because the left not equal right hand limit.

® 2. Infinite Discontinuity
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A function f has an infinite discontinuity at x = c if it is unbounded in every
interval about c.

& G

Example. If f(x) = xiz Is f continuous.

Sy N W
IR

Solution. ”_,

. , 1 1
) = i =3 = o

f has infinite discontinuous at x = 0.
Example. If f(x) = tanx Is f continuous.
Solution. EEEAN

lim f(x) = limtanx = o
x—? X—>E

f has infinite discontinuous at x = + (anl)n.

= 3-Oscillatory Discontinuity.

A function f has an Oscillatory discontinuity at x=c that has more complicate type

Example. If f(x) = sin% Is f continuous.
Solution.

. o1 .1
i‘j’(}f(x) = ilggsm;—sma_oo
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Limit not exists
f has Oscillatory discontinuous at x = 0.
= 4-Removable Discontinuity

A function f has a removable discontinuity at x = c if lirr&f(x) exists and equal L.
X—

and f either dose not exists or f(c) # L.

2
Example 1. If f(x) = {x x<1

Is f continuous.
2—x x>1

Solution.
xlirégf () xl%g X xliql—f (x) xlg?_x

Limit exists and equal 1. but f (1) not exists

f has Removable discontinuous at x = 1.

1—-cosx x i O
Example 2. If f(x) = { x Is f continuous.
3 x=0
Solution. limf(x) = lim—=2% =0
x—0 x—0 X

Limit exists and equal 0. but f (0) = 3 not equal limit

f has Removable discontinuous at x = 0.
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